
UNIVERSIDAD MICHOACANA DE 
SAN NICOLÁS DE HIDALGO 

División de Estudios de Posgrado de la 
Facultad de Ingeniería Eléctrica 

 

EVOLUTIONARY COMPUTATION SOLUTIONS 
TO THE CIRCLE PACKING PROBLEM 

 

TESIS 
 

Que para obtener el grado de: 
DOCTOR EN CIENCIAS EN INGENIERÍA ELÉCTRICA 

 
 

Presenta: 
JOSÉ MARTÍNEZ PEÑA 

 
 

Director de Tesis 
Dr. Juan José Flores Romero 

 
 

 
                                                Co-Director de Tesis 

                                    Dr. Felix Calderón Solorio 
 

 
Agosto 2015 

TESIS
Texto escrito a máquina

TESIS
Texto escrito a máquina

TESIS
Texto escrito a máquina

TESIS
Texto escrito a máquina

TESIS
Texto escrito a máquina
Morelia, Michoacán

TESIS
Texto escrito a máquina

TESIS
Texto escrito a máquina

TESIS
Texto escrito a máquina
      Doctor   en  Ciencias









Acknowledgements
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Resumen

En esta tesis se presenta una solución basada en Computación Evolutiva al Problema del

Empaquetamiento de Ćırculos (ECPP). El Problema del Empaquetamiento de Ćırculos

consiste en colocar un conjunto de ćırculos en un contenedor sin que existan traslapes

entre los ćırculos; un conocido problema que es NP-duro. Dada la imposibilidad de

resolver este problema de manera eficiente, se han propuesto métodos tradicionales y

heuŕısticos para resolverlo. Una representación nativa de cromosomas en una búsqueda

heuŕıstica basada en la población conduce a altas probabilidades de violación de las

restricciones del problema, es decir, provoca traslapes. Para convertir las soluciones que

violan las restricciones en las que no (es decir, soluciones factibles), en esta tesis se pro-

ponen dos mecanismos de reparación. El primero considera cada ćırculo como un anillo

elástico; los traslapes existentes crean fuerzas de repulsión que llevan los ćırculos a los

espacios donde se resuelven estos traslapes. La segunda forma esta basada en la Trian-

gulación de Delaunay con los centros de los ćırculos y las reparaciones de los ćırculos en

cada triángulo a la vez, asegurando triángulos reparados que no serán modificados en el

futuro. Basados en las heuŕısticas de reparación propuestas, se presentan los resultados

de la solución al Problema del Empaquetamiento de Ćırculos para un conjunto de prob-

lemas de ćırculos unitarios (cuyas soluciones óptimas son conocidas). Estos problemas

con óptimas soluciones conocidas se resuelven usando Algoritmos Genéticos, Estrate-

gias Evolutivas, Optimización por Enjambre de Part́ıculas y Evolución Diferencial. El

rendimiento de las soluciones se comparan con las soluciones conocidas basadas en la

densidad del empaquetamiento. Luego se realizo una serie de experimentos para deter-

minar el rendimiento de ECPP con ćırculos no unitarios. En primer lugar, se comparan

los resultados del ECPP con las de un concurso público, que se destacan como el récord

mundial para ese caso particular del CPP para ćırculos no unitarios. En un segundo

conjunto de experimentos, se controla la varianza del tamaño de los ćırculos. En todos

los experimentos ECPP produce soluciones casi óptimas satisfactoriamente.

Palabras clave: Optimización, Computación Evolutiva, Triangulación de Delaunay.





Abstract

In this thesis I present an evolutionary computation based solution to the Circle Packing

Problem (ECPP). The Circle Packing Problem consists of placing a set of circles into a

container without overlaps; a problem known to be NP-hard. Given the impossibility to

solve this problem e�ciently, traditional and heuristic methods have been proposed to

solve it. A näıve representation for chromosomes in a population-based heuristic search

leads to high probabilities of violation of the problem constraints, i.e. overlapping. To

convert solutions that violate constraints into ones that do not (i.e. feasible solutions),

in this thesis I propose two repair mechanisms. The first one considers every circle as an

elastic ring; overlaps create repulsion forces that lead the circles to positions where the

overlaps are resolved. The second one forms a Delaunay Triangulation with the circle

centers and repairs the circles in each triangle at a time, making sure repaired triangles

are not modified later on. Based on the proposed repair heuristics, I present the results

of the solution to the CPP problem to a set of unit circle problems (whose exact optimal

solutions are known). These benchmark problems are solved using Genetic Algorithms,

Evolutionary Strategies, Particle Swarm Optimization, and Di↵erential Evolution. The

performance of the solutions are compared to those known solutions based on the pack-

ing density. I then perform a series of experiments to determine the performance of

ECPP with non-unitary circles. First, I compare ECPP’s results to those of a public

competition, which stand as the world record for that particular instance of the non-

unitary CPP. On a second set of experiments, I control the variance of the size of the

circles. In all experiments ECPP yields satisfactory near-optimal solutions.

Keywords: Optimization, Evolutionary Computation, Delaunay Triangulation.
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Chapter 1

Introduction

Given N circles, of given radii, the Circle Packing Problem (CPP) is concerned with

how to pack those circles into a container, without overlapping. CPP has a wide spec-

trum of applications; it is encountered in a variety of real world applications, including

production and packing for the textile, apparel, naval, automobile, aerospace, and food

industries Castillo et al. [2008].

Many variations features exist on this problem; e.g., the container can be a circle, rect-

angle, or polygon, and the objects can be a circular, rectangular, or irregular. This

thesis addresses CPP, where the objects are circles and container are circles, squares or

rectangulars. This problem has been proven to be NP-hard Demaine et al. [2010]. So,

heuristic search methods are generally proposed to solve this problem.

Packing circular objects is a challenge in discrete and computational geometry Szabó

et al. [2007], with a large number of circular objects to pack, the optimal solution is very

di�cult to find. An optimal solution may be rotated, reflected, or the circular objects

reordered; hence, the number of equivalent optimal solutions blows up as the number

of circular objects increases Hifi and M’Hallah [2009a]. In addition, one or more of the

circular objects may be moved slightly without a↵ecting the optimal solution. In fact,

there exists a continuum of optimal solutions Hifi and M’Hallah [2009a].

CPP has many important applications in manufacturing, logistics, networks, facility

layout, and materials science Castillo et al. [2008]. For example, in the automobile in-

dustry, design engineers have to estimate the size of the hole to be drilled on the body

of a car and through which they plan to pass a bundle of wires that connect the car’s

1
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sensors to the dashboard Sugihara et al. [2004]. The hole has to be large enough to allow

all wires to pass, but as small as possible to avoid unnecessarily weakening the body

Sugihara et al. [2004]. CPP is also encountered in the manufacturing of sprockets for the

motorcycle industry Dowsland et al. [2007]. Similarly, it is of interest to the telecommu-

nication, electrical, oil companies, and refineries, which have to pass bundles of di↵erent

types of cables, pipes, and insulated pipes through cylindrical shapes over very long

distances. The smaller the diameters of the cylinders, the cheaper the cost is. Finally,

CPP emerges in material science where it is used to interpret topological relationships

encountered when analyzing the normal grain growth in two dimensions Nordbakke et al.

[2004] and to model certain absorption patterns of molecules Harary et al. [1996].

Last, there is the issue of computational accuracy. The goal is to search for the best

packing of the N circles inside the container c
0

, where the best packing minimizes un-

used space.

This thesis presents an approach to get a feasible solution through evolutionary compu-

tation. This approach is called EC-CPP (for Evolutionary Computation CPP). Perhaps

the first chromosome representation that comes to mind is a vector containing the coor-

dinates of the center of each circle. Most Evolutionary Computation methods start with

a random population, and then successively apply perturbations (i.e., genetic operators)

to members of the population, until the best possible solution is reached. When gener-

ating new solutions, both randomly or by perturbations, the probability of generating

overlaps is high.

Two methods have been extensively explored and used to enable metaheuristic optimiza-

tion to produce solutions to constrained problems. One is to apply a penalty function to

individuals that violate constraints. A Penalty function is normally expressed as a term

or coe�cient in the fitness function that makes violating individuals the least fit, so they

are discarded in the evolutionary process. This approach has two main drawbacks. The

first one is that the design of the penalty function is domain dependent and non-trivial,

and the second one is the time spent in processing a very large number of violating

individuals which end up being discarded. The second approach deals with constrained

optimization, known as repairing, which uses a function that takes an individual that

violates the constraints and returns a di↵erent individual that does not violate the con-

straints (the closer to the original, the better). This is the approach used in this thesis.
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EC-CPP implements two repair heuristics and use them in conjunction with several

metaheuristic search methods. I evaluate the results EC-CPP produces in terms of the

obtained density; i.e., the ratio between the sum of the areas of the circles inside it

and the area of the container, and compare them with the existing benchmarks Specht

[1999]. Experimental results show that our approach has a good performance in terms

of the solutions’ densities. CPP can be divided in two variations of the same problem.

The first one known as the unit circle packing problem (UCPP) considers circles of the

same size. The second and more general one considers circles of arbitrary sizes. I have

empirically tested EC-CPP with many instances of both variations of the CPP. Never-

theless, our evaluations focus on the UCPP, given that there are theoretical solutions

for the problem up to 1104 circles.

1.1 Problem Definition

Consider a set C of N circles, where each circle ci 2 C, has a radius ri 2 R.

1.1.1 The Circle Packing Problem in Circular Container

CPP consists of providing the locations of the circles’ centers (x
1

, y
1

), (x
2

, y
2

), . . . ,

(xN , yN ), that minimize the radius r
0

and center (x
0

, y
0

) of the containing circle c
0

,

subject to:

(x
0

� xi)
2 + (y

0

� yi)
2  (r

0

� ri)
2, i 2 {1, 2, . . . , N} (1.1)

(xi � xj)
2 + (yi � yj)

2 � (ri + rj)
2, i 6= j, 8(i, j) 2 {1, 2, . . . , N}2 (1.2)

where constraint (1.1) stablishes that all circles must be inside the container circle c
0

and constraint (1.2) stablishes that circles must not overlap.

It is important to note that the smaller the radius of the container circle, the less un-

used space, therefore, the greater the packing density. Although the problem has been

stated as a minimization of Eq. (1.1), where the objective function is directly the ra-

dius of the enclosing circle, it could be formulated as a maximization problem, where

the objective function is the packing density. Both optimization problems are equivalent.
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If (x⇤i , y
⇤
i ) i 2 {1, . . . , N} is an optimal solution to a CPP instance, and r⇤

0

is the radius

of the enclosing circle c⇤
0

, the density of the solution is:

⇢⇤ =

NX

i=1

ri
2

r⇤
0

2

. (1.3)

Any near-optimal solution (xi, yi) i 2 {1, . . . , N}, where r
0

> r⇤
0

, has a density of 1.3.

Since r
0

> r⇤
0

, ⇢ > ⇢⇤. Thus, minimizing r
0

is equivalent to maximizing ⇢.

1.1.2 The Circle Packing Problem in Rectangular Container

CPP in Rectangle consists of providing the locations P of the circles’ centers (x
1

, y
1

),

(x
2

, y
2

), . . . , (xN , yN ), that maximize the density dP of the rectangular container. Sup-

pose a rectangular container of given width W and length L, and a finite set C of N

circles with not necessarily equal radii. The container is embedded in the Euclidian

plane. The density dP measures the fraction of the container area covered by circles and

is defines as:

dP =
1

LW

NX

i=1

⇡r2i =
⇡

LW

NX

i=1

r2i (1.4)

The problem is to determine an optimal packing for the set C to maximize dP subject

to:

(xi � xj)
2 + (yi � yj)

2 � (ri + rj)
2, i 6= j, 8(i, j) 2 {1, 2, . . . , N}2 (1.5)

di,S1 = xi � ri � 0, 8i 2 {1, 2, . . . , N} (1.6)

di,S2 = W � yi � ri � 0, 8i 2 {1, 2, . . . , N} (1.7)

di,S3 = yi � ri � 0, 8i 2 {1, 2, . . . , N} (1.8)

di,S4 = L� xi � ri � 0, 8i 2 {1, 2, . . . , N} (1.9)

where constraint (1.5) stablishes that circles must not overlap. Contraints (1.6) to (1.9)

assure that all packed circles lie completely within the container.
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1.2 Levels of Abstraction

When solving CPP using a population-based metaheuristic, individuals are produced ei-

ther at random or by perturbations generated by (random) combination of information

encoded in other individuals. Under those circumstances, the probability of generating

individuals that do not comply with the constraints (i.e., at least a pair of circles over-

lap) is very high. I distinguish two types of individuals; those that do not violate the

constraints form the feasible search space, or feasible space; and the set of all possible

individuals, regardless of whether or not they violate the constraints, form the general

search space, or search space.

To solve CPP using a population-based metaheuristic, I need to explore the search

space and determine an individual that does not violate the constraints and produces

the smallest possible radius of the enclosing container (the fitness or objective function).

There are two general approaches to deal with individuals that represent unfeasible so-

lutions: penalty functions and repair functions.

A penalty method discourages unfeasible solutions by giving penalties so that feasible

solutions are preferred to unfeasible solutions. Michalewicz Michalewicz [1996] has a

good summary on constraint handling methods for evolutionary algorithms, and most

of the existing methods are based on penalty functions. Each method is di↵erent in the

amount of penalty assigned to unfeasible individuals. These variations become problem

dependent for better performance.

Repair functions modify unfeasible solutions to produce feasible ones. This mapping

preferably has to find the closest feasible solution to the individual to be repaired: a

repaired solution substitutes the unfeasible solution and can be used for the search pro-

cess. There are no general guidelines on how to repair unfeasible solutions. Most of the

repair heuristics are problem dependent.

At the Feasible Space, metaheuristics from the field of Evolutionary Computation such

as Genetic Algorithms (GA), Evolutionary Strategies (ES), Di↵erential Evolution (DE),

and Particle Swarm Optimization (PSO) can be applied, to optimize the objective func-

tion i.e., find the smallest possible container circle. These metaheuristics do not always

guarantee an optimal solution. However, in most cases they give a near optimal solution
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with less e↵ort and time than the mathematical methods.

In this thesis we propose the use of two di↵erent repair functions. Repair functions

allow us to view the search process at two levels of abstraction. At the lower level we

have the search space; at the higher level we have the feasible space (see Fig.1.1). Some

individuals in the search space can be mapped to the feasible space, but not all of them.

The initial population will be composed, in its great majority, of individuals that do not

comply to the non-overlapping constraints. Those individuals are repaired, so that the

process starts with a population of individuals that can be mapped to the feasible space.

The application of perturbations (a. k. a. genetic operators) to feasible individuals, will

most likely produce unfeasible individuals. O↵springs are also repaired.

Feasible
Space

Search
Space

X

Mutation

Repair

Mutation

Crossover

Figure 1.1: Feasible Space

1.3 CPP definition revisited

Given the above, we can view the evolutionary process as occurring at the feasible space

as an unconstrained optimization problem. Now, from the feasible space level of ab-

straction, CPP can be formally stated as follows:

Given a set of circles C, determine these circles’ positions (x, y), such that minimize the

objective function

r⇤
0

= min
r0

f(C) for circular container (1.10)
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LW ⇤ = min
L,W

f(C) for rectangular container (1.11)

where r
0

, the radius of the container circle c
0

, and where LW , the area of the container

rectangular c
0

.

1.4 Justification

The mathematical model that represents CPP consists mainly of two types of con-

straints: the container boundary and the non-overlapping constraints; a problem known

to be NP-hard, which justifies heuristic methods for its resolution. This problem has

not been solved satisfactory using Evolutionary Computation.

The container boundary constraint ensures that all circles lie inside the container and

the non-overlapping constraint ensures that for any two given circles, the distance be-

tween their centers are at least the sum of their radii. When both sets of constraints are

satisfied we have a feasible configuration for the packing problem. Due to the complexity

to obtain a feasible solution near to the optimal, we propose two repair mechanism to

make feasible individuals.

1.5 About this Document

The remainder of this thesis is organized as follow: Chapter 2 gives a literature survey of

work related to the circle packing problem. Chapter 3 describes the proposed population-

based solution. Chapter 4 presents the computational results and some examples. The

conclusions are presented in Chapter 5. Finally, the best obtained results on graphic

form are presented in Appendix A.





Chapter 2

Related Work

This literature review has the intention to give a general idea of the methods that have

been used to tackle the circle packing problem in recent years. Castillo et al. [2008]

and Hifi and M’Hallah [2009b] present a review of the packing problem considering

circular and rectangular containers. In Castillo et al. [2008] authors present several circle

packing problems, review their industrial applications, and some exact and heuristic

strategies for their solution. They also present illustrative numerical results using generic

global optimization software packages. In Hifi and M’Hallah [2009b] the authors present

a detail review of what they called the most relevant literature on e�cient models an

methods for packing circular objects into Euclidean plane regions.

2.1 Circle Packing Problems

CPP is concerned with the arrangement of a finite number of circles inside of enclosing

container without overlaps. In the following sections we will highlight the work that, to

our consideration, is relevant to our research. There are many di↵erent ways to approach

the packing problem: by method used, by the size of the circles being unit or not, by

the shape of the container, etc. This section distinguishes between two main approaches

to solve this problem: non-evolutionary solutions and evolutionary computation.

Regarding the size of the circles to be packed the problem is categorized as that of

“packing identical circles” when all have the same radius or as that of “packing non-

identical circles” when the n circles to be packed do not have the same radius. Figure

2.1 presents four examples of the packing problem. Figure 2.1(a) shows 20 unit circles

inside a circular container, Figure 2.1(b) presents 20 non-unit circles inside a circular

9
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container. Figure 2.1(c) illustrates 20 unit circles inside a square container and Figure

2.1(d) presents 20 unit circles inside a rectangular container.
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(c) Unitary Circles into a Square Container
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(d) Unitary Circles into a Rectangular Container

Figure 2.1: Packing n = 20 circles into Circular, Square, and Rectangular Containers

2.2 Non-evolutionary Solutions

Wang et al. [2002] describe quasi-physical, quasi-human algorithm that mimics the hu-

man behavior to avoid being trapped into a local minimum. This method is an analogy

to the physical model in which a number of smooth cylinders are packed inside a con-

tainer. A strategy is proposed to trigger a jump for a stuck object in order to get out

of local minima. The algorithm can be assimilated to an adaptive Tabu search. It ran-

domly generates an initial pattern where every circle has its center inside the containing
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circle. It measures the infeasibility of a solution, and translates a circle, whose position

is infeasible, along both axes. The translation distance is a function of an adaptive step

size and the gradient of the objective function of the current pattern. Since the iterative

process converges quickly to feasible local optima, circles are allowed to jump in search

for a new position within the containing circle.

Wenqi and Yan [2004] formulate CPP as a potential energy function by simulating a

system of elastic solids. They position all circles randomly inside the containing circle.

If this configuration has no overlapping circles, a feasible solution is at hand. Otherwise,

the elastic repulsion forces generated by the overlaps drive the overlapping circles to

restore their shape and size. The circles move along straight lines, colliding with each

other and with the containing circle until the composition of elastic forces is decreased

to zero. If the amount of overlap is also decreased to zero, then the process stops with

a feasible solution. Otherwise, the process restarts.

Stoyan and Yas’kov [2004] present a mathematical model of the problem of placing

di↵erent-radii circles into a strip considering several peculiarities. On the ground of

these preculiarities, an original method of transition from one local minimum to another

to provide a decrease of the objective function value is suggested. The method is based

on the idea of increasing the problem dimension and a reduced gradient method, as well

as on the concept of active inequalities and the Newton method. The authors consider

a strip container of fixed width aiming to minimize the length of the container using

the reduced gradient method which is another method to generate improving feasible

directions, and the active inequality collection strategy that determines a working set

of constraints that will be treated as equality constraints. Their approach consists of

two phases: in phase one the radii of the circles are considered fixed and the aim of this

phase is to find a local minima, in phase two the radii of a selected pair of circles are

considered as variables, an increase of size for one circle and decrease for the other will

lead to an improvement in the solution, jumping from one local minima to another until

all the suitable pairs of circles are finished.

Hifi et al. [2004] propose a heuristic for the constrained and the unconstrained circular

cutting problem based upon simulated annealing. They define an energy function, the

small values of which provide a good concentration of the circular pieces on the left

bottom corner of the initial rectangle. Such values of energy correspond to configura-

tions where pieces are placed in the rectangle without overlapping. The approach used

is mainly based upon an energy function that, when it becomes minimum, it provides
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solutions composed by a set of pieces concentrated at the bottom-left corner of the initial

rectangle. They compare their work against a modified version of the original algorithms

presented in Albano and Sapuppo [1980], Haims and Freeman [1970] by adapting them

to pack circular items, when originally they were devised to pack items other than circles.

Additionally they compare their results against those in Stoyan and Yas’kov [2004] and

to those extracted somehow in Graham and Lubachevsky [1996]. Their computational

results are presented in terms of the percentage coverage of the area of the rectangular

container. Computational results show that the approach presented is able to produce

good solutions when compared with di↵erent approaches of the literature.

Szabó et al. [2005] present a review paper that summarizes the research work mostly done

by the authors on packing equal circles in the unit square in the last years, with special

consideration to the algorithms that represent a computer aided approach to justify the

optimality of the packings. The methods investigated are energy function minimization,

billiard simulation, perturbation method, TAMSASS-PECS (Threshold Accepting Mod-

ified Single Agent Stochastic Search for Packing Equal Circles in a Square) method, a

deterministic approach based on LP-relaxation and MBS (Modified Billiard Simulation)

algorithm. The energy function minimization: for this approach the objective function

can be interpreted as a potential or energy function. A physical analogy of this approach

is to regard the points as electrical charges (all positive or all negative) which are re-

pulsing each other. If the minimal distance between the charged particles increases, the

corresponding value of the potential function decreases. The billiard simulation method

is physically motivated too. Let us consider a random arrangement of points. Draw

equal circles around the points without overlapping. Each circle can be considered as

a ball with an initial radius, moving direction and speed. Start the balls and increase

slowly the common radius of them. The swing of each ball during the process will be

less and less. The algorithm stops when the packing or a substructure of the packing

becomes rigid. The perturbation method randomly allocates n points as initial solution,

during the iterative process one circle at a time is perturbed inside a small square around

the center of the circle within a distance 0.25 and the location of the nearest neighbor is

updated if the distance between them has increased, this process is repeated until there

are no more circles to move. The TAMSASS-PECS method is based on the Threshold

Accepting global optimization technique and a modified SASS local optimization algo-

rithm. The algorithm starts with a pseudorandom initial packing, a standard deviation

and with a threshold level. The algorithm improve the current solution by an iterative

procedure. At every step it tries to find a better position of the actual point using a local

search. The stopping criterion is based on the value of the standard deviation, which is

decreased at every iteration. The framework of the method is the Threshold Accepting
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approach. It is a close alternative of the Simulated Annealing algorithms. It accepts

every move that leads to a new approximate solution not much worse than the current

one and rejects other moves. A deterministic approach based on LP-relaxation: for this

approach the circle packing problem can be regarded as an all-quadratic optimization

problem, i.e. an optimization problem with not necessarily convex quadratic constraints.

The hardness is due to the large number of constraints. This approach provides a rect-

angular subdivision branch-and-bound algorithm. To give an upper bound at each node

of the branch-and-bound tree is used the special structure of the constraints and gave

an LP-relaxation. Finally the MBS (Modified Billiard Simulation) algorithm distributes

randomly n points inside the unit square and blow them up in a uniform manner. This

can be done by incrementing the radii gradually from an initial value of r
0

=
q

10

23n⇡ . In

early stages of the process, when the distance between the small circles is much greater

than their size and no collisions occur, there is no need to change their positions. As the

circles grow, they have to deal with collisions. During the process when the decrease is

too small or the number of iterations is larger than a given number, the calculation stops.

Mladenovic et al. [2005] apply a general Reformulation Descent heuristic (RD) to the

problem of identifying the largest radius of identical circles that can be packed into a

unit containing circle. RD iterates switching from solving CPP expressed in Cartesian

coordinates to solving it expressed in polar coordinates and viceversa until no further

improvement is obtained.

Zhang and Deng [2005] adopt the model of Wang et al. [2002], and use a hybrid approach

consisting of simulated annealing to explore the neighborhood of the current solution,

and tabu search to implement the jumps. When exploring the neighborhood of the cur-

rent solution, one of the circles whose position is infeasible is translated and the degree

of infeasibility of the neighbor is computed. A neighboring solution that reduces the de-

gree of infeasibility becomes the incumbent solution whereas a nonimproving solution is

accepted with a given probability, which decreases as the search becomes more selective.

Huang and Chen [2006] propose an improved version of the Wang’s algorithm Wang

et al. [2002] for solving CPP with equilibrium constraints. An e�cient strategy of ac-

celerating the search process is introduced in the gradient descent method.

Akeb et al. [2009] solve CPP using a binary search to determine r, and a beam search

to check the feasibility of packing the n circles into C, when the radius is r. A node of

level l, l = 1, . . . , N , of the beam search tree corresponds to a partial packing of l circles
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into C. The potential of each node of the tree is assessed via a look ahead strategy that,

starting with the partial packing of the current node, assigns each unpacked circle to

its maximum hole degree position. The beam search stops either when the look ahead

strategy identifies a feasible packing or when it has reviewed all nodes.

Pintér and Kampas [2006] present numerical results obtained using Lipschitz Global Op-

timizer (LGO). Castillo Castillo et al. [2008] applies various o↵-the-shelf generic global

optimization techniques, and compare their performance. They further improve the

results of the generic solvers by implementing a posteriori strategy that, given a near-

optimal initial arrangement, swaps all pairs of adjacent sized circles until no possible

improvement exists.

Addis et al. [2008] present a strategy for optimally placing circles in a smallest cir-

cle. They mix standard local optimization routines with local moves between minima,

while reinforcing solution dissimilarity but reducing the solution space. The resulting

approach obtains the best known solution for problems of up to 50 circles and ri = i,

i = 1, . . . , N .

Lu and Huang [2008] incorporate the principle of maximum cave degree for corner occu-

pying actions into an improved “population control” (PERM) and propose a placement

heuristic called A0 to quickly pack the circles into the container. Corner occupying

strategy is an existing quasi-human method which has been successfully used in rect-

angle and circle packing problem. Subsequent PERM search strategy is presented and

combined with A0 to solve the circle packing problem. This algorithm is less e�cient

than Zhang and Deng [2005] for several large-scale identical circle instances.

Hifi and M’Hallah [2009a] show that the combinatorial structure and the continuous

optimization aspects of CPP should not be treated individually, but must be considered

simultaneously. They base their recommendation on the comparison of the performance

of two algorithms: Beam Search 1 (BS1) and Beam Search 2 (BS2). BS1 is a two-stage

approach. The first stage uses a beam search to identify the best ordering of the circles.

The second stage considers the circles in the order identified in stage 1, and uses a beam

search to find the best position of each circle.

Al-Modahka et al. [2011] present an adaptive hybrid algorithm that addresses the com-

binatorial structure of CPP via a Tabu Search (TS), and its continuous optimization
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aspects via a combination of nested partitioning (NP) and nonlinear optimization. The

hybrid TS/NP algorithm exploits the advantages of TS to undertake a local search aimed

at identifying a good permutation of the circles, whereas NP undertakes a global search

to identify their respective best positions. The provided results are further modified/im-

proved using some diversification strategies.

Akeb et al. [2011] address the circular open dimension problem (CODP) as in Stoyan

and Yas’kov [2004] but they consider non-identical circles of fixed radii. In CODP the

authors presents an initial strip of fixed width W and unlimited length, as well as a finite

set N of n circular pieces Ci of known radius ri i 2 N . The objective is to search for

a global optimum corresponding to the minimum length of the initial strip containing

the n pieces. They present two version of an algorithm that is based on the augmented

beam-search method. The first version is based on multi-start strategy, that is to restart

the algorithm from a new initial solution to diversify the exploration of the feasible re-

gion aiming to find a global optima, the second version combines the multi-start and

separated beam strategies. They test their algorithm on two sets of instances: one set is

composed of instances presented in the literature and the second set is composed of 1560

randomly generated instances where the number of circles n is taken from the following

discrete interval 10, 20, 25, 30, 35, 40, 50, 60, 70, 80, 90, 120, 150. According to their results

their algorithm dominates those against which it was compared.

Carrabs et al. [2014] proposed an algorithm that by applying a strength along a selected

direction on each circle, simulates the shifting of circles on the plane and tries to reduce

the radius of the circular container during this movements. The algorithm is based on a

multistart technique where the starting solutions are produced by a tabu search heuristic

that uses also the current best solution.

2.3 Evolutionary Computation

ECPP (Evolutionary Computation for Circle Packing Problem) relies on the parameter

values that encode solutions, which are initially randomly distributed between lower

and upper bounds. Non-overlapping constraints are easily broken; it is not easy to avoid

producing unfeasible solutions during the initialization process. The modifications of

valid solutions through crossover and mutation in Genetic Algorithms for example, may

produce unfeasible solutions as well as feasible.
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George et al. [1995] considered the problem of fitting pipes of di↵erent diameters into a

shipping container, here they study the subproblem of fitting circles of di↵erent sizes into

a rectangle since that problem is a central part of the larger problem. They formulated

the packing problem as a mixed-integer non-linear programming problem: continuos

variables represent the (x, y) coordinate position while binary variables take the value

one if the circle is placed in the rectangle and zero otherwise. The objective func-

tion aims to maximize the total density provided by the circles packed. The binary

non-linear constraint model is formed by considering that boundaries of the two types of

constraints (those that guarantee circles are inside the container and the non-overlapping

constraints) are multiplied by the binary variable. They propose an adaptive heuristic

based on strategies found in genetic algorithms that uses a stable solution. A stable so-

lution is defined as one where the circles satisfy conditions such as: touching the bottom

of the container, or one of the sides of the container or when the circles are resting on top

of another circle as big as itself or on top of two resting circles. For the series of imple-

ments heuristics it is important to obtain a stable solutions considering that ultimately

the circles packed in the rectangular container represent pipes being fitted in a shipping

container. The heuristic algorithms produced stable or unstable solutions depending on

the rules for locating the circles. The six heuristics presented were tested on a series

of 66 test problems. The problems were generated by considering that any instance is

formed with elements of one, two or the three di↵erent sets in which the circles were

categorized: small, medium and large. The comparisons suggested that overall the best

performance was produced by a quasi-random procedure presented when considering

quality of solution and computational time.

Zhi-Qin et al. [2001] propose a Human-Computer Interactive Genetic Algorithm for

solving the two-dimensional constrained layout optimization problem. The algorithm

composes chromosomes with artificial individuals (AIs) and divides the population into

subgroups. Each subgroup, has di↵erent values of crossover and mutation probabilities.

After copy, crossover, and mutation, the best individual in each subgroup is transferred

to adjacent subgroups. New AIs are determined based on the value of the fitness function.

These new AIs are copied in order to ensure they play an important role in chromosome

population. Then they are placed into the chromosome population to replace the worse

individuals. The steps mentioned above are repeated until the human expert finds a

satisfactory solution.

Hifi and M’Hallah [2003] studied the problem of cutting a rectangular plate R of dimen-

sions (L,W ) into as many circular pieces as possible. The circular pieces are of n di↵erent

types with radii ri i = 1, . . . , n. They solve the constrained circular problem, where di
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the maximum demand for piece type i is specified, using two heuristics: a constructive

procedure-based heuristic an a genetic-based heuristic. Both of these approaches search

a good ordering of the pieces and use an adaptation of the best local position procedure

to find the “best” layout of this ordered set. This positioning procedure is specifically

tailored to circular cutting problems. It acts, for constrained problems,as one of the

mutation ooperators of the genetic algorithm. They compare the performance of both

proposed approaches to that of existing approximate and exact algorithms on several

problem instances taken from the literature.The instances considered are from Stoyan

and Yas’kov [1998], the solutions given from the two heuristics developed were compared

against solutions in Hifi et al. [2004], Stoyan and Yas’kov [1998] and dominated those

in Hifi et al. [2004], Stoyan and Yas’kov [1998].

Xu et al. [2007] present a novel order-based positioning technique for the layout op-

timization problem. A permutation (1, 2, . . . , N) can yield a layout by specifying the

order in which circles are placed. As there exist N ! possible permutations for N circles,

the GA is an appropriate technique to use in order to search such a large space. The

GA is used to evolve the placement order of each circle.

Yan-jun et al. [2010] proposed an improved Evolution Strategy with Crossover Operator

(ESCO) to tackle the constrained circle packing problem. The proposed ESCO extends

a canonical ES to deal with combinatorial optimization by employing the crossover op-

erator from genetic algorithms, aiming to exchange the location of circles for obtaining

a better packing scheme. They aim to solve the general CPP; they measure the quality

of the packing by the size of the container and the weighted average pair-wise distance

between circles.

Yan-Jun et al. [2012] present a Layout Pattern-Based Particle Swarm Optimization al-

gorithm (LPPSO) for solving the two-dimensional packing problem with constraints. It

is assumed that there are two layout pattern S
1

, S
2

. If the relative position relationship

of layout objects’ centroid in S
1

is the same with that of S
2

(namely LP(S
1

)=LP(S
2

)),

the layout pattern of the S
1

and S
2

is defined as the isomorphic, which is denoted by

ILP(S
1

,S
2

). Conversely, if LP(S
1

) 6=LP(S
2

), the S
1

and S
2

are non-isomorphic, which is

denoted by NLP(S
1

,S
2

). In the optimizing process of LPPSO, some individuals are con-

structed according to non-isomorphic layout patterns and these individuals are added

into the current population of the Particle Swarm Optimization (PSO) algorithm to re-

place the worst individuals; the new population is created as a result. A non-isomorphic

layout pattern is constructed based on an exact boundary line approach (the distance
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between two circles) to avoid premature convergence and improve the computational

e�ciency.

Machado and Leitao [2011] propose an evolutionary algorithm that solves the packing

problem of identical circles inside a square container, their approach is based on genetic

algorithms. Each individual encodes a potential solution for the circle packing problem

and a fitness function, which is used to assess the suitability of its potential mating

partners. This approach relies on the observation that in some cases the optimal solution

for the packing of n circles in a square may also encode optimal solutions for the packing

of n � i circles for i in [1, n � 2]. This observation made them consider the following

hypothesis: the performance of an individual on a n � i packing problem may provide

information regarding its performance on the target n packing problem; this information

may be valuable for mating selection purposes. They give computational results for n = 2

to 24 identical circles comparing their best solutions from four evolution mating selection

functions and the optimal solutions. The experimental results show that by evolving

mating selection functions it is possible to surpass the results attained with hardcoded

fitness functions. Moreover, they also indicate that genetic programming was able to

discover mating selection functions that: use the information regarding potential mates

in novel and unforeseen ways. The accuracy considered for the results was four decimal

places.

To the best of the knowledge of the authors, there does not exist a satisfactory E.C.

approach to solving CPP. There are not even previous publications available to compare

our results with other approaches.

2.4 Final Remarks

In this chapter we gave a description of the two-dimensional packing problem. I pre-

sented a brief historical note highlighting appropriate examples of the two-dimensional

packing problem. I reviewed some of the most relevant work published in recent years

for the packing problem of identical and non-identical circles, mainly considering circular

and rectangular containers using Traditional Optimization and Evolutionary Computa-

tion.
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Population-based Solution

A population is a set of individuals where each individual represents a prospect solution

to the problem. A Population-based solution spreads through a good search region, in-

stead of only a good point, in the search space. In addition to representing a potentially

good search region, the variance of the population members provides information about

the extent of the potential search region. If new solutions are created in proportion to

the variance of an existing population of points, a self-adaptive search procedure can be

developed. In the start of such an algorithm with a randomly picked initial population

of solutions, the variance in the population members is expected to be large, thereby

ensuring a thorough exploration of the entire search space. On the other hand, during

later iterations when the population of points have covered near the optimum, the vari-

ance in population members is expected to be small, thereby ensuring a focused search

near the optimum. Without an external guidance, such a population-based algorithm

can widen or narrow down its search power adaptively Deb [2004].

These algorithms are typically applied to hard problems with a large search space, where

the presence of multiple solutions is exploited to find better search regions. The pres-

ence of multiple solutions in a search process allows diversity to be maintained and this

can be beneficial in handling constrained optimization problems. A Population-based

Solution usually yields the best values of the variables or the best scenarios which are an

approximation to the optimum solution. A solution is considered optimum with respect

to the best performance or best fitness, in terms of the objective function.

19
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3.1 A General Evolutionary Computation Algorithm

Evolutionary Computation or Population-based algorithms are direct search methods,

which use only objective function values to drive the search and employ more than one

solution at each iteration. These Algorithms work on an encoding of the parameters

set, search from a population of individuals, use an objective function, use probabilistic

transition rules, and can provide a number of potential solutions to a given problem.

Population-based algorithms allow direct generation of possible solutions in a single run.

Evolutionary computation is an ambitious name for a simple idea: use the theory of

evolution as an algorithm. Any program that uses the fundamental structure shown in

Algorithm 1 could be termed Evolutionary Computation. In an evolutionary algorithm,

the first step is to create a population of individuals. The structures that describe those

individuals are filled in at random. An objective function(fitness function for EAs) is

used to decide which solutions deserve further attention. In the main loop of the algo-

rithm, we pick solutions so that on average better solutions are chosen. This process is

known as selection. The selected solutions are then subjected to variation. This varia-

tion can be in the form of random tweaks to a single structure or exchange of genetic

material between structures. Changing a single structure is called unary variation or mu-

tation. Exchanging material between structures is called an n-ary variation or crossover.

The main loop iterates the process of population updating via selection and variation.

In accordance with the general theory of evolution, this should move the population

toward fitter structures. This continues until you reach an optimum in the space of

solutions, defined by your fitness function, or until a specified number of generations has

been reached. This optimum may be the best possible place in the entire fitness space,

or it may merely be better than all structures nearby in the search space. Adopting the

language of optimization, I call these two possibilities global and local optima. Unlike

many other types of optimizers, an evolutionary algorithm can jump from one optimum

to another.

Algorithm 1 shows the basic structure of an evolutionary algorithm; in our case we add

a step that tests the feasibility of each individual. To maintain our perspective of a high

level of abstraction (i.e., working at the feasible space), after an individual is generated

(steps 1 and 5) we apply a repairing process. This process repeats until computes the

fitness of each individual (i.e., determines the radius of the enclosing circle) reaching an

specified number of generations.
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Algorithm 1 GenericEA

1: Generate a random population of individuals
2: repeat
3: Test the individuals for quality
4: Select individuals to be perturbed
5: Produce new variations of selected individuals
6: Replace old individuals with new ones
7: until termination criterion is satisfied

3.2 Repulsion-based Repair

A configuration P = ((x
1

, y
1

), (x
2

, y
2

), . . . , (xN , yN )) represents fixed positions for the

N circles. The repairing process can be stated as finding coordinates (xi, yi) of every

circle ci so that the whole configuration does not violate the non-overlapping constraint.

In this section is propose an algorithm inspired on a physical analogy. We imagine the

set of circles as elastic rings. Under this analogy, circles that are too close together (i.e.

overlapping circles) starts deforming and exerting a restoring force that pushes them

apart. We allow these forces to push circles to the point where they touch, which is the

point where the overlap disappears. It is necessary calculate the Center of Gravity Pg

of the given circles to sort them by proximity to this Center.

Given two circles ci and cj where i 6= j in the given configuration. If (xi � xj)2 + (yi �
yj)2 < (ri+ rj)2, then ci and cj overlap, then the overlapping depth dij between them is

dij = ri + rj �
q
(xi � xj)2 + (yi � yj)2, (i, j) 2 {1, . . . , N}2 (3.1)

dij

8
>><

>>:

< 0 distant circles

= 0 tangent circles

> 0 overlapping circles

(3.2)

Since the initial configuration is generated randomly, there most likely exist overlaps

among the circles. According to the physical analogy, these circles are considered as

elastic rings. If there exists overlap between objects, they must have elastic forces act-

ing on them, so they will move with the action of those forces.

Figure 3.1, shows two circles ci and cj that overlap; cj will move along the direction

from i to j by the reaction of elastic forces. How far it moves depends on its embedding
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depth dij (3.1), cj moves away from ci a distance dij until it does not overlap with ci.

According to the following equations the coordinates of cj are modified.

✓ij = tq�1

xj � xi
yj � yi

(3.3)

dxj = (ri + rj) cos(✓ij) (3.4)

dyj = (ri + rj) sin(✓ij) (3.5)

where dxj is the projection of dij in the horizontal axis x and dyj is the projection

of dij in the vertical axis y. Therefore, Figure 3.2 shows the correction that restores

overlapping with new position P 0
j as follows:

x0j = xj + dxj (3.6)

y0j = yj + dyj (3.7)

�

� !!!!!!!!!!"ij

Pj

Pi

dij

Figure 3.1: Two Overlapping Circles

The overlapping problem for two circles is solved by (3.1) � (3.7). If we have more than

two circles, we need to define the order in which their positions are corrected, so that it

guarantees that, at the end, no overlaps exist and that corrected circles are not moved

in subsequent corrections (otherwise the algorithm could fall into an infinite cycle of

corrections).

Algorithm 2 proposes such an order, guaranteeing both properties mentioned in the

previous paragraph. Let us define Pg as the center of gravity of the set of circles.

Pg = {x, y}, where x and y are the means of the coordinates of the Centers of all circles.
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� !!!!!!!!!"ij

�
P'j

Pi

Figure 3.2: Two Repaired Circles

The main idea is to compute the center of gravity of the set of circles, and correct all

possible overlaps from Pg, outwards.

Algorithm 2 RBRepair (C)

1: C: set of Circles
2: Pg = (xg, yg) = Center of Gravity of Circles
3: Sort C by proximity to Pg

4: for i = 1 to |C|� 1 do
5: for j = i+ 1 to |C| do
6: if cj overlaps ci then
7: cj  Repair cj to avoid overlapping, according to (3.4) � (3.7)
8: end if
9: end for

10: end for
11: return C (without overlapping)

If the previous configuration is P = ((x
1

, y
1

), (x
2

, y
2

), . . . , (xN , yN )), then the new con-

figuration is P 0 = ((x
1

, y
1

), (x0
2

, y0
2

), . . . , (x0N , y0N )) represents the center coordinates of

circles without overlapping. Note that c
1

is the closest circle to Pg, therefore it does not

change with the execution of Algorithm 2.

It is easy to prove that the computational complexity of Algorithm 2 is O(N2). Since

Algorithm 2 does not have the means to find the closest neighbors of each circle, it

compares every circle with every other remaining one. Therefore, it is important to seek

the implementation of repairs that are faster and consume less computational resources.

An alternative approach is proposed in the next section.
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3.3 Delaunay Triangulation-based Repair

A configuration P represents fixed positions of the centers of the N circles. The repair-

ing process can be stated as finding coordinates P 0
i of every circle ci so constraint 1.2 is

not violated.

The repairing process described in this subsection consists on removing all overlaps

using the Delaunay Triangulation. The Delaunay Triangulation is a triangulation such

that the circumcircle of each triangle does not contain another point in its interior.

The set T = {T
1

, . . . , TNt} represents the Delaunay Triangulation formed by P . Each

triangle Tk = (Pk1 , Pk2 , Pk3) of T is a triplet of circle identifiers.

Consider a set of points P , in the Euclidean plane, where Pi = (xi, yi) and |P | � 3.

Assume that these points are not all collinear, and that no four points are cocircular.

Let d(Pi, Pj) denote the Euclidean distance between points Pi and Pj . A triangulation

T of a set of N points P is considered a Delaunay Triangulation of P if either of the

following lemmas hold Lee and Schachter [1980]:

Lemma 1. Given a set P of N points, any triangulation T (P ) has the same num-

ber of triangles,

Nt = 2(N � 1)�Nh (3.8)

and the same number of edges,

Ne = 3(N � 1)�Nh (3.9)

where Nh is the number of points on the Convex Hull of P .

Lemma 2. Given a set P of points, any edge (Pi, Pj) is a Delaunay edge of DT (P ) if

and only if there exists a point x such that the circle centered at x and passing through

Pi and Pj does not contain in its interior any other point of P .

Lemma 3. Given a set P of points, a triangle Tk = (Pk1 , Pk2 , Pk3) 2 DT (P ) if and only

if its circumcircle does not contain any other point of P in its interior.

Among the possible triangulations of a set of points, Delaunay Triangulations are an

interesting alternative as they tend to generate triangles that maximize the minimum
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angle of all the triangles in the triangulation. Additionally, the performance of De-

launay triangulations is acceptable in practice; the algorithm has a complexity time

of O(N log N). The repulsion-based repair algorithm does not use information about

neighborhood of circle. The DT-based repulsion algorithm uses the neighborhood infor-

mation provided by the DT to repair triplets of triangles at once, not having to verify

overlaps with any other circle.

For CPP the set P of (3.10) is formed by the coordinates (x, y) of the centers of the

circles.

P = {P
1

, . . . , PN}, Pi = (xi, yi), i 2 [1, 2, . . . , N ] (3.10)

Constraint 3.11 represents the conditions to apply by the repair process based on the

Delaunay Triangulation, i.e., the three circles after the repair process must be as close

as possible to each other, and at last one of the three must be tangent with the other

two.

q
(xk1 � xk3)

2 + (yk1 � yk3)
2 = rk1 + rk3 ,

q
(xk2 � xk3)

2 + (yk2 � yk3)
2 = rk2 + rk3 , (3.11)

k
1

6= k
2

6= k
3

, k
1

, k
2

, k
3

2 [1, 2, . . . , N ]

The repair process starts with k = 1 for Tk = (Pk1 , Pk2 , Pk3), the first triangle in T ,

where Pki , corresponds to circle cki of Tk, for 1  i  3. Circle cki has coordinates

Pki . The Delaunay Triangulation-based repair process first repairs Pk1 and Pk2 of Tk

according to (3.1) � (3.7). We stablish that Pk1 will not be moved and Pk2 is attracted

to or repelled from Pk1 to make their circles tangent. P 0
k2

is the repaired position of Pk2 .

Circle ck2 is moved along the line that connects Pk1 with Pk2 , to a place where (3.12) is

satisfied q
(xk1 � x0k2)

2 + (yk1 � y0k2)
2 = rk1 + rk2 (3.12)

The third circle ck3 is attracted to or repelled from ck1 and c0k2 , its new coordinates x0k3
and y0k3 can be computed as follows:

✓ijk = cos�1

(rk1 + rk3)
2 + (rk1 + rk2)

2 � (rk3 + rk2)
2

2(rk1 + rk3)(rk1 + rk2)
(3.13)

x0k3 = xk1 + (rk1 + rk3)cos(✓ij + ✓ijk) (3.14)

y0k3 = yk1 + (rk1 + rk3)sin(✓ij + ✓ijk) (3.15)
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I.e., given three circles ck1 , ck2 , and ck3 , ck2 is attracted to or repelled from ck1 , x
0
k2

and

y0k2 are calculated with (3.1) � (3.7). The third circle ck3 is attracted to or repelled

from ck1 and c0k2 , its new coordinates x0k3 and y0k3 are calculated according with (3.13) �
(3.15). The remaining triangles will be repaired in an order such that every triangle being

repaired is adjacent to a repaired triangle, according to the Delaunay Triangulation.

Under those circumstances, two of the circles of Tk (the triangle under repair) have

already been fixed and will not be moved again. Assume Tk = (Pk1 , Pk2 , Pk3), where

Pk1 and Pk2 have been fixed; that leaves the only option of moving the remaining Pk3 ,

to repair triangle Tk. Pk3 will be moved to a place according to (3.13) � (3.15) where it

satisfies (3.16).

q
(x0k1 � x0k3)

2 + (y0k1 � y0k3)
2 = rk1 + rk3 ,

q
(x0k2 � x0k3)

2 + (y0k2 � y0k3)
2 = rk2 + rk3 . (3.16)

k 2 [2, 3, . . . , Nt]

�

� !!!!!!!!!!"k1k2
Pk2

Pk1

�

Pk3

Figure 3.3: DT-Initial Configuration

The order in which circles are repaired is important. We need to produce an e�cient

algorithm that repairs every circle only once, and once it is fixed it will not be moved

again. On the other hand, if the order is arbitrary, the repair process can get to a

point where overlaps exist and no circles can be moved to solve the situation. To avoid

these problems and guarantee convergence of the repair process we compute the Center

of Gravity for the set of circles, then sort them by ascending distance to the Center of

Gravity. Once we have the circles sorted, we compute the Delaunay Triangulation, which

yields the neighbors of each circle in triplets. We will repair these triplets attracting
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� !!!!!!!!!"k1k2

�
P'k2

Pk1

�

Pk3

Figure 3.4: DT-Two repaired circles

� !!!!!!!!!"k1k2
!!!!!!!!!"k1k2k3

�
P'k2

Pk1

�

P'k3

Figure 3.5: DT-Three repaired circles

circles to the Center of Gravity. Algorithm 3, DTRepair, implements this process.

DTRepair takes as input a set of circles and returns a set of repaired circles.

3.4 Enclosing Circular Container

Once a configuration contains no overlaps, we need to determine the size of the small-

est circle that contains all circles in the configuration. Enclosing finds the coordinates

{x
0

, y
0

} that minimize r
0

, the radius of the containing circle c
0

.
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Algorithm 3 DTRepair (C)

1: C : set of Circles
2: Pg = (xg, yg) = Center of Gravity of C
3: Sort C by ascending distance to Pg

4: T  Delaunay Triangulation of the centers in Sorted C
5: Coordinates of C(T

1

) Repair C(T
1

), according to (3.1) � (3.15)
6: for k = 2 to |T | do
7: Coordinates of C(Tk) Repair C(Tk), according to (3.13) � (3.15)
8: end for
9: return C (without overlapping)

To compute the enclosing circle, Algorithm 4 sorts the circles by descending distance

from their center of gravity. It takes the farthest circle as the starting enclosing circle,

and takes each circle at a time, checking whether or not it is contained in the previous

enclosing circle. If it is not, it computes the new enclosing circle.

Assume at a given iteration i, circle ci, has center coordinates (xi, yi), and container circle

c
0

, has coordinates (x
0

, y
0

). If
p

(x
0

� xi)2 + (y
0

� yi)2 + ri < r
0

, then c
0

completely

contains ci, and there is nothing to do. Otherwise, we need to compute a new c
0

that

encloses all of them. In that case, the radius of the new enclosing circle r0
0

is

r0
0

=

p
(x

0

� xi)2 + (y
0

� yi)2 + r
0

+ ri
2

(3.17)

Once we know the new radius, we compute the changes in the x and y coordinates of

c
0

’s center.

✓
0i = tg�1

x
0

� xi
y
0

� yi
(3.18)

dx
0

= (r0
0

� r
0

) cos(✓
0i) (3.19)

dy
0

= (r0
0

� r
0

) sin(✓
0i) (3.20)

where dx
0

and dy
0

are the changes to c
0

’s coordinates. Finally, the new position of c
0

is given by (3.21) and (3.22).

x0
0

= x
0

+ dx
0

(3.21)

y0
0

= y
0

+ dy
0

(3.22)

Note that as Algorithm 4 proceeds towards the center of gravity, the likelihood to mod-

ifying the container circle decreases. When have revised that all circles are inside of the

enclosing circle c
0

, the process has finished and the Container Circle c
0

is returned.
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Algorithm 4 Enclosing (C)

1: C : set of Circles
2: Pg = (xg, yg) = Center of Gravity of C
3: Sort C by descending distance to Pg

4: c
0

 c
1

5: for i = 2 to |C| do
6: if c

0

does not enclose ci then
7: Generate a new Container c

0

, according to (3.17) � (3.22)
8: end if
9: end for

10: return c
0

3.5 Time Complexity

It is well known that sorting and computing the Delaunay Triangulation takes time

O(N log N) Lee and Schachter [1980]. The loop in lines 6 � 8 of Algorithm 3 repeats

O(Nt) times, and repair can be done in constant time, and since Nt = O(N). The total

times complexity of Algorithm 3 is O(N log N).

Enclosing also sorts the sets of circles, taking O(N log N) time. The loop in lines 5� 9

of Algorithm 4 repeats O(N) times, and verification of enclosure and modifying the

container can be done in constant time.

The total time complexity of Enclosing is O(N log N). In conclusion, given the chromo-

some of an individual in the evolutionary process, repairing it and measuring its fitness

(i.e. determining the enclosing circle) can be done in O(N log N) time.

3.6 Final Remarks

This chapter introduced some basic concepts of Population-based Solutions. These con-

cepts include evolutionary algorithms, population of individuals, fitness space, objective

function, selection process, and feasibility of each individual and repairing process, which

ones are used to obtain the enclosing container.

This chapter proposed two repair mechanisms called Repulsion-based repair and Delau-

nay triangulation-based repair, to apply to those unfeasible individuals to make them
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feasible and proceed to enclosing process. Finally as we can see Delaunay triangulation-

based repair process has a less time complexity less than Repulsion-based repair process,

it means that consumes less time to obtain a feasible solution.



Chapter 4

Results

ECPP was tested under di↵erent conditions, and the results were compared to known

solutions (either exact or approximate) known in the field. The problem of packing

circles in a container has two known variants, the case where all circle sizes are equal

(known as unit circle packing), and the case where the circles have di↵erent sizes as

in Castillo et al. [2008]. ECPP was tested following this distinction.

Those tests are reported on the following two subsections. ECPP was implemented in

Mathematica. I ran our experiments using a Mac computer with an Intel Core i7, 2

GHz, four cores, and 4 GB of RAM.

4.1 Packing Circles into a Circular Container

The first set of experiments tests ECPP’s performance on unit-circle problems. These

tests were conducted in two orthogonal directions; I compared the performance of two

metaheuristic search algorithms (namely, Genetic Algorithms GA, Evolution Strate-

gies ES, Di↵erential Evolution DE, and Particle Swarm Optimization PSO) using the

repulsion-based and the Delaunay Triangulation repair heuristics. These results can be

compared against the proven optimal analytical solutions.

The second set of experiments tests ECPP’s performance on uneven circle problems.

Since there are no known optimal results for these problems, I performed two experi-

ments to test ECPP’s performance: the first one compares our results with those pub-

lished at Mathrec Zimmermann [2006], the second one analyses ECPP’s performance for

31
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di↵erent values of variance of the radii of the circles. I analyzed the algorithm’s perfor-

mance with respect to the solutions’ packing density; when the variance of the circles’

radii in a problem instance increases, large circles produce holes that can be occupied

by small circles, thus increasing the density of the produced solution.

4.1.1 Unit Circle Tests

To measure the performance of the two repair mechanisms I compared the numeri-

cal performance of four Metaheuristics (Genetic Algorithms, Evolutionary Strategies,

Di↵erential Evolution, and Particle Swarm Optimization) applied to the Circle Pack-

ing Problem. The most recent solutions to the circle packing problem are reported at

the website Packomania Specht [1999]. This website started in 1999 reporting proven

optimal solutions from 1 to 1500 unit circles and some cases of uneven circles. Un-

fortunately they do not provide computational time. To illustrate the e↵ectiveness of

our approaches, I tested problems of di↵erent sizes, from 3 circles to 100 circles. Only

some of them are reported for the sake of brevity. I compared the results produced by

our algorithms with the benchmarks presented in the Packomania web site Specht [1999].

The metrics used in the comparison of results are radius and density. Radius is the Best-

known solution proven mathematically for a particular problem and density describes

the ratio of total area occupied by the circles to container area, i.e. the relationship be-

tween the area of the container circle and the sum of areas of the circles that are inside

it. Benchmarks are registered on tables 4.1 and 4.2 in the column labeled Optimal, with

their corresponding radii and densities.

The results of the two repair mechanisms (Repulsion-based repair and DT-based repair)

are presented in sections 4.1.1.1 and 4.1.1.2, respectively. Tables 4.1 and 4.2 compare

our approaches with the benchmarks. The results are shown for the size of the instances,

the radius of the container circle and the density corresponding to the container circle

of the mean solution obtained with Genetic Algorithms (GA) and Di↵erential Evolution

(DE).
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4.1.1.1 Results Using Repulsion-based Repair

Table 4.1 is composed of twelve columns: the first column refers to the number of unit

circles to be packed; the second and third columns refer to the radius and density, re-

spectively, of the optimal solution; the fourth and fifth columns show the mean radius

and density obtained applying GA, the sixth and seventh columns show the mean radius

and density obtained applying DE, the eighth and ninth columns show the mean radius

and density obtained applying ES, the tenth and eleventh columns show the mean radius

and density obtained applying PSO, the twelfth column shows the mean time required.

The results produced by our approach were obtained by 30 independent executions with

random initial populations. The table shows the mean of the 30 executions. The values

highlighted in each row represent the best mean obtained.
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From table 4.1 we can see that DE outperforms the other metaheuristic. This result

was at all expected; it is vox populi in the Evolutionary Computation community, that

DE is one of the best metaheuristics for real-valued optimization problems. Table 4.1

also shows, in the last column, the computational time required to solve each problem

size. Since both GA and DE were run with the same population size and number of

generations, their computational times are basically the same.

Even though the mean results do not seem to show clear superiority of GA in most cases,

I decided to perform a statistical comparison of the result for selected cases. For size 30,

I compared the performance of GA and DE, for a statistical di↵erence in means, for a

significance level ↵ = 0.05, proving that indeed GA’s performance is superior to DE. For

n = 55, I performed the same test, resulting in DE’s performance proving superior to GA.

Figure 4.1 illustrates the plot formed by the mean values obtained for the solution of

the four metaheuristics and the benchmarks corresponding for each problem size (i.e.

number of circles). Figure 4.2 illustrates the plot formed by the Density obtained by

the mean values of the fitness function for the four metaheuristics and the benchmarks

corresponding for each problem size (i.e. number of circles). From Figures 4.1 and 4.2

we can see that the best densities were obtained by DE for most cases. Those figures

show the distance of ECPP’s solutions with respect to the optimal ones.

Figure 4.1: Radius of the Enclosing Circle using Repulsion-based Repair
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Figure 4.2: Density of the Enclosing Circle using Repulsion-based Repair

4.1.1.2 Results Using DT-based Repair

Table 4.2 has the same structure as Table 4.1. The results produced by our approach

were obtained by 30 independent executions with random initial solutions. The table

shows the mean of the 30 executions. The values highlighted in each row represent the

best result obtained.
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From table 4.2 we can see that GA outperforms the other metaheuristics. This result

was not at all expected; it is vox populi in the Evolutionary Computation community,

that DE is one of the best metaheuristics for real-valued optimization problems. The

best metaheuristic was GA. As of today, the reason remains unknown to the authors of

this work.

Figure 4.3 illustrates the plot formed by the mean values obtained for the solution for

the four metaheuristics and the benchmarks corresponding for each problem size (i.e.

number of circles). From Figure 4.3 we can see that the best solutions were obtained by

GA.

Figure 4.3: Radius of the Enclosing Circle using Delaunay Triangulation-based Re-
pair

Figure 4.4 illustrates the plot formed by the Density obtained by the mean values of the

fitness function for the four metaheuristics and the benchmarks corresponding for each

problem size (i.e. number of circles). From Figure 4.4 we can see that the best densities

were obtained by GA.
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Figure 4.4: Density of the Enclosing Circle using Delaunay Triangulation-based
Repair

4.1.2 Non-Unit Circle Tests

Although the unit circle version of CPP has been solved analytically for as many as 1014

circles Specht [1999], there is an infinite number of instance problems for each number

of circles in the non-unit circle case, and there is no analytical solution for any of these

problems.

In the absence of analytical solutions, in order to assess the performance of ECPP with

non-unit circle problem instances, I performed two sets of experiments. First I compared

ECPP’s performance on the benchmark problems presented in Zimmermann [2006]. The

problem presented in those web pages is to solve CPP for a set of circles where their

radii ri = i, i = 1, . . . , N . Fig. 4.5 shows a plot of the radii of the enclosing circles of

solutions obtained using Delaunay Triangulation-based Repair with Genetic Algorithms

for problem sizes from 1 to 50. GA was executed with a population of 50 individuals

and 500 generations.

The interpretation of these results have to take into account the following facts. The

plot labeled as MathRec are the world records for these problems; no single algorithm

provides the best solution to all problem instances. Even more, not all participants
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Figure 4.5: Performance Comparison: ECPP vs MathRec

provided solutions to all problem instances. In general algorithms are best at a single

solution or at most at a range of them. None of the solutions presented in the MathRec

contest was based on Evolutionary Computation. ECPP is the first attempt to solve

CPP using metaheuristics of these kind.

In the second experiment to assess ECPP’s performance on non-unit CPP we control the

variance of the circle sizes and observe ECPPs performance (based on packing density)

as the relative sizes of the circles vary. These experiments were conducted using only the

best metaheuristic search and repair mechanisms found in the previous tests. That is,

Genetic Algorithms, using the Delaunay Triangulation repair. For the sake of brevity, I

only present experiments conducted to a set of 20 circles; which represent a considerably

large search space of 40 dimensions.

I allow circle sizes to diverge from unity in such a way that I have control over the vari-

ance of their sizes. If the variance is zero, I have the unit-circle version of the problem,

which was tested extensively and the results were reported in the previous section. As

the variance increases, intuition leads us to suspect that smaller circles way fill in the

gaps between larger circles, therefore increasing the density of the solutions.
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For each problem size (i.e., number of circles), I generate the circle sizes according to

the following probability distribution function:

U [1��, 1 +�] (4.1)

where � represents the allowed amount of variation is well known that the variance of

this distribution is

�2 =
1

12
((1 +�)� (1��))2 =

�2

3
(4.2)

so, by varying � we are controlling the variance of the circle sizes of the randomly gen-

erated problem instances.

I generated random problem instances for 20 circles varying � in the interval from 0 to 1,

increasing delta by 0.1 for each experiment. For each setup, I performed 30 independent

executions. This number of executions allow us to achieve statistical stability and draw

conclusions about ECPP’s performance on this type of problems. Fig. 4.6 shows a plot

of the density of the solutions as � varies, for the described experiments.

4.1.3 Discussion

Comparing the four meta-heuristics using Delaunay Triangulation-based Repair, we can

see that Genetic Algorithms performs best, followed closely by Di↵erential Evolution,

Evolutionary Strategies being further back, and, in last place, Particle Swarm Optimiza-

tion.

As we can see in Figure 4.3 the di↵erence between Genetic Algorithms and Di↵erential

Evolution is minimal and perhaps one might think that these results do not show ob-

vious di↵erences. However, statistical tests were performed for 55 to 100 circles, and

there are indeed statistically significant di↵erences between their respective means. For

example for n = 55, we conducted a hypothesis test with a level of significance of 95

percent, where the null hypothesis was H
0

:µGA = µDE and the alternative hypothesis

is H
1

:µGA 6= µDE . The calculated value was p = 0.074016, which indicates that there

is indeed a di↵erence. Therefore, if there is a statistically significant di↵erence between

Genetic Algorithms and Di↵erential Evolution which were the closest ones, there is also a
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Figure 4.6: Mean Density of the Enclosing Circle with Uneven Circles using Delaunay
Triangulation-based Repair

statistically significant di↵erence between Genetic Algorithms and Evolutionary Strate-

gies or Particle Swarm Optimization, whose means are more distant.

To date, we do not have explanation to why Genetic Algorithms outperforms Di↵erential

Evolution when applying the Delaunay Triangulation-based repair, even though most

of the published literature mentions that Di↵erential Evolution performs better than

Genetic Algorithms in continuous optimization problems.

To compare the results obtained by the Repulsion and Delaunay Triangulation based

repair processes we plot the mean of size of the enclosing circle for the di↵erent problem

sizes. Figure 4.7 shows that the Delaunay Triangulation repair performs better than the

Repulsion-based repair. Also, the repairing process by Delaunay Triangulation requires

less time; that means less evaluations are needed to obtain a result closer to the opti-

mum, than by the repulsion heuristic.

In very few cases, where the optimal configuration is one that can not be obtained by the

Delaunay Triangulation-based repair, this repair method has trouble approaching the
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Figure 4.7: Comparison between Repulsion-based Repair and Delaunay
Triangulation-based Repair by Genetic Algorithms

optimum. This situation occurs when the circles in the optimal configuration form holes

involving more than three circles, and sometimes with one or two circles in the hole, i.e.

some circles are isolated. This repairing process forces the circles to be tangent, so it is

impossible to approach the optimum. In those cases the repulsion-based repair is more

feasible to obtain a closer result to the optimum.

In the last test cases, dealing with uneven circles, the expected results were achieved.

Starting with no variation, the results depart from the densities reached by the unit-

circle problem. As the variance of the circle sizes increases, the density of the solutions

increases. The density of the solutions seems to tend asymptotically to a limit which

remains to be determined in future experiments.

4.2 Packing Circles into a Rectangular Container

4.2.1 Unit Circle Tests

To measure the performance of the two repair mechanisms I compare the numerical per-

formance of four Metaheuristics (GA, ES, DE, and PSO) applied to the Circle Packing

Problem into a Rectangular Container. The most recent solutions to the circle packing
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problem are reported at Birgin and Gentil [2010]. This thesis reports proven optimal

solutions from 1 to 50 unit circles. To illustrate the e↵ectiveness of our approaches, I

tested problems from 1 circles to 50 circles. Only some of them are reported for the

sake of brevity. I compare the results produced by our algorithms with the benchmarks

presented in Birgin and Gentil [2010].

The metrics used in the comparison of results are area and density. Area is the Best-

known solution proven mathematically for a particular problem and density describes

the ratio of total area occupied by the circles to container area, i.e., the relationship

between the area of the rectangular container and the sum of areas of the circles that

are inside it. Benchmarks are registered on table 4.3 in the column labeled Optimal,

with their corresponding areas and densities.

The results of the two repair mechanisms (Repulsion-based repair and DT-based repair)

are presented in sections 4.2.1.1 and 4.2.1.2, respectively. These tables compare our

approaches with the benchmarks. The results are shown for the size of the instances,

the area of the rectangular container and the density corresponding to the rectangu-

lar container of the mean solution obtained with Genetic Algorithms (GA), Di↵erential

Evolution (DE), Evolution Strategies (ES) and Particle Swarm Optimization (PSO).

4.2.1.1 Results Using Repulsion-based Repair

Table 4.3 is composed of twelve columns: the first column refers to the number of unit

circles to be packed; the second and third columns refer to the area and density, re-

spectively, of the optimal solution; the fourth and fifth columns show the mean area

and density obtained applying GA, the sixth and seventh columns show the mean area

and density obtained applying DE, the eighth and ninth columns show the mean area

and density obtained applying ES, the tenth and eleventh columns show the mean area

and density obtained applying PSO, the twelfth column shows the mean time required.

The results produced by our approach were obtained by 30 independent executions with

random initial populations. The table shows the mean of the 30 executions. The values

highlighted in each row represent the best obtained mean.



Chapter 4. Results 45

N
O
pt
im

al
G
A

D
E

E
S

P
S
O

T
im

e(
se
c)

a 0
de
n
si
ty

a 0
de
n
si
ty

a 0
de
n
si
ty

a 0
de
n
si
ty

a 0
de
n
si
ty

1
4.
00

00
00

0.
78

53
98

4
.0
0
0
0
0
0

0
.7
8
5
3
9
8

4
.0
0
0
0
0
0

0
.7
8
5
3
9
8

4
.0
0
0
0
0
0

0
.7
8
5
3
9
8

4
.0
0
0
0
0
0

0
.7
8
5
3
9
8

2
2

8.
00

00
00

0.
78

53
98

8
.0
0
0
0
0
0

0
.7
8
5
3
9
8

8
.0
0
0
0
0
0

0
.7
8
5
3
9
8

8
.0
0
0
0
0
0

0
.7
8
5
3
9
8

8
.0
0
0
0
0
0

0
.7
8
5
3
9
8

34
3

12
.0
00

00
0

0.
78

53
98

1
2
.0
0
0
0
0
0

0
.7
8
5
3
9
8

1
2
.0
0
0
0
0
0

0
.7
8
5
3
9
8

12
.0
20

13
6

0.
78

53
98

12
.0
01

74
4

0.
78

53
98

35
1

4
16

.0
00

00
0

0.
78

53
98

16
.0
53

74
3

0.
78

27
69

1
6
.0
0
0
2
0
8

0
.7
8
5
3
8
8

16
.0
37

52
9

0.
78

35
6

16
.0
12

10
6

0.
78

48
04

75
4

5
20

.0
00

00
0

0.
78

53
98

22
.4
84

05
5

0.
69

86
27

2
1
.9
1
9
8
9
7

0
.7
1
6
6
0
8

22
.4
72

71
0

0.
69

89
79

22
.1
54

96
9

0.
70

90
04

98
4

6
24

.0
00

00
0

0.
78

53
98

24
.1
74

96
4

0.
77

97
14

2
4
.0
0
8
0
5
5

0
.7
8
5
1
3
5

24
.0
96

48
9

0.
78

22
53

24
.0
48

15
6

0.
78

38
25

15
80

7
28

.0
00

00
0

0.
78

53
98

31
.3
50

49
9

0.
70

14
61

3
0
.5
7
2
6
9
3

0
.7
1
9
3
0
7

31
.0
75

42
4

0.
70

76
7

31
.3
97

41
5

0.
70

04
13

17
35

8
32

.0
00

00
0

0.
78

53
98

34
.2
26

95
5

0.
73

42
97

3
2
.5
8
9
7
4
7

0
.7
7
1
1
8
6

33
.7
19

44
5

0.
74

53
49

33
.3
15

29
0

0.
75

43
91

20
46

9
36

.0
00

00
0

0.
78

53
98

37
.1
00

39
9

0.
76

21
03

3
6
.0
9
5
0
3
1

0
.7
8
3
3
3

36
.2
30

19
7

0.
78

04
08

36
.2
87

21
1

0.
77

91
82

24
28

10
40

.0
00

00
0

0.
78

53
98

47
.2
87

37
0

0.
66

43
62

4
2
.1
3
0
8
4
5

0
.7
4
5
6
7
5

42
.2
07

08
2

0.
74

43
28

43
.1
29

05
6

0.
72

84
17

27
30

11
43

.7
12

81
3

0.
79

05
58

47
.9
76

11
9

0.
72

03
07

4
7
.2
8
2
3
1
8

0
.7
3
0
8
7
6

47
.2
79

64
9

0.
73

09
17

48
.4
02

87
2

0.
71

39
56

29
80

12
48

.0
00

00
0

0.
78

53
98

47
.9
76

11
9

0.
71

19
28

4
8
.7
2
0
0
5
0

0
.7
7
3
7
9

50
.0
82

99
8

0.
75

27
33

49
.2
89

51
7

0.
76

48
5

34
30

13
52

.0
00

00
0

0.
78

53
98

59
.9
00

83
7

0.
68

18
05

5
9
.4
6
4
1
4
3

0
.6
8
6
8
1
2

58
.1
91

52
8

0.
70

18
32

60
.1
60

15
6

0.
67

88
66

38
60

14
54

.6
41

01
6

0.
80

49
32

64
.4
13

24
3

0.
68

28
15

6
0
.9
6
1
7
1
0

0
.7
2
1
4
7
4

60
.3
98

62
3

0.
72

82
61

.0
31

55
6

0.
72

06
48

45
75

15
59

.7
12

81
3

0.
78

91
76

71
.3
03

35
3

0.
66

08
93

6
4
.2
1
5
3
5
4

0
.7
3
3
8
4
1

61
.4
43

44
5

0.
76

69
47

65
.5
89

57
8

0.
71

84
66

52
80

16
63

.4
44

86
4

0.
79

22
7

74
.5
69

36
1

0.
67

40
77

6
7
.8
1
2
5
7
9

0
.7
4
1
2
4
1

67
.6
47

66
2

0.
74

30
48

72
.2
51

40
8

0.
69

57
02

57
05

17
65

.5
69

21
9

0.
81

45
14

79
.9
35

74
8

0.
66

81
25

7
8
.6
7
0
0
0
2

0
.6
7
8
8
7
5

78
.8
99

93
6

0.
67

68
96

78
.3
34

27
9

0.
68

17
84

61
46

18
70

.9
08

96
5

0.
79

74
83

84
.2
31

60
0

0.
67

13
47

8
1
.2
4
6
1
2
7

0
.6
9
6
0
1
7

81
.2
52

91
2

0.
69

59
59

82
.1
58

71
1

0.
68

82
86

67
55

19
74

.6
41

01
6

0.
79

96
98

85
.9
18

84
5

0.
69

47
28

8
4
.7
3
7
5
0
7

0
.7
0
4
4
1
4

82
.2
83

62
1

0.
72

54
21

83
.7
39

38
7

0.
71

28
10

73
75

20
76

.4
97

42
3

0.
82

13
59

94
.3
86

67
1

0.
66

56
86

9
3
.3
1
7
9
5
3

0
.6
7
3
3
0
9

92
.0
43

14
9

0.
68

26
35

91
.8
69

30
7

0.
68

39
26

78
90

25
97

.0
33

32
1

0.
80

49
32

11
9.
75

30
0

0.
65

58
48

1
1
2
.2
9
9
5
4

0
.6
9
9
3
7
8

11
4.
90

25
88

0.
68

35
34

11
9.
02

41
88

0.
65

98
64

97
65

30
11

4.
74

61
34

0.
80

51
88

14
5.
37

78
4

0.
64

82
95

1
4
2
.0
3
8
3
5
6

0
.6
6
3
5
3
8

14
3.
65

08
57

0.
65

60
89

14
3.
59

15
65

0.
65

63
6

11
41

6
35

13
1.
13

84
39

0.
82

64
93

17
7.
46

80
3

0.
61

95
81

1
6
5
.5
5
0
5
7
4

0
.6
6
4
1
8
2

16
6.
62

41
81

0.
65

99
03

17
0.
89

02
06

0.
64

34
29

13
26

2
40

15
1.
11

92
01

0.
81

16
96

19
9.
01

10
9

0.
63

14
41

1
8
8
.8
5
0
2
5
4

0
.6
6
5
4
1
5

19
2.
53

39
64

0.
65

26
83

19
4.
63

47
80

0.
64

56
38

15
12

4
45

16
9.
38

71
51

0.
80

94
11

22
7.
86

50
92

0.
62

04
18

2
1
7
.2
7
6
9
2
0

0
.6
5
0
6
5
2

21
7.
13

90
48

0.
65

10
65

21
7.
08

77
98

0.
65

12
19

18
34

8
50

18
5.
77

94
55

0.
83

04
85

24
7.
54

56
77

0.
63

45
48

2
3
6
.1
8
9
9
7
0

0
.6
6
5
0
5
6

23
7.
43

86
07

0.
66

15
59

24
6.
64

19
61

0.
63

68
73

22
87

0

T
a
b
le

4
.3
:
P
er
fo
rm

an
ce

u
si
n
g
R
ep
u
ls
io
n
b
as
ed

R
ep
ai
r
ap

p
ly
in
g
G
A
,
D
E
,
E
S
an

d
P
S
O



Chapter 4. Results 46

From table 4.3 we can see that DE outperforms the other metaheuristics. This result

was at all expected; it is vox populi in the Evolutionary Computation community, that

DE is one of the best metaheuristics for real-valued optimization problems. Table 4.3

also shows, in the last column, the computational time required to solve each problem

size. Since both GA and DE were run with the same population size and number of

generations, their computational times are basically the same.

Figure 4.8 illustrates the plot formed by the mean values obtained for the solution for

the four metaheuristics and the benchmarks corresponding for each problem size (i.e.

number of circles). Figure 4.9 illustrates the plot formed by the Density obtained by

the mean values of the fitness function for the four metaheuristics and the benchmarks

corresponding for each problem size (i.e. number of circles). From Figures 4.8 and 4.9

we can see that the best densities were obtained by DE for most cases. Those figures

show the distance of ECPP’s solutions with respect to the optimal ones.
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Figure 4.8: Area of the Rectangular Container using Repulsion-based Repair

4.2.1.2 Results Using DT-based Repair

Table 4.4 has the same structure as Table 4.3. The results produced by our approach

were obtained by 30 independent executions with random initial solutions. The table

shows the mean of the 30 executions. The values highlighted in each row represent the
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Figure 4.9: Density of the Rectangular Container using Repulsion-based Repair

best result obtained.
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From table 4.4 we can see that DE outperforms the other metaheuristics. This result

was at all expected; it is vox populi in the Evolutionary Computation community, that

DE is one of the best metaheuristics for real-valued optimization problems.

Figure 4.10 illustrates the plot formed by the mean values obtained for the solution for

the four metaheuristics and the benchmarks corresponding for each problem size (i.e.

number of circles). From Figure 4.10 we can see that the best solutions were obtained

by DE.
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Figure 4.10: Area of the Rectangular Container using Delaunay Triangulation-based
Repair

Figure 4.11 illustrates the plot formed by the Density obtained by the mean values of

the fitness function for the four metaheuristics and the benchmarks corresponding for

each problem size (i.e. number of circles). From Figure 4.11 we can see that the best

densities were obtained by DE.

4.2.2 Discussion

Comparing the four meta-heuristics using Delaunay Triangulation-based Repair, we can

see that Di↵erential Evolution perform best, followed closely by Genetic Algorithms,
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Figure 4.11: Density of the Rectangular Container using Delaunay Triangulation-
based Repair

Evolutionary Strategies being further back, and in last place Particle Swarm Optimiza-

tion.

As we can see in Figures 4.10 and 4.11 the di↵erence between Di↵erential Evolution and

Genetic Algorithms is minimal and perhaps one might think that these results do not

show obvious di↵erences.

To compare the results obtained by the Repulsion and Delaunay Triangulation based

repair processes I plot the mean of size of the area of the rectangular container for the

di↵erent problem sizes. Figure 4.7 shows that the Delaunay Triangulation repair per-

forms better than the Repulsion-based repair. Also, the repairing process by Delaunay

Triangulation requires less time; that means less evaluations are needed to obtain a re-

sult closer to the optimum, than by the repulsion heuristic.

In very few cases, where the optimal configuration is a configuration that can not be

obtained by the Delaunay Triangulation-based repair, this repair method has trouble

approaching the optimum. This situation occurs when the circles in the optimal con-

figuration form holes involving more than three circles, and sometimes with one or two

circles in the hole, i.e. some circles are isolated. This repairing process forces the circles
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Figure 4.12: Comparison between Repulsion-based Repair and Delaunay
Triangulation-based Repair by DE

to be tangent, so it is impossible to approach the optimum. In those cases the repulsion-

based repair is more feasible to obtain a closer result to the optimum.

4.2.3 Final Remarks

This chapter presents the results of four metaheuristics used for the enclosing container

that could be circular or rectangular. To obtain this container firstly a repair mechanism

must be applied to ensure that the given configuration of the set of circles does not violate

any restriction. To repair a solution, two algorithms can be used, the repulsion-based

repair algorithm and the Delaunay triangulation-based repair algorithm.

Both repair algorithms produce feasible configurations, but as we can see in Tables

4.1 to 4.4 the time consumed by Delaunay triangulation-based repair is smaller than

that of Repulsion-based repair. Furthermore, the results are better using Delaunay

triangulation-based repair as Figures 4.7 and 4.12 show, exept on those cases where the

optimal solution is not a configuration where all circles are tangent to one another in

triplets, i.e. a set of 4, 5, or 6 unitary circles, or where exist at least one circle that must

be isolated, i.e. a set of 8 or 9 unitary circles. This exception explains the oscillations

in Figure 4.11, where the solution found for one problem size is good and for the next

size it is worse.
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Conclusions

This thesis proposes an Evolutionary Computation-based solution to the Circle Packing

Problem, called ECPP. These solutions are based on two repair mechanisms: repulsion-

based and Delaunay Triangulation-based. I combine these repair heuristics with GA,

ES, DE, and PSO. The solution space of the circle packing problem is enormous and

increases rapidly with the problem size, i.e., the number of circles to be allocated. Since

these packing problems are NP-complete, heuristic search procedures are used.

The strength of evolutionary algorithms lies in the ability to search large and complex

solution spaces in a systematic and e�cient way. Evolutionary search strategies are not

dependent on a particular problem structure and allow the user to use di↵erent methods

for the encoding of the genotype. The performance of the search process is strongly

related to the representation of the circle packing problem. The particular feature of

our evolutionary algorithm developed for the circle packing problem is their two stage

approach. ECPP is used to explore and manipulate the solution space, and a second

procedure is used to evaluate the solutions. The genotype needs to be repaired in order

to check the quality and feasibility of the packing solution: the phenotype.

The operation on the layout rather than an encoded data structure raises a number of

other issues, such as overlap. Overlapping configurations are invalid solutions and need

to be resolved either by rejecting, correcting, or temporarily accepting them. Rejection

wastes precious computation time and may result in less dense layouts for highly uneven

radii, since the slightest change in position or rotation could lead to invalid configura-

tions, which will no longer contribute to the search process; after the repair process is

applied to a prospect solution, it results in a valid solution. Correcting invalid configu-

rations seems a better option, since often only minor repositioning is necessary to obtain

53
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a valid solution.

The acceptance of an invalid layout requires a penalty term in the evaluation function,

as mentioned in the solutions presented in the literature. The penalty expression needs

to be carefully designed balancing between layout compaction and overlap generation.

Penalty functions are a less e�cient guide to the search than a repair algorithm that

avoids producing constraint violating configurations.

When the search process operates on an encoding, the packing rules applied by the de-

coding algorithm guarantee that all solutions considered in the search process are valid.

There has been much speculation on whether this is beneficial with respect to the trans-

mission of specific layout to the next generation and the next state in the neighborhood,

respectively. We have not been able to find a satisfactory answer to this problem in the

literature. The di↵erent solution approaches have not been compared with each other.

Since much of their performance strongly depends on radii and the number of circles

involved with respect to the formulation of the objective function, it is not su�cient to

judge their performance purely on the basis of benchmarks achieved. This emphasizes

the need for including density in the relative evaluation of the solutions presented in this

work.

The numerical results show that all methods can find acceptable solutions and their per-

formances will be very close if the Delaunay Triangulation repair is used. We can also

observe that Di↵erential Evolution performs better than the other three metaheuristics

when a repulsion-based repair is applied and Genetic Algorithms performs better when

a Delaunay Triangulation-based repair is applied.

Our findings clearly show that ES and PSO provide the worst results of the four meta-

heuristics with the two repair mechanisms, on most of the problem instances. GA and

DE got better results, using either of the repair mechanisms. In some cases the repulsion-

based repair gives us better results than the DT-based repair. This occurs particularly

because the configuration of the best known solution is not formed by triplets of circles

tangent to each other. Nonetheless, in general terms, the performance of DT-based re-

pair is better, specifically given that this repair process forces the circles to be tangent

with at least two other circles. Probably a hybrid algorithm composed with the two

repair mechanism could give us better results than those obtained with each heuristic

separately, specifically if I apply the repulsion-based repair followed by the DT-based
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repair.

Finally, the last set of experiments show that ECPP is able to handle problem instances

with circles of di↵erent sizes, as e↵ectively as for the unit circle instances. This result

was expected, since the solution was designed without any size-related constraint. ECPP

was compared with the results published at MathRec. Those results represent the state

of the art in solving that specific problem instance, and no single algorithm provides the

best solution to all problem sizes. Even more, not all participants provided solutions to

all problem instances. In general, algorithms are best at a single solution or at most at

a range of them. Furthermore, none of the solutions presented in the MathRec contest

was based on Evolutionary Computation; to the authors’ knowledge, ECPP is the first

attempt to solve CPP using metaheuristics of these kind.

Future work will focus on the packing of polygons on rectangles and strips. So far,

We have not found any Evolutionary Computation based solution to the CPP that had

been previously published, therefore, We cannot objectively compare with other results

of metaheuristic search methods applied to solve CPP.
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