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RESUMEN

El trabajo se divide en dos partes. En la primera de ellas se explora de una manera
topolédgica algunas propiedades combinatorias de los ideales sobre w. Para tal motivo
introducimos una topologia, a la que llamamos topologia acotada (Definicién 3.2.3), la
cual es més fina que la topologia métrica heredada de 2% y cuyas caracteristicas estan
estrechamente relacionadas a propiedades de acotamiento del ideal, en especial con los
conjuntos débilmente acotados y los fuertemente no acotados (Definicién 3.1.1).

Salvo en P-ideales no magros, esta topologia es distinta a la usual (Teorema 3.3.10) y
para los P-ideales analiticos coincide con la topologia dada por las submedidas estudiadas
por S. Solecki en [41] y [42] (Teorema 3.3.20). Mostraremos c6mo algunos conceptos com-
binatorios se relacionan con las propiedades de esta topologia, dando algunos resultados
paralelos entre ambos. Veremos que el espacio dado por el ideal Fin x () presenta algunas
cualidades interesantes (Proposicién 3.3.13 y debajo).

Esta parte del trabajo fue motivada en gran parte por una conjetura de A. Louveau y B.
Velickovi¢ en [34] (Conjetura 3.4.1). Sobre ésta, damos una solucién parcial (Corolario
3.4.13) en una clase de ideales que abarca a los P-ideales. Damos un ejemplo de un
subideal de Fin x Fin al que llamamos ideal triangular (Definicién 3.4.7) que testifica que
la conjetura ain sigue abierta y motiva a una nueva (Conjetura 3.4.14). También daremos
una clasificacién de los F,-ideales usando su topologia acotada (Teorema 3.5.10), que si
bien no es exhaustiva, creemos que esté cerca de serlo (Conjetura 3.5.11).

En la otra parte del trabajo, estudiamos a los ideales traza (Definicion 4.0.4) que fueron
introducidos por J. Brendle y S. Yatabe en [7]. Mostraremos cémo algunas propiedades del
ideal original se traducen a propiedades de su traza. Definimos también nuevos cardinales
y estudiamos su relacién con los usuales (resumidos en el diagrama bajo Corolario 4.1.4).
Al final, damos ejemplos de ideales traza y algunas de sus propiedades.

Palabras clave. Teoria de conjuntos. Ideales analiticos. Orden de Tukey.
Espacios topolégicos. Combinatoria.
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ABSTRACT

This work consists of two main parts. In the first one, we will delve into a topological
approach for the combinatorics of an ideal on w. In order to do that, we introduce the
bounded topology (Definition 3.2.3), defined for ideals on w which is finer than the usual
one, and whose properties are closely related with the combinatorics of the ideal, specially
with its weakly bounded and strongly unbounded sets (Definition 3.1.1).

Excluding the non-meager P-ideals, the bounded topology is distinct from the inherited
metric topology (Theorem 3.3.10), and for analytic P-ideals it is equal to the topology
introduced by S. Solecki in [41] and [42] (Theorem 3.3.20). We will study how combina-
torial concepts for an ideal are related to properties of its bounded topology, giving some
parallel results. Along the way, we found that the bounded topology of Fin x () has certain
interesting properties (Proposition 3.3.13 and below).

This part was largely motivated by a conjecture given by A. Louveau and B. Velickovié¢
in [34] (Conjecture 3.4.1). We present a partial answer (Corollary 3.4.13) for ideals with a
weaker property than being an P-ideal. We also introduce a subideal of Fin x Fin, namely
the triangular ideal (Definition 3.4.7), which does not has this property and motivates a
new speculation (Conjecture 3.4.14). We will also use the bounded topology to give a
classification among F,-ideals (Theorem 3.5.10), although it is not exhaustive, we expect
to be close to being (Conjecture 3.5.11).

In the second part, we study the trace ideals (Definition 4.0.4) introduced by J. Brendle
and S. Yatabe in [7]. We prove how some properties of the original ideal are related with
its trace ideal. We define related cardinals and show its relation with the usual ones
(summarized in the diagram below Corollary 4.1.4). Finally, we present examples of trace
ideals and some of their properties.

Keywords. Set theory. Analytic ideal. Tukey order. Topological spaces.
Combinatorics.
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Chapter 1

Preliminaries

This work will be framed by the standard set theory axiom system known as ZFC
(the Zermelo-Fraenkel axiomatic system with and the Axiom of Choice). All the
bases of ZFC and the standard notation for it can be consulted in [8], [21] and [33],
among others. In this chapter we will give some basics definitions that will be used
throughout this work.

1.1 Set Theory

For a pair of sets A, B its symmetric difference is the set AAB = (A\ B)U (B \ A).

For a set X, a relation on X is aset R C X x X. A relation R on X is an order
(more specifically, a partial order on X) if it is reflezive (Vx € X) (z,z) € R),
antisymmetric (Vz,y € X) ((x,y) € R N (y,x) € R) — z = y)) and transitive
(Vz,y,2z€ X) ((z,y) € RA(y,2) € R) — (2,2) € R) , in this case we say that the
pair (X, R) (or simply X when the order is known) is an ordered set. We write xRy
instead of (z,y) € R. An order < on X is a directed order if any pair of elements in
X has an upper bound (that is, (Vz,y € X)(3z € X) z,y < z). For an ordered set
(X, <), asubset C C X is <-cofinal if (Vx € X)(FceC) x <¢,and A C X is an
<-antichain if Vz,y € A) x#y — (v £ y) and (y £ x). In general, when there is
no ambiguity on the order, we omit the prefix in the concepts, then for example we
simply write cofinal instead of <-cofinal.

An order < on X is a well-order if any non-empty subset of X has a minimum
element (that is, VA C X) (A=0V ((3a€ A) (Vbe A) a <b))). For aset X the
relation €y, given by a €x b if and only if a € b or a = b for a,b € X is an order on
X. An ordered set (X, €x) is an ordinal number (or simply an ordinal) if €x is a

1



well-order and (Vy) y € X — y C X. For a pair of ordinals «, § we say that o < /3
ifae p,and a < gif a < f or a = . Every well-ordered set is isomorphic to
an unique ordinal number, and by the Axiom of Choice any set can be well-ordered
(see [8, Chapter 4]). An ordinal s is a cardinal number (or simply a cardinal) if for
any ordinal o < k there is no a bijection between a and k.

The set of finite cardinal numbers is the set of natural numbers, denoted by
w. A set X is equipotent to another set Y if there is a bijection among them, by
the previous discussion, any set X is equipotent to an unique cardinal number, the
cardinality of X, and it is denoted by | X|. A set equipotent to w is called countable.
The cardinal of w is denoted by wy, 8y or by w itself. The first non countable cardinal
is denoted by w;. The cardinality of P (w) (which is the same cardinal from the set
of real numbers R) is 2%, usually denoted by «¢.

A sequence on a set X is a map from w to X, which is denoted by {z, : n € w}.
For a pair of sets X,Y, the set of all maps from Y to X is denoted by XY¥. Via
the characteristic functions, the set P (X) is equipotent to 2%*. For a set X and a
cardinal x, X<* denotes the set of all maps from some cardinal A < x to X; [X]*
denotes the set of all subsets of X with cardinality equal to £ and [X]<" denotes the

set [J {[X]*: A < K}

A partition of a set X is a family P C P (X) of non-empty sets which are pairwise
disjoint (that is, (VP,Q € P) P #Q — PN = 0) and such that JP = X. A
partition {P, : n € w} of w is an interval partition if any piece of it is an interval
of w (that is, (Vn € w) (Jan, b, € w) P, = [an,by] = {k€w:a, <k<b,}). Let
A, B C X, then A C* B if there is a set F' € [X]|<“ such that A C BU F, and
A=*Bif both A C*B and B C*A. A family A C X is an almost disjoint family if
VA, BeA) A#B — AnB=*10.

For a infinite set X, a non-empty family 3 C P (X) is an ideal (or more specifically
an ideal on X) if it is closed under finite unions ((VA,B€J) AU B € J) and
subsets (VA,BeP (X)) ACB A Bel — AelJ). We will always consider
ideals such that X ¢ J and [X]|<¥ C J. For A C P (X), the ideal generated by
A is the ideal (A) = {Y CX:(3Fe[A*) YCUF}. A family B C Jis a
basis for J if it is a C-cofinal subset of the ideal J. An ideal J is an o-ideal if is
closed under countable unions, and is an P-ideal if for every countable subfamily
{A, : n € w} C 7T there exists A € J with (Vnew)A, C* A (such set A is a
pseudo-union for the family {A, : n € w}). The family of positive sets of the ideal J
is defined by J* = {A C X : A ¢ J}. An ideal J on X is isomorphic to an ideal J on
Y, denoted by J = g, if there exists A € I, B € J and a bijection f: X\ A =Y \ B
such that for all C C X, C'\ A € Jif and only if f[C\ A] € 7.



We use the notation (V*°n € w) ¢(n) for (AN cw)(Vnew) n > N — ¢(n)
and (3°n €w) p(n) for (X € [w]¥) (Vn € X) ¢(n), for a suitable property for
natural numbers ¢ (n).

1.2 Topology

Notions and related results can be consulted in [12], [13] and [22]. For a set X, a
family 7 C P (X) is a topology (specifically a topology on X) if (), X € 7, it is closed
under arbitrary unions (that is, (V.A C 7) |J.A € 7) and finite intersections (that is,
VU,V er) UNV er). 7 =P(X) is the discrete topology. For a topology 7 on
X, the pair (X, 1) (or simply X when the topology is known) is a topological space.
Let 7,, 7, be a pair of topologies on X, we say that 7, is coarser than 7, (or 7, is finer
than 7,) if 7, C 7. If 7 is a topology on X and Y C X then 7|y, ={UNY : U € 7}
is the induced topology on 'Y and (Y, 7[y) is a subspace of (X, 7). For the rest of the
subsection, fix a topological space (X, 7).

A set U C X is an open set (resp. F' C X is a closed set) if U € 7 (resp.
X\F er). Aset C C X is clopen if it is open and closed. For x € X, aset N C X
is a meighborhood of x if there is some open set U such that t € U C N. For x € X,
the set of all neighborhoods of x is denoted by n(x). For a set A C X the closure
of A is the closed set cly(A) = {F C X : F is closed and A C F'} and the interior
of A is the open set intx(A) = |J{U C X : U is open and U C A} (when the space
is know, we write cl(A) and int(A) instead).

Fix x € X. A family V, C n(z) such that (VN € n(z))(3V eV, VCNisa
neighborhood basis at x. A family V C P (X) is a neighborhood basis for T (or simply
a neighborhood basis) if V, =V Nn(y) is a neighborhood basis at y for all y € X. A
family B, C 7 is a local basis at x if (VN € n(z)) (3B € B,) x € BC N. A family
B C 7 is a basis for 7 (or simply a basis) if it is a local basis at y for all y € X. For
B C P (X) such that | JB = X, the topology generated by B is the topology given by
the unions of intersections of finite subfamilies of B.

A map p: X x X — R is a metric (or, and more generally, a distance on X) if
it is null from a point to itself ((Vx € X) p(z,z) = 0), positive for distinct points
(Vz,ye X) x#y — p(z,y) > 0), symmetric ((Vz,y € X) p(z,y) = p(y,z)) and
it satisfies the triangle inequality (Vz,y,z € X) p(z,y) < p(x,z) + p(z,y)). Let p
be a metric on X. For r > 0 and x € X the open ball centering at x and radius r
is the set BP(x) = {y € X : p(x,y) < r}. The induced topology by p is the topology
generated by B = {Bf(z) : r >0, x € X} (in this case, the set B is a basis for its
induced topology). The metric p is compatible with the space if its induced topology



is equal to 7. A sequence {z, : n € w} C X is a Cauchy sequence if for all € > 0 there
is some n. € w such that (Vn,m > n.) p(x,,x,) <e. A sequence {z, :n €w} CX
converges to some point x € X (denoted by {z, : n € w} — x or simply z,, — z) if
(VN en(z)) (Fk €w)(¥Yn>k) x, € N. A compatible metric p is complete if any
Cauchy sequence converges.

The space is first-countable if for all y € X there is some countable neighborhood
basis at y, and it is second-countable if there is some countable basis for the space.
The space is zero-dimensional if it has a basis consisting of clopen sets. The space
is sequential if for all F' C X, F'is a closed set if and only if for all {z,, : n € w} C F
such that x,, — x, the point x belongs to F. The space is Fréchet—Urysohn if for
all A € X and all z € X, z € cl(A) if and only if there is some {a, :n €w} C A
such that a, — x. The space is metrizable if there is some compatible metric p on
X. The space is reqular if for any closed set F' and any point z € X there is a pair
of open disjoint sets U,V such that x € U and F C V. The space is Hausdorff if for
any pair of points x,y € X there is a pair of open disjoint sets U, V such that x € U.

A point x is a limit point of Y C X if (VN €n(x)) NNY \ {z} # 0. For
A C X, the derived set of Ais A’ ={x € X : x is limit point of A}. Aset N C X is
nowhere dense if int(cl(N)) = (0. A set M C X is meager if it is a countable union
of nowhere dense sets. A set C' C X is comeager if X \ C' is meager. A set B C X
has the Baire property if there is some open set U C X such that BA U is meager.
Aset DC X isdenseif VUer) UND =0 — U=10. For Y C X, a family
U C 7 is an open cover of Y it Y C |JU. The space is Lindeldf if any open cover
of X admits a countable subcover. A set K C X is compact if any open cover of K
admits a finite subcover. A set K C X is sequentially compact if any sequence of it
has a convergent subsequence converging to a point in K. The space is o-compact
if it is a countable union of compacts sets. The space is a k-space if for all U C X,
U is an open set if and only if U N K is open in the space (K, 7[f) for all compact
set K C X. The extent of the space, denoted by e(X, 7), is the supremum of sizes
of closed discrete subspaces of X.

Let (Y, v) be a topological space. A map f: X — Y is continuous if f~1[V] e T
for all V' € v; and it is sequentially continuous if f(x,) — f(z) for any {z,, : n € w} C
X such that x,, — z. Continuous implies sequentially continuous, and the converse
holds if (X, 7) is sequential. A bijective map f : X — Y is an homeomorphism if
it and its inverse map f~! : Y — X are continuous. The space is homogeneous if
for any pair of points x,y € X there is some homeomorphism ¢ from X to itself
such that ¢(z) = y. The product topology is the coarsest topology on X x Y for
which all the projections maps are continuous. We analogously define it for arbitrary
products, in particular for 2* and w*, where 2 and w has the discrete topology.



1.3 Descriptive Set Theory

An ordered set (7', <) (or simply 7" when the order is know) is a tree if for all t € T'
the set of predecessors of t, defined as pred (t) = {s € T': s < t}, is well-ordered. The
elements of a tree are called nodes. For a node s of a tree 1" we use the usual notation
for (s) = {t € T': s Ct}andlen(s) = |pred (s) |. A tree T is pruned if every node has
a successor, that is (Vt € T) (3s € T') t < s. The two main pruned trees considered
in this work are the Cantor Tree 2<% (the set of all finite binary sequences ordered by
C) and the Baire Tree w<¥ (the set of all finite sequences of natural numbers ordered
by C). For A C 2<“, the set of branches of Ais [A] ={zr €2¥: (Vnew)x], € A}
and for s € 2<% the cone of s'is [s] = {x € 2¥ : s C x}. For x € 2¥, we denote the
set of nodes of x by nd (z) = {z],, :n € w} C 2<¥. For s € 2<¥ and b € {0, 1} its
concatenation is denoted by s7(b), that is, the node r with len (r) = len (s) + 1 such
that 7[}e,5) = s and r(len (s)) = b. More generally, for s, € 2<% its concatenation is
denoted by s7t, that is, the node r with len (r) = len (s) +len (¢) such that 7]}, = s
and (V& € len (t)) r(len(s) + k) = t(k). Similarly, we defined the notations for w<¥
(or in general, for any set of the form A<%).

A topological space (X, 7) is completely metrizable if it is metrizable by a complete
metric, and it is separable if there is a countable dense subset of X. A topological
space is a Polish space if it is completely metrizable and separable. For a set A
the map d : A x A“ — R given by d(f,g) = 2729 is a metric on A*, where
A(f,g) =min{n € w: f(n) # g(n)} for two distinct functions f, g € A¥ (that is, the
first natural number where two distinct functions differ). Moreover, if we consider to
A as a metric space with the discrete metric, then d is a complete compatible metric
for the product topology on A“. Thus, {[s] : s € A<“} is a base of clopen sets for the
space A“. The two main Polish spaces considered in this work are the Cantor Space
2¢ (the set of all binary sequences) and the Baire Space w® (the set of all sequences
of natural numbers), both endowed with the product topology. Hence, the set P (w)
can be seen as a Polish space homeomorphic to 2¢.

For a topological space (X, 7), the Borel o-algebra of X (denoted by Borel(X)) is
the minimal o-algebra on X which contains 7. The elements of Borel(X) are called
the Borel sets of X. ¥9(X) denotes the family of all open sets from X, TT{(X') denotes
the family of all closes sets from X and for all 1 < o < w; we have that 39 (X) denotes
the family of all countable unions of elements which lies in |J {H%(X ): 8 <a} and
1% (X) denoted the family of all complements of elements in ¥:°. Hence, ¥9(X) is the
family of the F,-subsets of X, TI3 is the family of the Gs-subsets of X, X3(X) is the
family of the Gs,-subsets of X, I3 is the family of the F,s-subsets of X, and so on.
If X is a metrizable space then Borel(X) = J{X? : 0 < a < w;}. For a Polish space



X, asubset A C X is an analytic set if there are a Polish space Y and a continuous
map f:Y — X such that f[Y] = A.

An ideal J on w is analytic (respectively Borel, F,, meager, etc.) if it is an analytic
(respectively Borel, F,, meager, etc.) subspace of P (w), which is, as mentioned
before, a Polish space.

These concepts, and others related, can be consulted in [19] and [30].

1.4 Cardinal Characteristics of the Continuum

An ideal J on a set X has the following associated cardinals.
o The additivity of J given by
add (J) = min{|A] : ACT A | JA ¢ T}

Which is the smallest number of elements in the ideal whose union does not
lies in the ideal.

o The covering of J given by
cov (J) = min{|A] : A CT A UA =X}

Which is the smallest number of elements in the ideal that covers the set X.

o The uniformity of J given by
non (J) =min{|Y|: Y C X A Y ¢7}.

Which is the smallest size of any positive set of the ideal J.

o The cofinality of J given by
cof () =min{|]A| : ACI AN VMI€T)(TAcA) I C A}
Which is the smallest size of any basis for the ideal J.

They have the following relations (in this and all the following diagrams we use
the usual notation K — A for k < \).



non (J)

PN

add (J) cof (J)

~ 7

cov (J)

Since any ideal J is closed under finite unions, we have that add (J) > w. Also,
if the ideal J has a basis consisting of Borel sets, then cof (J) < ¢ because there are
only ¢ Borel sets.

On the space w* we can define the relation <* between functions given by f <* ¢
if and only if [ {n € w: f(n) > g(n)}| < w (simillary we can define >*, <* >*). This
relation has the following related cardinals.

o b=min{|B]: BCw’ A (Vfew”)(3geB) g&£* [},
o d=min{|D|:DCw’ A (Vfew’)(FgeB) [ <" g}

The cardinal b is know as the bounding number and 0 as the dominating number.
Also, a family which satisfies the condition for b (resp. 9) is called unbounded family
of w¥ (resp. dominating family of w*).

On the space 2“ we consider a couple of important o-ideals: the null ideal, N, of
all null subsets (according to the product measure); and the meager ideal, M, of all
meager sets (for an extensive study of these ideals see [3, Chapter 2]). An additional
related ideal on 2“ is the nowhere dense ideal, NWD, of all nowhere dense subsets,
which is no a o-ideal. The cardinals of N and M, besides b and 0, are related by the
Cichon’s Diagram:

cov (N) ——non (M) — cof (M) —— cof (N)

o
-

add (N) —— add (M) —— cov (M) ——non (N)

Another relevant o-ideal is the ideal of o-compact sets on w*, denoted by K.,
which is the family of all sets that can be covered by countably many compact sets.
It’s know that add (X,) = non (X,) = b and cov (X,) = cof (X,) = 0.

Several main results and other important cardinals can be found in [5].
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1.5 Games and Determinacy

For a non-empty set A, a game on A, denoted by G(T,X), consists of a pruned
subtree T C A<, whose elements are called the legal positions, and a set X C [T
named the pay set. Two players (named Player I and Player IT) take turns in the
game choosing elements of A such that in each step the finite sequence (a; : i < n)
of them choices is a node of T', the final resulting sequence (a, : n € w) € [T
is called a play from the game. Player I wins the game if (a, : n € w) € X,
otherwise Player Il wins the game. A map o : T — A is a winning strategy for
Player I if it satisfies that {x € [T]: (Vn € w) z(2n+1) = o(z[,,)} = X. Respec-
tively, a function p : T — A is a winning strateqy for Player II if it satisfies that
{2 €[T]: (Vnew) 22n+2) = p(alyer)} = [T]\ X.

A game is represented by the following board, which shows the choices of the
players at each step of the game (that is, ag, is the n-th movement of Player I and
a2n+1 18 the n-th movement of Player II).

I ‘ ag as o Q2n
II ‘ aq as cee A2n+1

A game is determined if either player has a winning strategy (observe that at
most one of them can have a winning strategy). The Axiom of Choice implies that
not every game is determined. However, D. Gale and F. Stewart (see [18]) proved
that for open or closed pay sets the game is determined and more generally D. Martin
(see [35]) guaranteed the determinacy for Borel pay sets.

Theorem 1.5.1 (Borel Determinacy). Let G(T', X) a game such that X is a Borel
subset of [T, then G(T, X)) is determined.



Chapter 2

Ideals on w

Any ideal J on a countable set can be seen as an ideal on w via its enumeration,
whence henceforward we assume that an ideal on w make reference to an ideal on
a countable set. In this case, all the related cardinals defined in the preliminaries,
except maybe the cofinality, are equal to w. However, there are other interesting
related cardinals. For a deeper understanding on ideals see [24], [39] and [51].

Definition 2.0.1. Let J be an ideal on w. Define the following cardinals.

a) add”(J) =min{|A| : ACI A (VI €T)(FAc A) AL I}.

b) cov*(J) =min{|A| : ACIT A (VX € [w]*NT)(FA€A) |[ANX]| =Ny}
¢) non*(J) =min{|X|: X Cw]*NI A (VI€I)3XeX) |[INX]| <N}
d) cof*(J) =min{|A| : ACT AN VI€T)(FAcA) I C"A}.

An ideal on w is tall if for every A € [w]” there is some B € [A]“ such that B € J.
Originally, the previous cardinals were only defined for tall ideals (in this case, the
definition of cov*(J) and non*(J) is equivalent if we use [w]* instead of [w]*NJ) and as
mentioned in [24], the choice of names can be attributed to the fact that for any tall

ideal J on w, there is an ideal J on P (w) such that X C P (w) belongs to 7 if and only
if there is some [ € J with X C {X Cw:|X NI|=Re}. Then, add(J) = add*(9)
and the same by the other tree cardinals. Even more, J is a P-ideal if and only if J

is a o-ideal. These cardinals satisfies the following relations.

9
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non*(J)

e

Ng —add*(J) cof* (J) —— 2%o

.

cov*(J)

For an ideal J on w, we have that cof*(J) = cof (J) since any witness family
for cof (J) is clearly also a witness for cof*(J) and for a witness family B* C J for
cof*(J), the family B = {BUF : B € B* A F € [w]<*} satisfies the condition for
cof (J). The ideal J is w-generated if cof (J) = w (and therefore, all its previous
related cardinals are also equal to w), that is, if J has a countable basis. The only
countably generated ideals, up to ideal isomorphism, are Fin and Fin x (), defined
below (see [15, Proposition 1.2.8]).

Recall that we can see an ideal as a subset of the Cantor space, via the charac-
teristic map, hence it has the induced topology from the metric space 2, denoted
by 7. The topological concepts that we will mention for subsets of an ideal J refer to
the space (J,71y).

We will introduce some usual ideals on w, later we will study more in depth
about some. Now we only give their definitions, their Borel complexity and few basic

properties. In order to do that, let IP(w) = {II C [w]¥ : Il is a partition of w}. For
more details on these ideals see [39, Chapter 1].

o Fin = [w]<¥. It is the unique countable ideal on w. It is an F,-ideal but neither
a tall nor P-ideal.

o Finx={ACwxw: (V°new)AN ({n} xw)=10}. This ideal can be seen
as the ideal on w generated by some Il € IP(w). It is an F,-ideal but neither
a tall nor P-ideal.

o PxFin={ACwxw:(Vnew)AN ({n} xw) € Fin}. Let II € IP(w), then
the elements of the ideal can be seen as the sets whose intersection with any
element of 11 is finite. It is a F, and P-ideal but not a tall ideal.

o FinxFin={ACwxw:{ncw: AN ({n} xw) ¢ Fin} € Fin}. Seen as an
ideal on w, is the generated by the previous pair of ideals. It is a tall and
F,s,-ideal but not a P-ideal.
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0 €D ={ACwxw:(@mew)(V°new)|AN ({n} xw)| <m}, the eventu-
ally different ideal. In order to see it as an ideal on w, let {P, : n € w} € IP(w)
and S = {few’: (Vnew) f(n) € P,}. Then €D is the ideal generated by
{P,:newlU{flw]: feS} Itisa tall and F,-ideal but not a P-ideal.

o nwd = {N C Q: N is a nowhere dense set}, the nowhere dense ideal. Tt is a
tall and F,s-ideal but not a P-ideal.

0Jy, ={ACw:> {n!:neA\{0}} < oo}, the summable ideal. It is a tall,
F, and P-ideal.

o Z = {A C w: lim, @ = }, the asymptotic density zero ideal. 1t is a tall,
F,s and P-ideal.

2.1 Tukey Order

In this section we focused in the Tukey order introduced by J. Tukey in [50] and
further studied by J. R. Isbell e.g. in [20] and [26]. Let be J an ideal, we say that a
set X C Jis bounded if | JX € T (thus, add (J) is the smallest size of any unbounded
set of J). A set [ € Jis a bound of X CJif |JX C I (clearly, X C J is bounded if
and only if it has a bound). A set Y C J is unbounded if it is not bounded.

Definition 2.1.1 (Tukey Order). Let J,J be a pair of ideals on w. J is Tukey-below J
(or J is Tukey-above J) if there is a map F : J — J such that F~'[X] C J is bounded
for all bounded X C J. This is denoted by J <7 J and the map F' is called a Tukey
map. These ideals are Tukey equivalent (denoted by J =7 J) if I < J and J < J.

Proposition 2.1.2. Let J,J be a pair of ideals on w. The following conditions are
equivalent.

i) Jis Tukey-below to J.

ii) There are maps G : J — J and G* : § — J such that G(I) C J = [ C G*(J)
forall I € Jand all J € J.

Proof. 1) implies ii). Let F' : J — J a witness for I <r J. Let G* : § — J be a map
such that G*(J) is a bound of the set F7![{Y € J: Y C J}]. We claim that G = F
and G* satisfy the desired condition, indeed, let I € J and J € J such that G(I) C J,
then G(I) e {Y € J: Y C J} and hance F~'(G(I)) C G*(J). Since I C F~Y(G(I))
because G = F', we conclude that I C G*(J).
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ii) implies i). Let G : J — J and G* : J — J a pair of maps satisfying the
hypothesis. Then F' = G is a Tukey map, indeed, let X C J be a bounded set, hence
G(I) CUX for all I € G7[X], and therefore G*(|J X) is a bound of F7![X]. N

More generally, these concepts of bounded and Tukey order can be defined on
directed orders as follows.

Definition 2.1.3. Let (P, <), (Q, <) be a pair of directed order. Then:
a) p € Pisa =-bound of aset AC Pif (Va€ A) a=p.

b) A C P is <-bounded if it has a <-bound.

)
c) A C P is =-unbounded if it is not <-bounded.
)

d) A C P is =-countably bounded if there is some countable set B C P such that
(Vae A)(Ibe B) a=b.

e) Amap F: P — Q is called a Tukey map from (P, =) to (Q,<) if F7'[B]C P is
=-bounded for all <-bounded subset B C Q.

f) (P, <) is Tukey below (Q, <) (or (Q, Q) is Tukey reducible to (P, <)), denoted by
(P, =) <r (Q, ), if there exists a Tukey map from (P, <) to (Q, ).

g) (P7 j) and (Q7 ﬁ) are TUkey equivalent if (P7 j) ST (Qa S]) and <Q7 S]) ST <P7 j)a
which is denoted by (P, =) = (Q, D).

When there is no ambiguity in the corresponding orders, we can simplify the
notation of parts f) and g) by P < @ and P =¢ @, respectively. The analogue of
Proposition 2.1.2 is also true for the previous general definition.

Note that any ideal ordered by C is a directed order (since the union of two
elements of an ideal belongs to it). We have that corresponding concepts agree
in this case. Unless otherwise specified, we assume that an ideal J is an ordered
set by the order C, but it can be ordered by other ones, as we discussed later in
Definition 2.1.6.

Also, for a directed order (P, <) we can define the following cardinals.
o add(P, <) =min{|4] : ACP A (Vpe P)(3ceC) ¢4 p}
o cof(P,X)=min{|C|:CC P A (Vpe P)(3cel) p=c}

The Tukey order relates these cardinals as follows.
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Proposition 2.1.4. Let (P, <), (Q, <) be a pair of directed orders. If P <r @ then
add(Q) < add(P) and cof(P) < cof(Q).

Proof. Let F': P — @ be a map witnessing P < Q. Let A € [P]* with k < add(Q).
F[A] C Q is <-bounded because |F[A]| < k, therefore F~1[F[A]] C P is <-bounded,
thus A is <-bounded too. We conclude that k < add(P).

Let G: P — @ and G* : Q — P be maps that witness P <7 ). Let C' C @) be
a cofinal subset, then G*[C] C P is a cofinal subset because for all p € P there is a
¢ € C such that G(p) < ¢, then p < G*(¢). We conclude that cof(P) < cof(Q). N

Using the <-countably bounded sets we can define the following order.

Definition 2.1.5. Let (P, <), (@, <) be a pair of directed orders. We say that P <, @
if there is amap F': P — @ such that for every ¢ € Q theset {p € P : F(p) Iq} C P
is countably bounded.

As we mentioned before, an ideal can be ordered in a different way. Then we
have another order between ideals.

Definition 2.1.6. Let J,J be a pair of ideals on w. We use the notation J <. g for
(J,C% <r (d, %, considering each ideal ordered by C*

The previous definitions are related as follows.

Proposition 2.1.7. Let J,J be a pair of P-ideals on w. The following holds.
i) J <, dif and only if I <% J.
i) If J <z J then J <% J.

Proof. For aset J € Jlet Jt = {Y€g:Y CJ}. Let F:J — J be a Tukey
map, then F~![J¥] = {I €J: F(I) C J}. This proves that J <z J implies J <, J.
Therefore it is enough to prove i).

Let F :J — J be a witness for J <, J, we will prove that I is also a witness for
J<xJ. Let X C J be a C-bounded set, hence FF~1[X] C J is countable bounded by

some family {7, : n € w} C J; and since this family has a pseudo-union I € J, then
F~'X] is C*bounded by I. Therefore F proves that J <% J.

The converse does not need the hypothesis of P-ideal. Let G : J — J be a witness
for J <% g. We have that for J € g, the set G7![J} C J is C*bounded by some
I € 7, therefore {I € J: G(I) C J} is countably bounded by {I/ U F : F € [w]<“}.
Therefore G proves that J <, . [ |
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The notation J+ which was used in the previous proof will be useful in what
follows, hence we introduce a more general related definition.

Definition 2.1.8. Let A C P (w). The closure under subsets of A is the set
A ={X Cw:(3AcA) X CA}.
Other related concepts among orders are the following.

Definition 2.1.9. Let (P, <), (Q, <) be a pair of ordered sets.

a) (P, =), (Q, Q) are order-isomorphic, denoted by P « @), if there is a bijective map
¢ : P — @ such that p; < ps < o(p1) < p(pe) for all p;,py € P.

b) (P,=),(Q, Q) are cofinally similar if there exists an ordered set (R, <) and a pair
of <-cofinal sets P’, )" C R such that P = P" and Q = (Q'.

J. Tukey noticed the following.

Theorem 2.1.10 (Tukey [50]). Let (P, <), (@, <) be a pair of directed orders. They
are cofinally similar if and only if ther are Tukey-equivalent.

The generality of the Tukey order is so broad that it can be applied to various
mathematical topics. An example of this is the one we discuss below. In order to
do that, for a topological space X let I (X) = {K C X : X is compact}. Note that
(K (X),C) is a directed order.

Theorem 2.1.11 (Fremlin [16]). Let X be a metrizable space. Then:
i) K(X)=r {0} if and only if X is compact.
ii) £ (X) =r w if and only if X is separable, locally compact and non-compact.
iii) K (X) =7 w* if and only if X is Polish and no locally compact.
Regarding to the directed sets of size wy, S. Todorcevi¢ showed the following.

Theorem 2.1.12 (Todorcevi¢ [46]). Assuming the Proper Forcing Axiom, any directed
order of size w; is cofinally similar to one of the following: {0}, w, wy, w X w; and
[w1]<w'

For larger sizes, S. Todorcevi¢ also proved that there are 2" many distinct cofinal
types of directed orders of size c.
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About the analytic P-ideals, A. Louveau and B. Velickovi¢ showed that the Tukey
order is complex.

Theorem 2.1.13 (Louveau and Velickovié¢ [34]). There is an embedding of P (w) /Fin
into analytic P-ideals ordered by the Tukey order.

K. Mazur proves in [38] that even restricting the Tukey order to some class of
F,-ideals (the called gradually fragmented ideals, see [24, Definition 6.9, 6.10]) is still
complex for the same reason as before. We also have the following result for analytic
P-ideals using the Tukey order, due to S. Todorcevi¢.

Theorem 2.1.14 (Todorcevié¢ [47,48]). Let J be an analytic P-ideal on w, then
J <7 J1,. Furthermore, if J is not w-generated then () x Fin <7 J.

Due to D. H. Fremlin ( [17]), for some of the ideals presented at the beginning of
this chapter we know its connection under the Tukey order. In the following diagram
J— J means J <p J.

nwd

7N

{0} —=w—=0 x Fin Iy,
\Z/

The left side of this diagram is optimal in the following sense.

Theorem 2.1.15 (Louveau and Velickovi¢ [34]). Let J be an ideal. If w <¢ J and
J <7 0 x Fin, then I =7 w or I =7 () x Fin

2.2 Submeasures and Category

In [41] and [42], S. Solecki works with maps which are close to being measures on the
set P (w), these maps are called sumbeasures (Definition 2.2.1) and the difference is
that they are subadditive instead of o-additive (a map is o-additive if the measure
of a the union of a countably many disjoint sets is equal to the sum of the measures
from each of them). These maps give us a way to define ideals on w, say a lot about
their complexity and allow us to classify them, as shown the main related results
given by S. Solecki and K. Mazur (Theorem 2.2.3 and Theorem 2.2.4).
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Definition 2.2.1. A function ¢ : P (w) — [0, 00] is a submeasure if it is
o [proper] (Vn € w) ¢({n}) < oo and ¢(0) = 0.
o [monotone] (VA,BCw) ACB — ¢(A) < ¢(B)
o [subadditive] p(AU B) < ¢(A) + ¢(B)

If additionally (VA C w) ¢(A) = lim, ¢(ANn), then ¢ is a lower semicontinuous
submeasure.

Directly from the definition, the following families are ideals on w.

Definition 2.2.2. Let ¢ a lower semicontinuous submeasure on w.
a) If p(w) = oo, then Fin (¢) = {A Cw: ¢(A) < oo} is the finite ideal of .

b) If lim, ¢(w\n) > 0, then Exh (¢) = {A C w : lim, p(A \ n) = 0} is the ezhaustive
ideal of ¢.

Theorem 2.2.3 (Mazur [37]). Let J C P (w). J is an F,-ideal if and only if there is a
lower semicontinuous submeasure ¢ such that J = Fin (¢).

Theorem 2.2.4 (Solecki [41,42]). Let J C P (w).

i) Jis an analytic P-ideal if and only if there is a lower semicontinuous submeasure
¢ such that J = Exh ().

ii) Jis an F, and P-ideal if and only if there is a lower semicontinuous submeasure
¢ such that J = Fin (¢) = Exh (¢).

By the previous results, we have many examples of F,-ideals and, by the following,
it is the smaller complexity we can find for ideals on w.

Theorem 2.2.5 (Folklore). There is no closed or Gg-ideal on w.

Proof. Let J be an ideal on w. Since [w]<¥ C J, J is dense in 2 and therefore it
cannot be closed. Let sw : 2¥ — 2¥ the switch map given by sw(z)(n) = 1 — z(n).
Then sw is an homeomorphism and J N sw([J] = (), hence J can not be a Gs-ideal by
the Baire Category Theorem. [ |

Any analytic (and hence Borel) ideal on w is meager; this follows directly from
the next result.
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Theorem 2.2.6 (0-1 Law of Sierpinski). Let J be an ideal on w. If J has the Baire
property, then J is meager.

Proof. Let J be an ideal on w with the Baire property. If J is a non-meager set, then
there is some s € 2<¢ such that J N (s) is comeager in (s). Let sws : (s) — (s)
be the map given by swy(z)(n) = s(n) if n < len(s) and swy(x)(n) = 1 — x(n) if
n > len (s), then swy if a homeomorphism. Hence I N (s) and sws[J] N (s) are two
disjoint comeager sets on (s), which is imposible by the Baire Category Theorem. B

The following is a really useful characterization for meager ideals.

Theorem 2.2.7 (Jalali-Naini [28] and Talagrand [45]). Let J be an ideal on w. The
following conditions are equivalent.

i) J is meager.
ii) There is an interval partition {P, : n € w} of w such that

(VIed)(V°new) P, ¢ I

Proof. 1) implies ii). Let {F, : n € w} C P (2¥) be an increasing family of nowhere
dense sets such that I = |J{F, : n € w}. We recursively define an increasing sequence
{nk : n € w} Cwsuch that {[ng, nk+1) : k € w} is an interval partition which satisfies
the condition in ii). Let ng = 0. Since Fj is nowhere dense, there is sy € 2<“ such
that (so) N Fy = 0, let ny = len (sg). Let suppose defined ng. Since Fj is nowhere
dense, then there is s, € 2< such that (r7s;) N F, = @ for each r € 2™. Let
ngr1 = ng + len (sg). Finally, if for some X C 2 there is a set A € [w]“ such that
(Vke A) [ng,ngr1) € X, then Y = {l-sg( —ny) k€A, L€ [ng,nps1)} € X
satisfies that (3° k € w) Y ¢ Fy, and therefore X ¢ J.

ii) implies i). Let {P, : n € w} be an interval partition satisfying the hypothesis.
Forn € wletJ, = {I€J:(Vk>n) P, £ I}. We claim that J, is a nowhere
dense set for every n € w, which is enough to prove the ideal is meager. Fix n.
Let s € 2<“ and k > n such that k£ > len(s). Let t € 2<¥ such that s C ¢ and
(Vm € Pg) t(m) =1, then (t) N J,, = 0, hence J,, is nowhere dense. ]
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Chapter 3

The Bounded Topology

In this chapter we always assume that the involved ideals are ideals on w. We will
focus on the concept of bounded set in an ideal and use it to define a topology on it.
Let J be an ideal, remember that B C J is bounded if its union lies in J, conversely,
B C J is unbounded if its union is a positive set of J. Definition 3.1.1 presents
a property weaker than bounded (named weakly bounded or web) and a property
stronger than unbounded (named strongly unbounded or sun). First, we show some
properties of web and sun sets, and the definition of an associated cardinal for the
ideal J, which is related to the work of A. Louveau and B. Velickovi¢ presented
n [34] (Theorem 3.1.13). Later we will give a partial solution to a conjecture of
them (Conjecture 3.4.1).

The main concept of this work is the bounded topology (Definition 3.2.3), we
will study its properties and its relation with the combinatorics of the ideal. As an
application, we present a classification of F,-ideals.

3.1 web and sun Sets

The following main definition was originally conceived by J. R. Isbell (see [27]).

Definition 3.1.1. Let J be an ideal.
a) W C T is a weakly bounded set (or a web set) of J if it satisfies the following.

VxeWwr)@3yelx)) (Jyea
b) S C Jis a strongly unbounded set (or a sun set) of J if it satisfies the following.

vxels) Jxeo
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The previous definitions can be applied to directed orders rather than just ideals,
although for a directed order such that any countable subset is bounded (for example
in any o-ideal) these definitions are trivial, because any subset is weakly bounded
and no subset is strong unbounded. Under those circumstances, we can give a general
definition, using subsets of size the additivity of the order instead of countable ones.

First, we present some immediate results.

Proposition 3.1.2. Let J be an ideal.

i) F CJis a web and a sun set if and only if it is finite.

ii) Let W C J be a web set and W C*W, then W' is a web set.

iii) Let S € J be a sun set and &’ C*S, then &’ is a sun set.

iv) Let {W; : k € n} € P (J) be a family of web sets, then (J,.,, W is a web set.

v) Let {Sy : k € n} C P (J) be a family of sun sets, then (J,.,, Sk is a sun set.

vii) Let & C J be an infinite sun set of J, then S is a unbounded set.

viii) X C J is not a web set if and only if there is an infinite sun set S C X.

ix) If J is meager, then the partition given by Theorem 2.2.7 is a sun set.

)
)
)
)
vi) Let A C J be a bounded set of J, then A is a web set.
)
)
)
x) Let W C J be a web set, then Wt is a web set.
)

xi) Let S C J be a sun set and B C J be a basis for J. For each S € S let Bg € B
such that S C Bg. Then ebs(S) = {Bs : S € S} is a sun set. Furthermore, if S
is infinite then |S| = |ebs(S)|.

Proof. The first nine statements follows directly from Definition 3.1.1.

For x), suppose that W is infinite and let X C WY be an infinite subset. For
each I € X let I' € W such that I C I'. If the set {I’ : [ € X} is finite, then X
is bounded. Otherwise, there is a countable family {I], : n € w} C {I': [ € X'}
which is bounded, then {I € X : (3n € w) I C I!} is a countable bounded subset of
X. Therefore W* is a web set.

For xi), since S is a sun set then the set {S € S : S C Bg} is finite for each S € S.
Therefore |S| = |ebs(S)| when S is infinite. Let & C ebs(S) be an infinite subset,
then the set X' = {Se€S:(IX € X) S C X} is a countable subset of S, since X’
is unbounded then X is unbounded too. Hence ebs(S) is a sun set. |



21

We can use the web sets of an ideal to define a cardinal as the following.

Definition 3.1.3. Let J be an ideal. The weakly bounded number of J (or the web-
number of J), denoted by web(J), is defined as follows.

web(J) :min{|DC| X CPI), (YWe X)W is a web set, and UDC:J}.

A family X C P (J) that satisfies the condition for web(J) is a web-family for J.

Note that the web number is well-defined because {I*: I € J} C P (J) is a web-
family for any ideal J. This proves that web(J) < |J|. We can improve this and give
some better bounds for the web number.

Theorem 3.1.4. Let J be an ideal, then w < web(J) < cof (J).

Proof. Let S = {[0,n] Cw :n € w} CJ be the family of initial segments of w, which
is a sun set of J. Let X = {W, : @ < K} C P (J) be a web-family for J, since SN W,
must be a finite set for each a < k and | JX = J, then we have that x > w. Therefore
w < web(J).

On the other hand, let C C J be a basis for the ideal J. For any C' € C the set C*

is bounded (by C' itself) then each of these sets is a web set, and since C is cofinal
then {C*: C € C} is a web-family for J. Therefore web(J) < cof (J). |

The arguments used in the first part of the previous proof can be refined to get
the following general result.

Theorem 3.1.5. Let J be an ideal and S C J be a sun set, then |S| < web(J).

Proof. Let § C J be a sun set. If S is finite then the inequality holds. Then we can
assume that S is infinite. For an infinite k < |S] let X = {W,, : a < k} C P (J) be
a family that covers the ideal J. There is an index 8 < & such that Wz N S| > w.
Then W5 NS is an infinite sun set, hence Ws is not a web set and therefore X is not
a web-family for J. We conclude that |S| < web(J). |

By the previous result, web(J) is the maximum possible size of any sun set of J.
The following result is a characterization of when there is a sun set which reaches
this maximum size. To enunciate it, we define a disjoint almost-selection of X as
amap f: X — (UXU{0}) such that there is a subset Y C X with |Y] = |X|
satisfying that (Vz € X \Y) f(z) =0 and f[, is an one-to-one selection map (that
is, f(y) €y forally € Y).
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Lemma 3.1.6. For an ideal J the following conditions are equivalent.
i) There is a sun set S C J such that |S| = web(J).

ii) For some web-family X C P (J) there exists f which is a disjoint almost-selection
of X such that f[X] is a sun set.

iii) For all web-family X C P (J) there exists f which is a disjoint almost-selection
of X such that f[X] is a sun set.

Proof. 1t follows directly that iii) implies ii) implies i). In order to prove the missing
implication, let X be a web-family for the ideal J of minimum size and S C J a sun
set of size web(J). Let g : § — X such that (V.S € §) S € ¢g(S5). Since every infinite
subset of S is unbounded, then g is finite-to-one. Then Y = ¢[S] C X is such that
|Y| = |X|. Finally, a map f:Y — [JX such that (VY € Y) f(Y) € g~'[))] induces a
disjoint almost-selection of X. [ |

The Tukey order preserves the web number and the size of sun sets in the following
sense.

Theorem 3.1.7. Let J,J be a pair of ideals and F' : I — J be a Tukey map. The
following holds.

i) If W C J is a web set then F7![W] C J is a web set. In particular, J <7 J
implies web(J) < web(J).

ii) If S C Jis a sun set then F[S] C J is a sun set. In particular, J <; J implies
that for a sun set S C J there is a sun set S’ C J such that |S| = |S'|.

Proof. For i). Let X C F~'[W] be an infinite set. Then there is a bounded set
Y C F[X] € W such that F~'[Y] is infinite (If F[X] is finite take ¥ = F[X],
otherwise use that W is a web set). Then, F~![Y] N X is an infinite bounded subset
of X and therefore F~![W] is a web set. Hence, if X is a witness for web(J) then
{F~'W] : W € X} satisfies the condition for web(J). Hence web(J) < web(J).

For ii). Let X C F[S] be an infinite set. Since S is a sun set we have that F'[g
is a finite-to-one map, then F|g'[X] C S is an infinite set. Therefore F[5'[X] C T is
an unbounded set and then X C J is also unbounded. This shows that F[S] C J is
a sun set. This shows that if S C J is a sun set then &’ = F[S] C J is a sun set such
that |S| = |S'|. |

As mentioned before, each bounded set of an ideal is a web set, for the inverse
implication we define the following class of ideals.
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Definition 3.1.8. Let J be an ideal. We say that J is a web-reqular ideal if each web
set of J is bounded.

Proposition 3.1.9. Let J be a web-regular ideal. Then J is not a tall ideal and
web(J) = cof (J).

Proof. Let S = {{n} : n € w} CJ. If Jis a tall ideal, then § is an infinite unbounded
web set, then J is not a web-regular ideal. Therefore the first part of implication holds.

Now, let X be a web-family from J. Since J is a web-regular ideal, then for each
W € X there is a )y € J such that (JW = I)y. Since |JX = J then {f,y : W € X} is
a cofinal subset of J, therefore cof (J) < web(J), and because the inverse inequality
always holds, we have the equality. [

In the previous proof, the set S seems to be ad hoc, since although it is a web set
in each tall ideal, any of its elements is a finite set (indeed, it is made by singletons).
But, even if we restrict the definition of web-regular only for the web sets forming
an almost-disjoint family where each of its elements is infinite, the conclusion is the
same. Indeed, let J be a tall ideal, I € J be an infinite set and {I,, : n € w} be a
infinite partition of I in infinite sets, then the set {I, U{n} : n € w} satisfies the
previous conditions and it is an unbounded web set of J.

From the inequalities shown in Theorem 3.1.4, we have that any w-generated ideal

satisfies that web(J) = cof (J). The following result shows that actually something
stronger is happening.

Theorem 3.1.10. Let J be a w-generated ideal. Then J is a web-regular ideal.

Proof. Let {I, : n € w} be an C-increasing basis for J. For each I € J let n; =
min{n € w: I C [,}. Let W C J be an infinite web set and let X = {ny : W € W}.
If X is infinite then there is a countable set S C W such that ng # ng whenever
S, 5" are distinct elements of S. Then, since (VX € [S]) (Vnew) UX & I, S is
a sun set. Therefore X has a maximum element N and W is bounded by Iy. [ |

However, the following shows that not every web-regular ideal is w-generated.

Proposition 3.1.11. () x Fin is web-regular ideal and web() x Fin) = 0.

Proof. Let B C () x Fin be an unbounded set, then | JBN{m} X w is infinite for some
m € w. Therefore, for any n € w exists B,, € B such that max {k : (m,k) € B,} > n.
Hence the set {B,, : n € w} C B is a sun set, thus B is not a web set. This shows
that () x Fin is web-regular ideal.
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Let F: w¥ — 0 x Fin given by F(f) = J{{n} x f(n) : n € w}. The image of
the map F' is a cofinal subset of () x Fin and then (w*, <) =¢ Flw¥] =r 0 x Fin.
Thus web () x Fin) = cof (w¥, <) = 0. |

Using Theorem 2.1.14 and Proposition 3.1.11 we can improve the bounds of The-
orem 3.1.4 for analytic P-ideals as follows.

Proposition 3.1.12. Let J be an analytic P-ideal. Then either 0 < web(J) < cof (N)
or web(J) = w.

Proof. 1f J is w-generated then it is a web-regular ideal and thus web(J) = cof (J) =
w. Then, we assume that J is not w-generated. By Theorem 2.1.14 we have that
0 x Fin <7 J <7 J1,. Using that cof(J:,) = cof (N) (proved in [17]), Theorem 3.1.7
and Proposition 3.1.11, we conclude that d < web(J) < web (J,) < cof (N). |

Using our notation, we can write a result due to A. Louveau and B. Velickovi¢
in the following form (originally in [34, Theorem 1 and 2|). This is a very relevant
result for the rest of the chapter. Later we deal with a conjecture given by them
about an improvement of this result (Conjecture 3.4.1).

Theorem 3.1.13 (Louveau and Velickovi¢, [34]). Let J be an analytic ideal.
i) @ x Fin <7 J if and only if web(J) > 0.

ii) If @ x Fin £7 J, then J is an F,-ideal.

3.2 Bounded Topology

Recall that an ideal J can be seen has a topological subspace of 2“ with the usual
topology and the related concepts are about this topology. For example in the
following result, U N X open in X means that it is open in the usual subspace X.

Proposition 3.2.1. Let J be an ideal and U C J. The following are equivalent.

i) For any W C J weakly bounded set, Y N W is open in W.

)
ii) For any IC C J weakly bounded and compact set, U N K is open in K.
iii) For any B C J bounded set, & N B is open in B.

)

iv) For any I € J, U NP (1) is open in P (I).
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Proof. Since for every I € J the set P (I) C J is bounded and compact, then directly
follows that i) implies ii) implies iv) and that i) implies iii) implies iv). To see the
missing implication, let YW C J be a web set and let I e U N W. If for all n € w
there exists I,, € ((I[,) N W) \ U, then there is a subsequence {I,  :m € w} that
converges to I, which is bounded by some J € J and disjoint from . But this
contradicts that Y NP (I U J) is open in P (I U J). Hence, there is some n € w such
that (I],) "W C U, therefore U N W is open in W. |

The previous proposition is clearly also true replacing «open» by «closed». Also
we have the following way to verify if a set satisfies such conditions.

Lemma 3.2.2. Let J be an ideal. Let X C P (J) be a family of web sets which is
cofinal among the web sets of J. If a set U C J satisfies that & N X is open in X for
all X € X, then U satisfies any condition of Proposition 3.2.1.

Proof. Let YW C J be a web set, then there is some X € X such that WW C X'. Since U
is open in X, for all I € W there is some open set V C J such that I € YNX CUNX.
Therefore I € VNW CU NW, and hence U N W is open in W. [ |

We will use Proposition 3.2.1 to define a new topology on ideals, the bounded
topology, which is the main concept for this chapter.

Definition 3.2.3. Let J be an ideal. Define the bounded topology on J, denoted by T, ,,
letting U € 7, , if and only if i/ C J satisfies any of the conditions in Proposition 3.2.1.

Directly from this definition we have the following properties for 7, .

Proposition 3.2.4. Let J be an ideal and 7 its usual topology. The following holds.

i) 7, is finer than 7.

ii) (9,7,,) is a Hausdorff space.

iii) W, 1,,Iw) = W, 1ly) for any web set W C J.

As stated before, the topological concepts of an ideal refers to the usual topology.
To differentiate between topologies we will use the prefix «7,,-» on properties. For
example, we will say that K C J is a 7, ,-compact set if it is compact in the bounded
topology, and we will say that it is a compact set if it is compact in the usual topology.
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3.3 Parallel Results

In this section we will present some results that relate combinatorial properties of
an ideal J with the topological properties of its bounded topology, drawing a parallel
between these two branches. The following is a key result of this section, determining

compact and closed-discrete sets of the space (J,7,,).

Proposition 3.3.1. Let J be an ideal. The following holds.
i) K CJis a7, ,-compact set if and only if K is a compact and web set.
ii) S CJis a7, ,-closed and 7, ,-discrete set if and only if S is a sun set.

Proof. For the «ify part of i). Let K C J be a compact and web set and U be an
T.,-open cover of K. By definition of bounded topology, V = {UNK :U € U} is
an open cover of K. Since K is compact, V has a finite subcover. Then U has the
respective finite subcover, therefore K is a 7, ,-compact set.

For ii). Let & C J be a 7,,-closed and 7, ,-discrete set. By the previous part,
the set P (I) C Jis a 7,,-compact set for all I € J, then S NP (I) is finite for all
I € 7, this proves that & is a sun set. On the other hand, let S C J be a sun set,
then for all web sets W C J we have that S N W is finite, and hence closed in W.
Therefore S is a 7, ,-closed set which any of its subsets is also a 7, ,-closed set, then
it is a 7, -discrete set.

For the missing part of i). Let K C J be a 7, ,-compact set. K is a compact set
since 7 C 7,,. Also, it does not has any infinite 7, ,-closed and T, -discrete subset,
then by the previous, K does not contain any infinite sun set and therefore it is a
web set. [ |

The previous result implies that (J,7,,) is a k-space; later we will show that,
actually, it is a sequential space. From the i) part we have that any bounded and
compact set is 7,,-compact, such as P (I) for any I € J. We also can use it in

sequences and obtain the following result.

Corollary 3.3.2. Let J be an ideal, X C J be a sequence and / € J. Then X 7, -
converges to [ if and only if X' is a web set and converges to I.

Proof. If X T, ,-converges to I then X U{I} is a 7, ,-compact set. So X U {l}, and
hence X, is a web set. Also, X’ converges to [ since 7, , is finer that the usual topology.
On the other hand, if X is a web set and converges to [ then X U{/} is a 7, ,-compact
set. Since 7,, is finer that the usual topology, for any X € X" there is a Ux € 7,
such that Ux N X = {X}. This shows that X' 7, -converges to I. [
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From the previous corollary we have that, in particular, any 7, -convergent se-
quence has a bounded subsequence which converges to the same point.

Let J be an ideal. By Proposition 3.3.1 we have that the extend e(J, 7, ,) is the
supremum of sizes of the sun sets of J. Then by Theorem 3.1.5 and the proof of

Theorem 3.1.4 we have that w < e(J,7,,) < web(J).

7 "bd
K. Beros and P. Larson show that J1, has no uncountable sun sets (in [4, Propo-
sition 3.4]). Then, using Theorem 2.1.14 and Theorem 3.1.7(ii), we have already
proved the following result.

Proposition 3.3.3. Let J be an analytic P-ideal. Then e(J,7,,) = w.

7 "bd

An ideal J has an uncountable sun set if and only if e(J,7,,) > w. If this is the

case, (J,7,,) is not Lindel6f. We conjecture that this is the only reason for that.

Conjecture 3.3.4. Let J be an ideal such that e(J,7,,) = w. Then (J, 7, ,) is Lindelof.

7 "bd 7 "bd

As mentioned before, a subset C C J is 7, ,-closed if and only if C N W is closed
in W for any web set W C J. The following result give us other characterization for
them using its bounded convergent sequences.

Lemma 3.3.5. Let J be an ideal and F C J. The following conditions are equivalent.
i) Fis a7, ,-closed set.
ii) If a bounded sequence in F converges to some I € J, then [ € F.

Proof. 1) implies ii). Let X C F be a bounded sequence that converges to some
I € J, then X U{I} is a web set. By Proposition 3.2.1(i) in its closed set form,
FN(XU{l})isaclosed set in X U {I}, therefore I € F.

ii) implies i). Let W C J be a web set and let / € W be a 7, -limit point of
FNW. Since there is a bounded sequence X C F which converges to I, then by the
hypothesis we have that I € F N W, and therefore 7 N W is a closed set in WW. R

In order to give a deeper understanding we deduce some topological properties
of the bounded topology in the following result. We will use the following map: for
I € P(w) the bijective map trs; : P (w) — P (w) given by trs;(A) = AAI is the
translation by I. Note that for an ideal J and I € J we have that trs; : J — J.

Theorem 3.3.6. Let J be an ideal. Then (J,7,,) is a homogeneous, separable and
sequential space.
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Proof. The previous lemma and Corollary 3.3.2 imply that (J, 7, ) is sequential.

? "bd
We will prove that [w]<“ C Jis a 7, ,-dense set. Let & C J be an 7, -open set and
I €Y. Then U NP (I)is an open set in P (I) and there is some n € w such that
(I1,)NP(I) CUNP(I), hence U contains a finite subset of I.

Let I € J, then trs; : J — J is bijective and trs;(()) = I. Since it is its own inverse,
if trsy is 7, ,-continuous then it is a 7, ,-homeomorphism. Let X C J be a bounded
sequence that converges to some J € J; then trs;[X] C J is a bounded sequence that
convergent to trsy(J), hence trsy is a 7, ,-sequentially continuous map, and therefore

it is a 7, ,-continuous map. So, (J,7,,) is homogeneous. n

For metric or second-countable spaces, the concepts of compact and sequentially
compact on subsets agree, but in general they are not the same (indeed, there are
compact and non-sequentially compact spaces such as the Stone-Cech compactifi-
cation of w; on the other hand, [0,w;) is a sequentially compact and non-compact
space). Later we will see that (Finx @, 7, ) is neither metrizable nor second-countable,
however, as we show below, both concepts are always equivalent in the bounded

topology.

Proposition 3.3.7. Let J be an ideal and K C J. K is a 7, ,-compact set if and only
if I is a 7, ,-sequentially compact set.

Proof. Since in metric spaces the concepts of compact and sequentially compact are
the same and (W, 7, ,[\) = (W, T[y) for a web set W, then it is enough to show that
K C Jis a web set if it is 7, ,-compact or 7, -sequentally compact. For 7, ,-compact
sets this holds by Proposition 3.3.1(i). Now let K C J be an infinite 7, ,-sequentially
compact set, then any sequence of K has a 7, ,-convergent subsequence, in particular

it has a bounded infinite subsequence, therefore K is a web set. [ |

We recall the following definition.

Definition 3.3.8. Let A = (w x w) Uw U {00} and 74 the topology on it defined as
follows. The space (A, 74) is know as the Arens’ space [1].

a) w x w C A is a discrete subspace.

b) For each n,m € w let B, ,, = {n}U{(n,k) € wxw:k>m}. Then the family
{Bynm:m € w} CP(A) is a neighborhood basis at n € w C A.

c¢) For each f € w¥ and n € w let B = | {Bmﬂm) tm > n} Then the family
{Bl: few’, new} CP(A) is a neighborhood basis at co € A.
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Arens’ space is a canonical example of a space that is sequential but it is not
Fréchet—Urysohn, and these kind of spaces are determined by it, since a sequential
space is Fréchet—Urysohn if and only if it does not contains a copy of Arens’ space
(see [49, Proposition 2.2]). Using this result, we can determine whenever the space
(9,7,,) is Fréchet—Urysohn.

7 "bd

Theorem 3.3.9. Let J be an ideal. (J,7,,) is Fréchet-Urysohn if and only if J is a
P-ideal.

Proof. We will prove that J is a non-P-ideal if and only if (J, 7, ,) contains a subspace
homeomorphic to Arens’ space.

Let F ={I, :n €w} CIN[w]” be a pairwise disjoint family witness that J is a
non-P-ideal. For all n let {i!", : m € w} be the increasing enumeration for the set I,,.
For n,m € w let

n+1
In={i}uJL\{ig:1<a<n+1, b<m}.
k=1

We claim that the set A = {J" :n,mew}tU{{i®}:new}U{d} C Jis the
Arens’ space. The sequence {{i} : n € w} is bounded by I, then it 7, -converges
to (). Since F is pairwise disjoint, then we can isolate each point of the form J” of
A with the following open subset of J:

IN{ACw\{in?}:{if,:1<a<n+1} CAA {if, ,:1<a<n+1}NA=0}

Also, for a fixed n, the sequence {J” :m € w} 7,,-converges to {i} since it is
bounded by | J{I; : K < n + 1}. Then it only remains to prove that for every g € w*,
the diagonal sequence X, = {J;(n) :n € w} is a sun set, because then X, does not
7,,-converges to (). Let X C X} be an infinite set, since for every k € w there is
some ny, € {n € w : Jy, € X} such that [, C* J)/ ). then a bound for X is a
pseudo-union for F. Therefore X, is a sun set.

On the other hand, let A = {I} :n.m € w} U{l, :n € w}U{l} be an Arens’
subspace of (J, 7, ,). The sequence {I,, : n € w} is a web set because it 7, ,-converges to
I, so we can suppose that it is actually bounded by some L € J. Analogously, for any
n € w we can suppose that the sequence {I]) : m € w} is bounded by some J, € J.
If (Vnew) J, CJ for some J € I, then for a fixed n € w there is m,, € w such
that J{I : A(I}, 1,) > m,} C JUIL,. Hence (Vn €w)(V*mew) [} CJULUI.
Thus, there exists X € [w]* and g € w* such that the sequence {I},, : n € X}
T, ,~converges to I, but this contradicts the hypothesis on A. Therefore {.J,, : n € w}

witnesses that J is a non-P-ideal. [ |
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Since any metrizable space is Fréchet—Urysohn, if the space (J,7,,) is metrizable
(or even first-countable) then J must be a P-ideal. Then the previous lemma implies
that 7 = 7,, is only possible for P-ideals. The following result give equivalent
conditions for this equality. The condition on iii) part in the following theorem is a
particular case of the definition of basic order due to S. Solecki and S. Todorcevié¢
(see [44, Section 3]); and the equivalence between iii) and iv) was originally proved

by N. Dobrinen and S. Todorc¢evi¢ in [11, Theorem 4].

Theorem 3.3.10. Let J be an ideal. The following conditions are equivalent.

1) T =

ii) Any compact set of J is a web set.

iii) Any convergent sequence of J has a bounded subsequence.

iv

)
i)
)
) Jis a non-meager P-ideal.

Proof. Using Proposition 3.3.1 we have that i) implies ii) since any compact set is
7, ,~compact and hence a web set. To prove ii) implies iii), let X be a squence that
converges to some [ € J, then X U {[} is compact and hence, again by Proposi-
tion 3.3.1, X is a web set. Thus X has a bounded subsequence .

iii) implies i). Let U be a 7_,-open set, we will prove that U is a open set. Let
I eU. If for all n there exists I,, € ((I],) NJ) \ U then, by the hypothesis and since
I, = I, the set K ={I[,: k € w} U{I} CJis compact and weakly bounded. But
this contradicts that U is 7, ,-open since Y N KC = {I}. Hence 7, = 7.

iii) implies iv). Let {P, :n € w} be an interval partition of w, then it con-
verges to (); using the hypothesis, there exists a sequence {nj : n € w} such that
{P,, : k € w} is bounded. Then by Theorem 2.2.7, the ideal J is non-meager. Be-
sides, let {I,, : n € w} C Jand for n € wlet J, = U,.,, I \n. Since {J,, :n € w} C7J
converges to ), there is a subsequence bounded by some I € J which is a pseudo-union
of {I, : n € w}, then J is a P-ideal.

iv) implies iii). Let {I, : n € w} C J be a sequence which converges to I. We
can suppose that A(l,,I) < A(l,41,1) for all n € w. Since J is a P-ideal, the
family {I, \ [ : n € w} has a pseudo-union J € IJ. Hence, for all n € w the set
F, = (I, \ 1)\ J is finite. Let {E,, : m € w} be an interval partition of w such that
for all m € w there is some n,, € w with F,,, C E,, (such partition exist because
AL, I) < A(Ip41,1)). By Theorem 2.2.7, since J is non-meager, there is A € [w]
such that L = |J{E,, : m € A} € J. Therefore, the subsequence {I,, :m € A} C
{I,, : n € w} is bounded by I U J U L. [
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For an ideal J, any infinite set X C J is unbounded if and only if J = Fin. Hence
Fin is the only ideal which is a sun set of itself and then, by Proposition 3.3.1(ii),
(J,7,,) >~ w if and only if J = Fin. In this case there exists A € J such that P (A) is
an 7,,-open set. As we show below, this property only holds for ideals of the form

Fin®P(A)={l Cw:|]\ Al <w} for some A C w. Note that Fin ® P (A) = Fin.

Lemma 3.3.11. Let J be an ideal and let A € J. Then P (A) is an 7, ,-open set if and
only if I =Fin® P (A).

Proof. If I = Fin® P (A) then is straightforward to see that P (A) is an 7, ,-open set
since any web set of J has only finite points of its Fin part. On the other hand, let
A € Jsuch that P (A) is an 7, ,-open set and let B € J, since P (A)NP (B) is an open
set in P (B), there is some n € w such that (AN B)[,) NP (B) CP(A) NP(B),
and then B\ n € P (A), therefore (VB € J) B C*A and hence I =Fin& P (A). B

The previous lemma implies that (Fin ¢ P (A),7,,) is homeomorphic either to
w or w X 2 (depending on whether A is finite or infinite). In this case the space
is locally compact and, by the following result, this is the only way to have that
property. This is analogous to the result given by S. Solecki in [41, Corollary 3.2].

Theorem 3.3.12. Let J be an ideal. If (J,7,,) is a locally compact space, then there
is A € J such that J =Fin & P (A).

Proof. Let J be an ideal such that (J,7,,) is a locally compact space. Then any
point of the space has a 7, ,-compact neighborhood which is a metric 7, -subspace,
then (J,7,,) does not contain a copy of Arens space and therefore J is a P-ideal by
Theorem 3.3.9.

Now, let U be a 7, ,-compact neighborhood of ) € J. For any F € [w]<¥, let
Ur be the translation of ¢ by F. Since [w]|<¥ is a 7, ,-dense set and translations
are 7, ,-homeomorphisms, {Ur : F' € [w]<*} is a countable family of 7, ,-compact sets
that covers J. Therefore J is an F,-ideal and it is covered by countable many web

sets. Using Theorem 3.1.13(i), we conclude that ) x Fin €7 J.

Finally, by Theorem 2.1.14, J is a P-ideal which is countable generated. Let
{C,, : n € w} C J be a countable basis for the ideal J and let A € J be a pseudo-union
for this basis. Then it is easy to see that J = Fin & P (A). [

The ideal Fin x () will be important to classify F,-ideals, we will delve on this in
the final section, for now we have the following property for its bounded topology.
Recall that 7 is a group topology for a group G if the group operation and the inverse
map are continuous respect to 7. In this case, (G, 7) is a topological group.
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Proposition 3.3.13. The space (Fin x 0,7,
with the A operation.

Proof. For f € w, let Uy ={A€Finx0: (Vnew)An({n} x f(n)) =0}.

Then Uy is a 7, ,-clopen set since Uy NP (I) is clopen in P (I) for all I € Fin x (.
We will show that {U; : f € w”} is a local base at ), this will be enough to prove
that (Fin x 0, 7,,) is a zero-dimensional topological space, since it is homogeneous.
Also, this implies that (Fin x 0, ) is a topological group since Uy AUy C Uy.

) is a zero-dimensional topological group

Let U be an 7, ,~-open neighbourhood of (). We will recursively define a map f € w*
such that Uy C U. Since P ({0} x w)NU is open in P ({0} x w) and () belongs to it,
there is some ng such that P ({0} x (w\ ng)) CU. Let f(0) = ng. Suppose that f is

already defined up to k — 1 and P (U, {i} % (w\ f(i))) CU. We claim that there
is some ny such that

P ((U {i} (w\f(i))> U ({k} x <w\nk>>) cu ()

i<k

If there is no such ny, then for all n € w there is some I,, € P((k+1) x w) \U
such that I,, N (k x w) € P (U;op, {i} x (w\ f(i))) and I, N ({k} x n) = 0. Since
P ((k+1) x w) is a 7,,-compact set, there is a subsequence {I,, : j €w} € I\ U
which 7, -converges to some I € U because I,, N ({k} x n;) = (), this contradicts
that U is an 7, -open set, hence (x) holds and let f(k) = nj. By construction,
Ur N (n xw) CU for all n € w, this implies that Uy C U and we are done. [

Note that for every ideal J, the space (J,7,,) is not compact since J is an un-
bounded set, and hence not a web set, of itself. Then, collecting all properties
together, the space (Fin x ), 7,,) satisfies the following.

o It is sequential, separable and homogeneous (by Theorem 3.3.6).

o It is zero-dimensional and a topological group (by Proposition 3.3.13).

o It is o-compact, non-compact and no locally compact (by Theorem 3.3.12).

o It is not Fréchet—Urysohn and hence neither metrizable nor second-countable
(by Theorem 3.3.9 and the Urysohn metrization theorem).

Since (Fin x 0, 7,,) is a zero-dimensional space, then it is a regular space. About
this property, we find the following necessary condition for the regularity of the
bounded topology.
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Definition 3.3.14. An ideal J has the shrinking property if for any pairwise disjoint
family {7, : n € w} C J which is a strongly unbounded set of J, there is a strongly
unbounded set {F, : n € w} C [w]|<¥ of J such that (Vn € w) F, C I,.

Proposition 3.3.15. Let J be an ideal. If (J,7,,) is a regular space, then J has the
shrinking property.

Proof. Let J which does not have the shrinking property and let S = {I,, : n € w} CJ
be a sun set witness of that, we can assume that () ¢ S. Let U be an 7, ,-open set such
that S CU. Since UNP (I,) is open in P (I,) for all n € w, then there is F,, € [w]<*
such that F,, C I, and F,, € U. By the hypothesis, and since F,, — (), there is a
bounded sequence {F,, : k € w} which 7, ,-converges to (). Therefore U intersects
any 7,,-open neighbourhood of (). Hence, the 7, ,-closed set S and the point () proves
that (J,7,,) is not regular. [

As it is shown in the following, not every space (J, 7, ,) is regular.

Corollary 3.3.16. (Fin x Fin, 7, ,) is not a regular space.

Proof. Let S = {{n} xw:n € w} C Fin x Fin, then S is a sun set. On the other
hand, any family {F,, : n € w} C [w X w|<¥ such that F,, C {n} x w for every n € w
is a bounded family of the ideal Fin x Fin. Then by the previous proposition we have
the conclusion. [ |

In order to give a sufficient condition for the regularity of 7, ,, we will use a concept
give by K. Kawamura, L. Oversteegen and E. Tymchatyn in [29, Definition 1], which
is a property weaker than being a zero-dimensional space.

Definition 3.3.17. A topological space (X, 1) is an almost zero-dimensional space if
there is a topology 7y coarser than 7; such that (X, 1) is a zero-dimensional space
and there exists a neighborhood basis for 7 consisting of 7y-closed sets.

For (J,7,,), the usual topology is a natural candidate for a witness topology for
that property, but this not always holds since any almost zero-dimensional space
(X, ) is regular, indeed B = {int,, (C) : C C X is a 7p-closed set} is a basis for it.
Hence the almost zero-dimensionality of (J, 7,,) implies its regularity.

Question 3.3.18. If (J,7,,) is an almost zero-dimensional space, then it is regular,

which in turn implies that J has the shrinking property. Which of these implications
is reversible?
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The last part of this section will be dedicated to analytic P-ideals, and hence it
is related to lower semicontinuous submeasures (Definition 2.2.1). The main result
about this class of ideals is Theorem 3.3.20, which tells us that the bounded topology
is a generalization to the topology given by the work of S. Solecki (in [41]).

Lemma 3.3.19. Let ¢ be a lower semicontinuous submeasure and W C Exh ().
Then W is a web set on Exh (¢) if and only if it satisfies the following.

Ve>0(ANew)(VIeW) o(I\N)<e¢ (%)
Proof. Let W C Exh(y¢) and ¢ > 0 with (VN €ew) (3T W) oI \ N) > 2e.

Then there is an increasing sequence {N,, : m € w} of natural numbers and a family
S ={Il,,:mew} CW such that ¢ (I,, N (Nyt1 \ Nin)) > €. Hence for an infinite
subset X C S we have (VN € w) ¢ (|JX \ N) > ¢, and then § is a sun set. Therefore
any web set must satisfy (x).

On the other hand, let W C Exh (¢) satisfying (x). If W is finite we are done,
then we can suppose that W is infinite. Let X = {I,, : n € w} C W be a countable
set. Without loss of generality, we can assume that X converges to some I € P (w)
and A(l,,I) < A(l,41,1) for all n € w. Since X satisfies (x), then I € Exh ().
For all m € w we increasingly choose a natural number N,, as a witness of (x) for
Em = m such that there is some I, € X with A(1,,,I) € [Ny, Nps1). We
have that J = (J{I,, : m > 1} € Exh (¢) since ¢(J \ Ny,) < 34, 35, then X has
a bounded subsequence and therefore WV is a web set. [ |

For a lower semicontinuous submeasure ¢, we denote by 7, the topology on the
ideal Exh (¢) induced by the metric d, given by d, (1, J) = o(IAJ).

Theorem 3.3.20. Let J be an analytic P-ideal and let ¢ its associate lower semicon-
tinuous submeasure. Then 7., = 7.

Proof. For € > 0 we define B = {J €J: p(J) < e}

To see that 7, C 7, , is enough to prove that for all ¢ > 0, Bf is an 7, -open set.
Let I C J be a compact and web set, and let I € B2 N K. If for all n € w there is
I, € ((I],) NK)\ B?, then there exists 6 > 0 such that ¢(I, \ I) > ¢ for all n € w.
Then the family {/,, : n € w} C K is an infinite sun set, which contradicts that K is
a web set. Then, there is some n € w such that [ € (I,,) N K C B?, and therefore
B? is an T, ,-open set.

On the other hand, let & be an 7, ,~open neighborhood of (). By homogeneity, it is
enough to prove that there exists some BY C /. If it is not the case, for all n € w there
is some I, € Bf) \U. By the previous lemma K = {I,, : n € w} U {0} is a compact
and web set, but this contradicts that I/ is a 7, ,-open set since U N K = {0}. [
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By Theorem 3.3.10 and Theorem 3.3.20 we know that for a P-ideal, if it is analytic
or non-meager, then its bounded topology is metrizable, we conjecture that this holds
for all P-ideals.

Conjecture 3.3.21. If J is a P-ideal, then (J,7,,) is a metric space.

? "bd

About the concept of almost zero-dimensionality we have the following.

Proposition 3.3.22. Let J be an analytic P-ideal. The space (J,7,,) is almost zero-
dimensional respect to the usual topology.

Proof. Let ¢ a lower semicontinuous submeasure such that J = Exh (¢). For r > 0,
the set {A Cw: p(A) <r} CJis aneighborhood of ), which is closed in J because
© is semicontinuous. By homogeneity, we have the desired conclusion. [

Lemma 3.3.23. Let J be an ideal and YW C J be a web set. Then the closure of W in
the space 2¢ is the same that the closure of W in the subspace J.

Proof. Let I € clp«(W) and let {I, : n € w} € W be a sequence which converges

to I. Since W is a web set, we can suppose that {I,, : n € w} is bounded. Hence
I CU{IL, : n €w} €T, therefore we have that cly(W) = cloo (W) NT = clow(W). B

By the previous result, it does not matter in which suitable space we consider the
closure of a web set W. Hence, we can simply use the notation cl(W).

Proposition 3.3.24. Let J be an analytic P-ideal on w. Then the closure of any web
set of J is also a web set of J.

Proof. Let ¢ a lower semicontinuous submeasure with J = Exh (¢). Let W C J be
a web set, by the previous lemma cl(W) C J. Let X C cl(W) an infinite set, then
there is a sequence {I, : n € w} C X which converges to I for some [ € J.

We claim that lim, (1, \ I) = 0. If not, there exist ¢ > 0 and a subsequence
{I,, : k € w} such that (VEk € w) o((I, \ I) Nmy) > e, where my = min(l,,, 41 \ ).
Since I,,, € cl(W), for all k € w there is some W), € W such that Wy,Nmy = 1,,, Nmy.
This implies that {W, : k € w} C W is a sun set; thus the claim holds. Finally, the
previous lemma implies that the sequence {I, : n € w} is a web set and therefore
cl(W) is a web set too. |

The property in the conclusion of previous proposition will be relevant in the
following section.
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3.4 Conjecture of Louveau and Velickovié¢

In [34, Conjecture 1], A. Louveau and B. Velickovi¢ conjecture that their result,
shown in Theorem 3.1.13, can be improved in the following sense.

Conjecture 3.4.1 (Louveau and Velickovi¢, [34]). Let J be an F,-ideal. Then
) x Fin <7 J if and only if web(J) > w.

We will prove this holds for the following class of ideals.

Definition 3.4.2. Let J be an ideal. Then J has the weakly bounded closure property
(or the web-closure property) if the closure of any web set of J is a web set of J.

Proposition 3.4.3. Let J be an ideal. Then J has the web-closure property if and
only if any web set of J is contained in some 7, -compact set of J.

Proof. For the «only ify part. Let W C J be a web set, by hypothesis cl(W) C 7 is
a web set, and since it is a closed set of 2%, then it is compact. Therefore, cl(W) is
a 7,,-compact which contains to W.

For the «if» part. Let W C J be a web set, by hypothesis there is some 7, -
compact set I such that W C K. Using Proposition 3.3.1 we have that K is a
compact and a web set, in particular I is closed then cl(W) C K. Then cl(W) is
also a web set. Since cl(W) is compact, then it is a 7, ,-compact set. [

Corollary 3.4.4. Let J be an ideal with the web-closure property. Then web(J) is the
minimum size of a family of 7, ,.-compact sets which covers J.

Proof. Let R(J) = min {|X| : (VK € X) K is a 7, ,-compact set, and |JK = IJ}.

Since any 7, ,-compact set is a web set, we always have that web(J) < RK(J).
Moreover, since J has the web-closure property, then any web set is contained in
some T, ,-compact set. Hence a witness for web(J) give us a witness for K(J), and
therefore these cardinals are equal. [

By Proposition 3.3.24 we know that any P-ideal has the web-closure property,
nevertheless, these classes are not equal. A witness for that is the following ideal
introduced by A. Louveau and B. Velickovi¢ in [34, Example 1].

Definition 3.4.5. The polynomial growth ideal is defined by

Jp={ACw: 3k ew)(Vnew) [An2"| < nF}.
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Proposition 3.4.6. J5 is a tall, not countably generated, F, and not P-ideal. More-
over, web(Jp) = w and it has the web-closure property.

Proof. For an infinite set X C w, let Y C X such that |Y N 2" < n by picking at
most one element of X in each interval [27,2""1) then Y € Jp and hence Jp is a tall
ideal. In particular it is not countably generated. Also, for all k& € w let I, € Jp such
that (V*°n € w) |[I; N[27,2"")| = n*  then any pseudo-union of {I} : k € w} does
not belong J, therefore Jp is not a P-ideal.

Besides, for any k € w the set Wy, = {ACw: (Vnew) [AN2"| <nF} CJpis
7,,-compact. Indeed, fix £ and let X = {I,, : n € w} C Wy. Then X converges to
some X € 2¢ and we can assume that I, 12" = X N2" for all n € w. Thus X € W,
and Wy, is compact. Even more, |J{I, : n € w} € Wi,1. This proves that W is
a web set. Hence {W}, : k € w} testifies that web(Jp) = w, and in particular J is a
F,-ideal. Finally, using Theorem 3.5.2, J» has the web-closure property. |

In particular cof (Jp) > w = web(Jp), and we have an example in which this
cardinals are distinct. In order to prove that no every ideal has the web-closure
property we introduce the following ideal.

Definition 3.4.7. Let T C w X w.

a) T is infinite-triangular if there is an increasing sequence {ny : k € w} such that
T = Urew {re} % (o1 — nie).-

b) T is finite-triangular if there is an increasing finite sequence {ng,...,n,} such
that T'= Uy, {7} X (Mg — ni) U {nm} X w.

¢) T is triangular if it is either finite-triangular or infinite-triangular.
The triangular ideal J is the ideal on w x w which is generated by all triangular sets.

Note that () is finite-triangular by the empty sequence and Jy C Fin x Fin.

Proposition 3.4.8. Jy is a tall F,-ideal which does not have neither the shrinking
property nor the web-closure property and it has a sun set of size c.

Proof. For A C w and n € w let A(n) be the n-th element of A, if exists. Then
P (w) is in correspondence with the family of all triangular sets via the function
T:P(w) = wxwgiven by T(A) = U, ., {A(n)} x (A(n+1) — A(n)) if A is infinite,

T(A) = (Ujj;o {A(n)} x (A(n+1) — A(n))) U{AE+ 1)} x wif |[A] = k+ 1 and
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T(D) = (). Since T is a continuous map, the set of triangular sets is compact, and
therefore Jy is an F,-ideal.

The definition of a triangular set directly implies that Jy is a tall ideal. Hence,
the set W = {{n} x m :n,m € w} C Iy is a web set. Now, for all n € w, the set
{n} x w belongs to the closure of W, and since {{n} x w : n € w} C Iy is a sun set,
the ideal J3 does not has the web-closure property.

Let A C [w] be an almost disjoint family of size ¢ (see [5, Proposition 8.1]). We
will prove that § = {T(A) : A € A} C J5 is a sun set, which clearly satisfies |S| = c.
Let Ay,..., A, be n > 1 distinct elements of A, then there is some N € w such that
the family {A4; \ N : i < n} is pairwise disjoint, therefore exists mo, ..., m, > N such
that (Vk <n) Ag(mi) < A,(my) < Ag(myg + 1) and, reindexing if necessary, also
k < n, by previous, if a triangular set covers By, then it cannot cover any B; for
k < 1 < n, this implies that (J,., T(Ax) cannot be covered by n triangular sets.
Hence any infinite subset of S is unbounded, therefore S is a sun set.

Finally, let {A, :n € w} C P (w) be a countable pairwise disjoint family such
that (Vn € w) (Vk <n) A,(0) > Ax(n—k) (that is, the first element of A, is greater
that the 1-th element of A,,_;, the 2-th element of A,,_5 and so on). By the previous
paragraph, we have that {T(A,) :n € w} is a sun set. Let F, € [T(A,)]<¥ for all
n € w. Recursively define sequences {ny : k € w}, {my: k€ w} C w as follows.
Start with ng = 0. Suppose ny, is already defined, since F},, is finite, let m;, such that
F,, € T(A,,) N Ay, (my) X w and choose njy such that A, (0) > A,, (m;). Then
I =U{T(A,,)NA, (mp) Xw: k€ w}eIrand hence {F, : n € w} has a bounded
infinite subset, therefore J has no the shrinking property. [ |

To prove that any ideal with the web-closure property satisfies Conjecture 3.4.1,
we need some previous lemmas.

Lemma 3.4.9. Let J be a meager ideal and let VYW C J be a weakly bounded set. Then
W is nowhere dense in J.

Proof. Let {P, : n € w} be the interval partition of w given by Theorem 2.2.7. Sup-
pose that W is dense in J above some s € 2<¢“. Then, there is an increasing sequence
{sk : k € w} C 2<¥ such that sp = s and for every k > 1 exists ny € w satisfying
(Vm € P,,) sk(m) = 1. Hence we can choose a subset S = {Sj : k € w} C W satis-
fying (Vk € w) P,, C Sk. Thus, due the property of the partition, S is a sun set of
J, a contradiction. Therefore, ¥V is a nowhere dense set on the ideal J. [ |
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In what follows, for finite sets a,b € [w]<* we use the notation a C b if a C b and
(Vnea)(Vmeb) m<n — mé€ a.

Definition 3.4.10. Let J be an ideal. A family A = {a;:s € w<¥} C [w]<¥ is a
sun-branching tree on J if it satisfies the following.

o ag=10.

o (Vsew™)(Vnew) as T ayy,.

e}

(Vs € ws) {asn) : n € w} is a sun set of J.

e}

(Vo ew) U{ag, :new} el

A family F C [w]<¥ is a finite-branching tree on J if it satisfies all previous
conditions but the third one replacing «sun» by «finite»; that is, only finitely many
of the sets a,~, are different.

Lemma 3.4.11. If there is a sun-branching tree on an ideal J, then web(J) > 2.

Proof. Let A= {as:s € w<¥} C [w]<¥ be a sun-branching tree on J. For X C A let
X]_ = {U{am ‘ncw}l:zcw’and (Vn Ew) ag, € X} c1.

Thus, [X]_ is the collection of elements in the ideal J which have infinitely many
initial segments in a branch of X'. We will prove that for any web set WW C J exists
F C A, a finite-branching tree on J, such that W N [A]__ C [F]_, which shows that
web(J) > 0 holds because 0 many sets of branches from finite-branching subtrees of
the tree w<“ are needed to cover the space w®.

We can assume that W = W*. For all s € w<“ let F, = WN{as~, : n € w}, then
F = Usen Fs € Ais a finite-branching tree on J. Let 1 € W N [A]_, there is x € w*
such that (Vn € w) ag,,, € ANW and I = |J{ay, : n € w}, then ayy, € Fyy,
for all n € w, and therefore I € [F]_. |

Theorem 3.4.12. Let J be an F,-ideal with the web-closure property. Then either
web(J) = w or web(J) > 0.

Proof. We define an infinite game with perfect information &,,.(J) as follows.

W, Wi - W,

II ‘ ag ay e an
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At the nth move, Player I chooses a web set W, of J such that W, = Wy, and
Player II chooses a finite subset a, such that a, ¢ W, and a, C a,,; for all n,
this is possible by Lemma 3.4.9. Player II wins a run of the game if and only if
U{an :new} el

Since J is F, then &,,.,(J) is determined due to Martin’s Determinacy Theorem
for Borel games. So, we will consider the two cases.

Case 1. Player I has a winning strategy, say o. Since in every move Player II
has countably many options to choose, o determines a countable family of web sets
of J, namely X, which consists of all responses of Player I in 0. Now, if there exists
I € J\ UX then there is a run of the game in which Player II choose an initial
segment of I in every move since W = W+ for all W € X, thus Player II would wins
the run, which is not possible by o. Then |JW = J and web(J) = w.

Case 2. Player II has a winning strategy, say A. We will prove that exists a
sun-branching tree on J. Let X, = {a € [w]< : (3W C J web set) t(W,a) € A} for
every t € X of even length, X, cannot be a web set of J because Player II could not

do his next move if Player I choose Xti as move. Then, for every suitable ¢ € A
let S; C X, be a countable sun set of J, and for every a € S; let W! be a web set
such that t(W!,a) € X\. Let N, = {t*(W!,a) € X:a € S,;}. Recursively define the
sequence {M,, € P()\) :n € w} given by My = {0} and M,.; = U{N,:t € M,}.
Finally, A = {0} UU,c., Uiear, St is a sun-branching tree on J since every S; is a sun
set and A is a winning strategy for Player II. [ |

Corollary 3.4.13. Let J be an analytic ideal with the web-closure property. Then
) x Fin <¢ J if and only if web(J) > w.

Proof. Let J be an analytic ideal. If ) x Fin <7 J then, by Theorem 3.1.13, we
have that web(J) > 0 > w. On the other hand, if § x Fin <7 J then, again by
Theorem 3.1.13, J is an F,-ideal and web(J) < 0. Using the previous result, we have
that web(J) = w. This prove the desired equivalence. [

We have the following strengthening of Conjecture 3.4.1.

Conjecture 3.4.14. Let J be an F,-ideal. Then either J has the web-closure property
or J has a strongly unbounded set of size c.
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3.5 Classification for I -ideals

If (3,7,,) is a o-compact space, then J is an F,-ideal, since any 7, ,-compact set is, in
particular, a closed set. The following result give us a useful family witnessing the

o-compactness of the space.

Lemma 3.5.1. Let J be an ideal. If there is an increasing countable family of 7, -
compact sets K which covers the ideal and K = K+ for all K € K, then X is cofinal
among the weakly bounded sets of J. Furthermore, if (J,7,,) is o-compact such family
exists.

Proof. For the first part, let X = {K,, : n € w} be such a family. We will prove that
for any web set W C J there is some n € w such that W C IC,,. Let & C J such
that for all n € w there exists [, € S\ K,,. Let X C {I,, : n € A} be a bounded
set. There is m € w such that |JX € K,, = K}, and hence X C K,,, thus X must
be finite. We have that only finite subsets of {I,, : n € A} are bounded, therefore S
contains an infinite sun set and it is not a web set.

We now prove that KV is a 7, ,-compact set if K is, which is enough to prove the
second part. Indeed, let K be a 7, ,-compact set, then K+ is a web set since K is. Let
{A, :n €w} C K} then there is a family {B, : n € w} C K such that A4, C B, for
all n € w. Since 2¥ and K are compact sets, then there are a pair of subsequences
{A,, 1k ew}, {B,, : k € w} which respectively converge to X € 2¥ and Y € K.
Finally, it is easy to see that X C Y, then K' is a compact set and therefore it is a
T, 4-compact set. |

Now we can give a combinatorial characterization for the o-compactness of the
bounded topology.

Theorem 3.5.2. Let J be an ideal. Then (J,7,,) is a o-compact space if and only if

) " bd

J has the web-closure property and web(J) = w.

Proof. 1f J has the web-closure property and web(J) = w, then (J,7,,) is o-compact

7 "bd

by Proposition 3.4.3. On the other hand, if (J, 7, ) is a o-compact space then clearly
web(J) = w. Let {C,, : n € w} the family given by the previous lemma. We have that
any web set of J is contained in C,, for some n € w. Thus, again by Proposition 3.4.3,

J has the web-closure property. [ |

Using Corollary 3.4.13, we can write the previous result as follows.

Theorem 3.5.3. Let J be an ideal. Then (J,7,,) is a o-compact space if and only if

7 "bd

J has the web-closure property and @ x Fin «r J.
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For ideals distinct to Fin, we can improve the family given in Lemma 3.5.1.

Lemma 3.5.4. Let J # Fin be an ideal such that (J,7,,) is a o-compact space. Then
there exist an increasing family of 7, ,-compact sets {K, :n € w} C P (J) which

covers J, such that K, = K} and (K,,, 7], ) is homeomorphic to 2¢ for all n € w.

Proof. Let {F, : n € w} be the family given by Lemma 3.5.1. Since J # Fin we can
suppose that every JF, is uncountable.

Let n € w. By Cantor-Bendixon Theorem, there exists a perfect subset and a
countable open subset of F,,, namely K,, and C, respectively, such that F,, = KC,, UC,.
Since F, = F¥, then I € F, is a condensation point of F,, if and only if there is some
J € F, N [w]* such that I C J. Therefore K, = K} and C, C [w]<*. Also, for all
n € w we have that K,, C K1 because F,, C F,,1. Finally, since for all F' € [w]<*
there exist X € IN [w]¥ such that FF C X, then {C,, : n € w} C P (J) covers J and it
is the desired family. [ |

Lemma 3.5.5. Let J be an ideal. If K C J is 7,,-compact and K+ is 7, ,-nowhere
dense, then there is a 7, ,-compact set ' C J such that K C K’ and K is 7, ,-nowhere
dense in K'.

Proof. We can assume that = K*. Since K has empty interior and (J,7,,) is
sequential, there is a sequence disjoint to I which 7, ,-converges to (), in particular
there is a bounded sequence X = {X,, : n € w} C I\ K which converges to ). Let
K'=Ku{IUuX,: 1€k, ncw}CIJ. Notethatforall ] € Landn € w, [UX,, ¢ K

since K = K+ and X, ¢ K. We claim that K’ is the desired set.

K’ is a web set since K is and X is bounded. To see K’ is compact let ) C K’
be a countable subset, then for all J € ) there are I; € K and F,, € X such
that J = I, U X,,,, since K is compact we can assume that Z2 = {[;: Je€ Y} C K
converges to some [ € K. We claim that ) has a convergent subsequence. Indeed, if
there is an infinite subset )’ C ) such that (VI € V') X,,, = Xy for some N € w,
then )’ converges to I U X. Then we can assume that X,,, # X,,, for any distinct
J,L € ). Let n € w, since Z converges to I and X converges to (), we have that
(VeJey) I, e(I],) and (V*J€)Y) X,, Nn =10. Thus Y converges to I since
(Vnew)(veJe)) Je (I],). Therefore X' C T is 7, ,-compact.

Finally, let &/ C K’ be an 7, -open set of K’ such that there is some I € U N K.
Since {IU X, : n € w} C K’ 7, ,-converges to I, there is some J € U \ K. Since K
is 7, ,-closed, there is some 7, ,-open set V such that J € ¥V and VN K = 0. Hence,
VNU C U is a non-empty 7, -open set of K’ disjoint to K. Therefore K is 7, ,-nowhere
dense in K. [



43

,T,,) is unique (up to
homeomorphisms) among ideals whose bounded topology is o-compact and no locally
compact. To prove it, we also need a result due to B. Knaster and M. Reichbach
given in [32, Theorem 2].

We will use the previous lemmas to show that (Fin x ;7

Theorem 3.5.6 (Knaster and Reichbach, [32]). Let X, Y be a pair of compact, perfect,
zero-dimensional and metric spaces, and let X’ C X, Y’ C Y be closed nowhere dense
subsets of its respective space. If ¢’ : X’ — Y is a homeomorphism, then there exists
a homeomorphism ¢ : X — Y extending ¢’.

Theorem 3.5.7. Let J be an ideal such that (J, 7, ) is a o-compact space. Then either

7 "bd

J=Fin® P (A) for some A € J or (J,7,,) is homeomorphic to (Fin x (), 7, ).

7 " bd

Proof. Suppose that J # Fin @ P (A) for any A € J. Let {K,, : n € w} the family
given by Lemma 3.5.4, since J is no locally compact then every K, is 7, ,-nowhere
dense. Using Lemma 3.5.1 and Lemma 3.5.5 we can assume that K, is a 7, ,-nowhere
dense subspace of K, 1 for all n € w. Let C,, = (n+ 1) X w € Fin x (). Using
the previous theorem, we have that for all n € w there is a 7, ,-homeomorphism
©n : Ky — P (Cy) such that ¢, extends ¢,. Let ¢ =, o, ¥n, we claim that the
bijective map ¢ : I — Fin x @) is a 7, ,-homeomorphism.

Let U C Finx () be an 7, -open set. Since ¢ is injective, o {U|NK,, = ¢, {UNC,]
and then ¢ U] NI, is open in K, for all n € w. Therefore ¢ '[U] C T is a T, -
open set because the family {K, : n € w} is cofinal among the web sets of J by
Lemma 3.5.1. Thus ¢ is a 7, ,-continuous map. Analogous arguments for ¢! shows
that ¢ is an 7, ,-open map, therefore it is a 7, ,-homeomorphism. [

Note that the homeomorphism given in the previous result does not preserve
cofinal subsets, because cof (Fin x }) = w < cof (Jp) although (Fin x 0,7,,) and
(Ip,7,,) are homeomorphic spaces.

We present a Polish space introduced by P. Erdés in [14].

Definition 3.5.8. The complete Erdés space &, is the closed subspace of ¢? such that
(Z1)new € €. if and only if (Vn € w) z, € {¥/,, : m € w} U{0}.

€. is a Polish space which is totally disconnected, one-dimensional and almost
zero dimensional (for that and more about this space see [10]). Also J. Dijkstra and
J. van Mill prove that if J is an F, P-ideal, then (J,7,,) is not a o-compact space if

and only if it is homeomorphic to &, (see [9, Theorem 4.15]). Using this result we
prove the following.
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Theorem 3.5.9. Let J be an F,-ideal. Then the space (J,7,,) is homeomorphic to &,
if and only if J is a P-ideal and () x Fin <7 J.

Proof. 1f J is a P-ideal such that () X Fin <7 J, then (J,7,,) is no o-generated by

7 "bd

Theorem 3.5.3, and hence (J,7,,) is homeomorphic to €.. On the other hand, if

? "bd

(J,7,,) is homeomorphic to &, then the space is metrizable, hence J is a P-ideal
by Theorem 3.3.9. By Proposition 3.3.24 the ideal J has the web-closure property.
Then, again by Theorem 3.5.3, we conclude that ) x Fin <z J since (J,7,,) is no a

o-compact space. [ |

Let J be an F, and P-ideal. By Theorem 2.2.3 there is some submeasure ¢ such
that J = Fin (). Fore > 0, if {A Cw: p(A) =c} =0 then {A Cw: p(A) <e}is
a 7, ,-clopen set. Thus by the previous result, if () x Fin <7 J then there exists ¢ > 0
such that (Vx € [0,¢]) (3A Cw) ¢(A) = z, because otherwise (J,7,,) ~ €. would
be a zero-dimensional space.

Summarizing some of the previous results, we give a classification of F,-ideals
through its bounded topologies as follows.

Theorem 3.5.10. Let J be an F,-ideal. Then:
i) (J,7,,) ~ w if and only if J = Fin.

) "bd
i) (J,7,,) ~w x 2 if and only if J = Fin & P (A) for some infinite A € J.

) "bd

iii) (9,7,,) ~ (Finx 0, 7,,) if and only if J has the web-closure property, § x Fin &<, J

) "bd 7 "bd

and J # Fin ® P (A) for any A € J.
iv) (J,7,,) ~ €. if and only if J is a P-ideal and §) x Fin <; J.

7 "bd

We conclude with some conjectures related with the bounded topology.

Conjecture 3.5.11. Let J be an F,-ideal whose bounded topology does not satisfy
any of the conditions in Theorem 3.5.10. Must J have a sun set of size ¢?

If the previous is true then that would imply Conjecture 3.4.14 also in the positive.
Question 3.5.12. Is there a result analogous to Theorem 3.5.10 for P-ideals?
About the previus question, we conjecture the following.

Conjecture 3.5.13. Let J be a P-ideal such that (J, 7,,) is no o-compact. Then (J,7,,)
is homeomorphic either to w®, €. or €.
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Question 3.5.14. Under what conditions is (J, 7, ,) a topological group?

? "bd

Question 3.5.15. Which topological spaces are homeomorphic to (J,7,,) for some
(Borel) ideal J7 We know they have to be homogeneous, separable and sequential
with a weaker homogeneous zero-dimensional metric topology. Is this sufficient?

Question 3.5.16. Are there infinitely (uncountably) many Borel ideals J such that

the spaces J is (J, 7, ,) are mutually non-homeomorphic?

Question 3.5.17. For which (Borel) ideals J is (J, 7,,,) regular (respectively metrizable
and Lindelof)?
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Chapter 4

Trace Ideales on w

In the final part we will study a way to associate an ideal on 2“ or w* with an ideal
on w via the trace ideals (Definition 4.0.4) introduced by J. Brendle and S. Yatabe
in [7]. First we will define some related cardinals (Definition 4.1.2) and show how
these are related with their usual cardinals (defined in the introduction). At the end,
we present some examples of trace ideals and their relationship with the web and sun
sets from the previous chapter. For a detailed study of trace ideal, mainly related to
their connection to Forcing, see [24] and [25].

The concept of trace can be applied to both, ideals on 2 and ideals on w®. We
write the definitions and results for ideals on 2“ although for the other case it is
totally analogous. First we define a strongest notion from branches for a subset of a
tree, which will be important for the main definition.

Definition 4.0.1. Let A C 2<“. The set of ideal branches of A is defined by
Al ={fe2*:(F"new) fl, €A}

Directly from the definition we have that for a pair of set A, B C 2<“ such
that A C* B, then [A]__ C [B]_ holds. Also, the set of ideal branches is empty for
antichains, finite sets and finite unions of these kind of sets. We will use the following
definition to see the complexity of those sets.

Definition 4.0.2. Let A C 2. We define the following.
a) For s € A, the rank of s in A is rk4(s) = |pred (s) N Al.

b) For n € w, the n-th rank level of A is A™ = {s € A :1ku(s) =n}.
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Proposition 4.0.3. Let G C 2¥. G is a Gg-set if and only if there is some A C 2<%
such that [A] = G.

Proof. Since [A] | = (V,c, U{[s] 2% :5€ A}, then it is a Gs-set. On the other
hand, let G C 2¥ be a Gs-set, then there is a decreasing family {G,, C 2¥ : n € w}
of open sets such that G = (1, ., Gn. This family defines a sequence of antichains
{A, C 2<% :new} CP(25¥) such that (Vn € w) (Vt € A,41) (Is € A ) s g; t and
also (Vn € w) G, =J{[s] : s € A,}. Therefore [A] =G for A=J |

TLE(AJ

The following is the key definition of this chapter.
Definition 4.0.4. Let £ be an ideal on 2“. The trace ideal of £ is defined by
tr (L) ={AC2°¥:[A]_eL},
which is, indeed, an ideal on 2<%,

Directly from the previous definition we have the following facts.

Proposition 4.0.5. Let £ be an ideal on 2 and A C 2<%,

a) If [A]__ is finite, then A € tr (£).

) 1
b) If A is an antichain, then A € tr (£).
c)
d) t

(Vfe2¥) nd(f) €tr(L) (recall that nd (f) = {f[, :n € w}).
r(£) is a tall ideal.

Proof. Since £ is an ideal, then [2¥]<* C L. Then the a) part holds. Parts b) and
c) follow from this because [A] _ is empty when A is an antichain, and |nd (f)| = 1.

For d). Let X C 2“ be an infinite set. Either then exists f € [X]_ and therefore
Ind (f)NX| = w; or [X]_ = 0 and therefore there exists an infinite antichain A C X.
In any case, X has a infinite subset which lies in tr (£). |

We will present a way to relate an ideal with its trace.

Definition 4.0.6. Let £ be an ideal on 2*. A map i : £ — tr (L) is arboreal for L if
it satisfies (VL € £) L C [i(L)]_ . If such function exists, £ is called arboreal ideal.

It follows from Proposition 4.0.3 that an ideal is arboreal if and only if it has a
basis consisting of G4 sets. We also have the following.
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Proposition 4.0.7. Let £, H be a pair of ideals on 2¥. The following holds.
i) If £ C XK, then tr (L) C tr (H).

ii) If tr (£) C tr (H) and £ is arboreal, then £ C .

iii) If £ is arboreal, then (£, C) <7 (tr (L), CH.

Proof. The i) part follows directly from Definition 4.0.4. For the ii) part, let L € L.
Since £ is arboreal then L C [i(L)] _ and due to tr (£) C tr (H) then [i(L)] € .
Thus £ C H. For the iii) part, let A C tr(£) be a set C-bounded by some
X € tr(L£). Then i '[A] is bounded by [X]_, and thus the arboreal map is a
witness for (£,C) <p (tr (L), CH. |

4.1 Associated Cardinals

From Proposition 4.0.7 and Proposition 2.1.4 we directly have the following.

Proposition 4.1.1. Let £ be an arboreal ideal on 2¥. The following holds.
i) cof (£) < cof*(tr (£)).
i) add*(tr (£)) < add (L).

For an ideal £ on 2¢ we denote with £° the ideal generated by the Gs-sets of L.
We define the following cardinals.

Definition 4.1.2. Let £ be an ideal on 2¥. We define

Directly from Definition 4.0.4 and Proposition 4.0.3 we have that tr (£) = tr (£°).
Also £ is arboreal if and only if £ = £, in this case trivially nons(£) = non (£) and
covs(L) = cov (L), and in general we have the following inequalities.
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Proposition 4.1.3. Let £ be an ideal on 2. The following holds.
i) cov (L) < covs(L) < cov*(tr (L)).

ii) non*(tr (£)) < nons(£) < non (L).

iii) add*(tr (£)) < adds(£L) and cofs(L) < cov*(tr (£)).

Proof. Since £° C £, then cov (£) < covs(£) and nong(£) < non (£).

For i). Let k < covs(L) be a cardinal, A € [tr (£)]® and f € 2* such that f ¢
U{[A4]. : A € A}, then |nd (f) | = w and it satisfies that (VA € A) |nd (f)NA| < w.
Therefore k < cov*(tr (£)) and the inequality holds.

Forii). Let Z ¢ £° and X = {nd (f) : f € Z} C [2<¥]*. If there exists A € tr (L)
such that (V f € Z) |nd (f) N A| = w then Z C [A]_, contradicting the choice of Z.
Thus X satisfies the definition for non*(tr (£)) and the inequality holds.

The part iii) follows from Proposition 4.1.1 and the fact that £° is arboreal. W

Corollary 4.1.4. Let £ be an o-ideal on 2. If nong(L) = w then £ is not an arboreal
ideal and tr (£) is not an P-ideal.

Proof. Let £ be an ideal such that it satisfies the hypotheses. Then there exists
A € £\ £° such that |A| = w, which is a witnesses for £ is not arboreal. On the
other hand, since add*(tr (£)) < non*(tr (£)) < nong(L), then add*(tr (£)) = w and
therefore tr (£) is not an P-ideal. |

In summary, for an ideal £ on 2* we have the following diagram among the
previously defined cardinals.

cof*(tr (L))
7
T ~
cov (L) covs(L nong (£ (L)
~ — T
adds(£ non*(tr (£))

A

add*(tr (£))
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For A € tr(£) and any X € tr({)) we have that AU X € tr (L), to restrict this
only for sets such that [X]  C £ we can define another kind of trace ideals. In order

to do that, we need consider the following hyperspace. Recall that for a topological
space X we have that K (X) ={K C X : X is compact}.

Definition 4.1.5. The Vietoris topology on K (X) is the topology such that, for all
finite family of open sets {U; : ¢ <n} C P (X), the following is a basic open set:

{Kek(): K| i<n} A (Yi<n) KNU A0},

This topology can be generally defined on the closed subsets of the space in a
similar way. To delve into this topology see [36] and [40].

Definition 4.1.6. Let X be a space. Then J C K (P) is an ideal (or a ideal of
compacts sets) if it is closed under finite unions and compact subsets, that is, if
VFe[d<¥) UF €Jand (VK €IJ)(VLeK(P)) L C K — L € Jhold. Even
more, if an ideal J C I (P) satisfies (VC € [J]*) |JC € K (P) — JC €7, then J is

an o-ideal (or a o-ideal of compacts sets).

Let X be a compact metrizable space. R. Dougherty, A. Kechris, A. Louveau
and W. Woodin show that J C K (X) is an analytic o-ideal if and only if J is an
Gs-ideal (in [30, Theorem 3] and [31, Theorem 11]). More generally, for A C X let
K(A) ={K e K(X): K CA}. S. Solecki gives a stronger property than being an
o-ideal, and proves the following result in [43, Proposition 2.1].

Proposition 4.1.7 (Solecki [43]). Let X be a compact metrizable space and let J C
P (X) be an analytic or coanalytic ideal. Then J is an Gs-ideal if it satisfies the
following property.

(VX e[I*)BGCX) GisG A | JX¥CGAK(@G) CT.
As mentioned before, we use the previous to define a new kind of trace ideals.

Definition 4.1.8. Let I C K (2¢) be an ideal. The compact-trace ideal of J is defined
as follows.

tric(J) = ({T C 2= : T is a pruned tree and [T] € J}).

Unlike trace ideals, tri(J) is not necessarily a tall ideal (as we will show in the
following section). About the cofinality of a compact-trace ideal, from its definition
directly follows that cof (tri(J)) = cof (J).
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4.2 Examples

In this final section we present some examples of trace ideals, showing some of its
properties. At first, we have the following.

Proposition 4.2.1. Let £ be an o-ideal on 2*. If £L C M, then £ is not arboreal and
tr (£) is not an P-ideal.

Proof. By Baire Category Theorem, any dense and G4 and dense set is non meager.
Then, there is no Gg-set in M containing the rational numbers. Hence, the set
{{¢} : ¢ € Q} C M witnesses that nons(M) = w and therefore nons(L) = w. Using
Corollary 4.1.4 we are done. |

Besides the ideal N is arboreal, and its trace is P-ideal, as show below.

tr (N)

We have the following, originally proved by P. Borodulin-Nadzieja and B. Farkas
in [6, Example 2.7,

Theorem 4.2.2. There is a lower semicontinuous submeasure ¢ : P (2<¥) — [0, 1]
such that tr (N) = Exh (¢).

Proof. Recall that A = {s € A : pred(s)N A = (0} for A C 2<“. Let the map
v :P(25¥) — [0, 1] defined by

w(A) = Z {2"5‘ 15 € A<0>} :

Clearly () = 0. Let A, B C 2<% such that A C B, then p(A) < ¢(B) since
for every s € B\ A and every A, C A such that (V¢ € A,) s C ¢ follows that
2715 >3, 4 2711 Now, since (AU B) € AOUBO) then p(AUB) < o(A)+p(B).
This shows that ¢ is a submeasure. Finally, since [, (AN 2<”)<0> = A9 and ¢ is
defined as a convergent series, then ¢ is a lower semicontinuous submeasure.

From the definition of ¢, follows that Exh (¢) C tr(N). Let A ¢ Exh () and
let ¢ > 0 a witness of this, that is, (A \ 2<") > ¢ for every n € w. For n € w let
U, = U{[s] €2 : 5 e (A\ 2} then {U, : n € w} is a decreasing sequence of
sets with measure not less than ¢, thus (. U, C 2 has positive measure. Since

MNhew Un = [A], then A ¢ tr (N), and the theorem holds. [
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The ideal N is arboreal because every null set is subset of an Gg-null set. Fur-
thermore, F. Herndndez-Hernandez and M. Hrusék proved in [23, Theorem 3.4] that
Ji,, = tr(N) <= Z in the following sense. Recall that J = J means that the ideals
are isomorphic (see the preliminaries 1.1).

Theorem 4.2.3 (Herndndez-Herndandez and Hrusék [23]). The following holds.

|AN2n]
2n

i) Jy, = {A C2%:3 < oo} Ctr(N)

An2m
i) tr(N) C {A C 25 : limpe | o _ 0} ~ 7,
This fact, along with the following characterization of the null sets of 2¥ taken

from [3, Lemma 2.5.1], shows that there is an arboreal function for N whose range
is the embedding of Ji/ on tr (N).

Theorem 4.2.4 (Bartoszyriski and Judah [3]). Let X C 2*. X is a null set if and
only if there is a set A C 2<% such that X C [A]_ and > M"2"V/,. < 0o

new

Proof. For the «ify part. Let A a set that satisfies the last two conditions. By
the previous result and since Y {4"*"//5. : n € w} < 0o, we have that A € tr (N) .
Moreover, since X C [A]_ we have that X is a null set.

For the «only ify part. Let (G, C 2¥ : n € w) a decreasing sequence of open
sets such that X C G,, and p(G,) < 27". For every n € w let A,, C 2<¥ satisfying
Gn,=U{[s] €2¥:se A,}. Let A=J{A, C2<¥:n € w}, we have that

Z lan2nly,, < ZM(Gn) <1

new ncw

Finally, we have that (Vn € w)(3s, € A,) [ € [sy] for every f € X C ), ., Gn:
and since lim,, u(G,) = 0 then {s, : n € w} is infinite, therefore (I°n € w) f], € 4
and we have that X C [4]__. |

In [3, Lemma 2.3.3] the authors prove that (Ji,,C*) =¢ (N, C) (recall that =¢
means that the orders are Tukey-equivalent, see section 2.1). Then, using Theo-
rem 2.1.14, we have that (J,C*) < (N, C) for every J analytic P-ideal on w. Thus
add*(J) > add (N) and cof*(J) < cof (N) for this kind of ideals. Using also Proposi-

tion 4.1.1 we have the following result.
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Proposition 4.2.5. Let L C P (2¥) be an arboreal ideal whose trace ideal is an
analytic P-ideal. The following holds.

i) add (£) > add*(tr (£)) > add (N)
ii) cof (£) < cof*(tr (N)) < cof (N)
Particularly, we have that add”(tr (N)) = add (N) and cof™(tr (N)) = cof (N).

For a family of sets A C tr (N) with |A| < cov*(tr (N)) we know that exists a set
X € [25¥]“ such that X N A is finite for every A € A, but in general such X does
not contain a branch. The following observation gives an equivalency for this.

Proposition 4.2.6. cov*(tr (N)) = cov (N) if and only if for every A C tr (N) such
that |A] < cov*(N) there is a map f € 2¥ satisfying (VA € A) |nd (f) N A| < w.

Proof. To prove the «if» part. We already have that cov (N) < cov*(tr (N)). Now
let k < cov*(tr(N)) and X C N with |X| = k. Since N is abroreal, there is a
family of sets A C tr (N) of size x such that (VX € X)(3A € A) X C [A]_, then
by hypothesis there is exists f € 2¢\ [A] _ for every A € A. Thus f ¢ J& and
therefore k < cov (N).

To prove the «only if» part. Let A C tr (N) with |A| < cov*(tr (N)) = cov (N),
and let X = {[4] _: A€ A} CP(N). Since |X| < |A|, there is some f € 2\ [JX.
Clearly |nd (f) N A|] < w for every A € A. [

In [23, Questions 2.3] the authors ask if any two analytic, tall and P-ideals are
<’r-equivalent. The following result, along with Theorem 2.1.14, shows that Ji/, and
tr (N) are <}-equivalent.

Proposition 4.2.7. Let J be an analytic P-ideal on w. Then J <} tr (N).

Proof. The prove gives something more general. Let J be an ideal with the hypothesis
and let £ be an arboreal ideal on 2¥ such that (J,C*) <y (£,C). Let F:J — £
and F* : L — J be the witness maps of this fact and let i : £ — tr (£) an arboreal
function for £. We define the functions G : J — tr(£) and G* : tr(£) — J by
G(I) =i(F(I)) and G*(A) = F* ([A]_). Then, for every I € J and every A € tr (L)
such that G(I) C* A we have that F\(I) C [i(F(]))]_ C [A]_, therefore I C*G*(A).
Thus, J <% tr (£). |
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tr (M)

As mentioned before, M is not an arboreal ideal, and the following result gives a
more detailed way to see that.

Proposition 4.2.8. M’ = NWD.

Proof. Let M be a Gs-set which is meager, and let U be an open set such that M NU
is dense in U. Then M N U is comeager in U. On the other hand, since U is open,
then M N U is meager in U, thus U = () and therefore M is nowhere dense. [ |

Due to this result, we can find the Borel complexity of tr (M).

Theorem 4.2.9. tr (M) is an F,s-ideal.

Proof. For t € 2<¥ let F, = {AC 2<% :(3sDt) An(s) =0}, which is an F,-set.
For every A C 2<¢ we have that A € F} if and only if [A]__ is not a dense in the open
set [t], then (Vt € 2<¥) A € F, if and only if [A] _ € NWD, and by the previous
proposition we concluded that tr (M) = ({F;: f € 2<¥}. |

In [2], an order on 2<% is defined by the following. Similarly as the case of 2¥, we
use the notation A(s,t) = min{n € w: s(n) # t(n)} for two distinct s,t € 2<«.

Definition 4.2.10. Let s, € 2<“. Then s < t if one of the following conditions holds.
o t70) C s.
o sX1) Ct.
o s(A(s,t)) < t(A(s,t)).

This order is isomorphic to the the order of Q, therefore they are homeomorphic
as topological spaces, and the next facts follow from this (see [2, Fact 1.1]).

o {(s) : s € 2<¥} is a m-base for the topology of Q.
o D C2<¥is dense in Q if and only if (Vs € 2<¥) (It € D) s C t.

o N C 2<% is nowhere dense in Q if and only if (Vs € 2<¥) (3t D s) NN (t) = 0.

From these and the proof of the previous theorem, we have that tr (M) = nwd.
Finally, as mentioned in [24, 3.1] and proved in [2] and [17], cof(nwd) = cof (M),
cov*(nwd) = cov (M), and non*(nwd) = Ry.
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tric (convy)

Let convg = {s € (2¥)” : s — 0} U [2¥]=¥, that is, the ideal in K (2¢) generated by
the sequences in 2¢ which converge to 0, note that this is not a o-ideal since, for
example, any point of a sequence which converges to 1 belongs to the ideal but the
sequence itself does not.

Lemma 4.2.11. cof (convy) = ¢

Proof. Let A C convg such that |A| < ¢. Since convy is generated by sequences,
then any element of it is countable and thus | |J.A| < ¢. Since (Vn € w) [(0[,)| = ¢,
then for all n € w pick some z,, € (0],) \ U.A. Hence we have that the sequence
{z,, :n € w} C 2¢ converges to 0 and does not belongs to A. Therefore A is not a
cofinal set for convy and we are done. |

By the previous and Proposition 4.1.1 we have that cof(trg(convy)) = ¢. For
K € K (2¥) we denote by Tk C 2<“ to the pruned tree such that [Tx] = K. Directly
from the definition of tri(convy) we have the following.

Proposition 4.2.12. Let A C tr(convg). A is bounded if and only if there exists
K € K (2¥) such that | JA C Tk and K’ C {0}.

We will prove that tri(convg) is a web-regular ideal, and then by Proposition 3.1.9
it is not a tall ideal and web (tri(convy)) = ¢.

Lemma 4.2.13. Let X C 2<“ be an infinite set such that [X]_ = (. Then X contains
an infinite antichain.

Proof. If X{™ is infinite for some n € w, then we are done. Hence we can suppose
that | X | < w for all n € w. Fort € 2¥ and n € w let

X" ={reX:|{yeX:tCyCa}|=n}.

That is, the elements of X with rank relative to ¢t equal to n. Note that th is finite
since all X (™ is. We have that for t € 2<“ satisfying |(t) N X | = w there exists n € w

such that [X™| > 2, because otherwise (X #0.

For () let n such that there is a pair of distinct nodes to,#), € X satisfying
|(ty) N X| = w. Recursively, if tx,t, are already defined, then for a suitable n € w
there exists two distinct nodes ty41,%),, € Xf? such that [(t;,,) N X| = w. Hence
{tx : k € w} C X is an infinite antichain. |
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Theorem 4.2.14. tri(convy) is a web-regular ideal.

Proof. Let tg = (1) and t,,1 = (0)"t,. Then {[t,] : n € w} U {{0}} is a partition
of 29, Let A C tri(convy) be a web set. We claim that (t,) N |J.A does not
contains an infinite antichain. Indeed, if for some n there exists an infinite antichain
{a, :n €w} C (t,) NJ A, then there is some countable set B = {A, € A:n € w}
such that a, € A,. Hence, for all countable subset Y C B, if some K € K (2¥)
satisfies that Y C T, then necessarily K is infinite and therefore it has a limit point
in [t,]. This proves that B is a sun set, which is not possible because A is a web set.

Then we have that for all n € w, | [(t,) N|JA]_ | < w and, using previous lemma,
for any X C (t,) N|JA such that [X] =0, |X| < w. Therefore, for all n € w there
exists a finite set F), C [t,] such that (t,) N|J.A C Tk,. Hence, A is bounded by Tk
where K = J{F, : n € w} U {0} € conuvy. |

About its sun sets, we have the following.

Proposition 4.2.15. tr(convy) has a sun set of size c.

Proof. Let & = {nd (z) : x € [(1)]} C tri(convy), then |S| = ¢. Let X C S be an
infinite set. If [JX C Tk for some K C 2 then K’ ¢ {0} because K has a limit
point in [(1)]. Thus X is unbounded and therefore S is a sun set. |

We have the following question about trace ideals.

Question 4.2.16. Is there an ideal £ on 2* such that tr (£) is Borel but not a F4-
ideal?
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