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Resumen

Esta tesis se enfoca en el estudio del comportamiento de un gas cinético relativista en un
campo gravitacional fuerte. Para este propósito, adoptamos una perspectiva geométri-
ca la cual ofrece la ventaja de incorporar la covarianza general de la teorı́a de forma
natural. En particular, estamos interesados en nubes de gas cinético que se propagan
en la vecindad de los agujeros negros, y en este proyecto de investigación exploramos
diferentes escenarios que describen tales configuraciones.

Para simplificar el problema, consideramos el caso en el que las colisiones entre las
partı́culas del gas, ası́ como los efectos de la auto-gravedad del gas y el campo elec-
tromagnético pueden despreciarse. Esto lleva el problema a resolver la ecuación rela-
tivista de Boltzmann sin colisiones para la función de distribución de una partı́cula en
un espacio-tiempo fijo de fondo que describe un agujero negro. Restringiéndonos a un
agujero negro de Schwarzschild y eligiendo una función de distribución que depende
únicamente de integrales de movimiento, la ecuación de Boltzmann sin colisiones se
resuelve automáticamente y se pueden calcular los observables del espacio-tiempo, ta-
les como la densidad de corriente de las partı́culas, el tensor de energı́a-momento-estrés
y la densidad de flujo de entropı́a del gas.

En este trabajo estudiamos dos casos de interés. El primer caso describe una nube de
gas cinética axisimétrica en estado estacionario atrapada en el potencial de un objeto
central, tanto en el régimen relativista como en el no relativista. En particular, pro-
porcionamos expresiones analı́ticas para las observables que describen configuraciones
con masa total finita y momento angular, y proporcionamos un análisis detallado de
las propiedades de estas observables, incluidas las densidades de partı́culas y energı́a,
las presiones principales y la temperatura cinética. El segundo caso está dedicado a un
problema de acreción en el que una nube de gas cinético esférica es acretada por el
agujero negro. La novedad de este segundo escenario es que las propiedades del gas
se especifican en una esfera de radio finito. Además, discutimos cómo los agujeros ne-
gros con baja luminosidad podrı́an explicarse parcialmente mediante una descripción
cinética de la materia que cae.

Palabras Clave: Agujeros Negros, Relatividad General, Teorı́a Cinética Relativista,
Ecuación de Boltzmann Relativista, gas de Vlasov.



Abstract

This thesis focuses on the study of the behavior of a relativistic kinetic gas in a strong
gravitational field. To this purpose, we adopt a geometric perspective which offers the
advantage of incorporating the general covariance of the theory in a natural way. In
particular, we are interested in kinetic gas clouds which propagate in the vicinity of
black holes, and in this research project we explore different scenarios describing such
configurations.

To simplify the problem, we consider the case in which collisions between the gas parti-
cles, as well as effects of the self-gravity of the gas and the electromagnetic field can be
neglected. This leads to the problem of solving the relativistic collisionless Boltzmann
equation for the one-particle distribution function on a fixed spacetime background
describing a black hole. Restricting ourselves to a Schwarzschild black hole and choo-
sing a distribution function depending only on integrals of motion, the collisionless
Boltzmann equation is solved automatically, and one can compute the spacetime obser-
vables such as the particle current density, the energy-momentum-stress tensor, and the
entropy flux density of the gas.

In this work, we study two cases of interest. The first case describes a steady-state
axisymmetric kinetic gas cloud trapped in the potential of a central object, both in the
relativistic and non-relativistic regimes. In particular, we provide analytical expressions
for the observables describing configurations with finite total mass and angular momen-
tum, and we provide a detailed analysis of the properties of these observables, including
the particle and energy densities, principal pressures, and kinetic temperature. The se-
cond case is devoted to an accretion problem in which a spherical kinetic gas cloud is
accreted by the black hole. The novel feature in this second scenario is that the proper-
ties of the gas are specified at a sphere of finite radius. Furthermore, we discuss how
black holes with low luminosity could be partially explained by a kinetic description of
the infalling matter.

Key Words: Black Holes, General Relativity, Relativistic Kinetic Theory, Relativistic
Boltzmann equation, Vlasov gas.



Notation

Some notation used in this work

(M, g,∇) Four-dimensional spacetime manifold with associated Levi-Civita connection
TM, T ∗M Tangent/cotangent bundle
TxM, T ∗xM Tangent/cotangent space at event x ∈M
(−,+,+,+) Signature convention
i, j, k, l, . . . Latin indices run over 1, 2, 3

α, β, µ, ν, . . . Greek indices run over 0, 1, 2, 3
α̂, β̂, µ̂, ν̂, . . . Tetrad indices run over 0, 1, 2, 3
GN = c = 1 Geometrized units, in which distance, time and mass have the same units

C∞ Infinitly differentiable
F(N ) Class of C∞-smooth functions on a differentiable manifold N
X (N ) Class of C∞-smooth vector fields on a differentiable manifold N
Λp(N ) Class of C∞-smooth p-forms on a differentiable manifold N
T (N ) Class of C∞-smooth tensor fields on a differentiable manifold N

dω Exterior derivative of p-form ω

iXω Interior derivative with respect to vector field X ∈ X (N )
£Xω Lie derivative with respect to vector field X ∈ X (N )
∧ Wedge product
⊗ Tensor product
:= Definition
' Isomorphism

( ) Symmetrization operation
[ ] Antisymmetrization operation
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1 Introduction

1.1. Kinetic theory: motivation and applications

The kinetic theory of dilute gases is a theory which allows one to understand macros-
copic phenomena from the laws of micro-physics even if the system is off equilibrium.
This theory can be treated through a suitable key concept, namely, the characterization
of the state of the gas through the one-particle distribution function (DF). The DF is a
time-dependent function defined on the one-particle phase space of the theory, whose
time evolution is determined by Boltzmann’s equation. For details in different contexts
see [1, 2] for a classical gas, [3–6] for a relativistic gas and [7] for a quantum gas.
For some recent works and reviews regarding the general relativistic description which
use the modern differential geometry language, see references [8–12]. This geometric
formulation point of view has the conceptual advantage of naturally incorporating the
general covariance of the theory. We adopt this geometric perspective in this thesis work
as much as possible; however, we also provide the coordinate representation for the re-
levant equations for readers who are unfamiliar with the differential geometry language.

The relativistic kinetic theory has been developed since the beginning of the twen-
tieth century starting with F. Jüttner [13,14] who generalized the equilibrium Maxwell-
Boltzmann gas distribution and its equation of state to the relativistic case. Next, J.L.
Synge [15] provided a covariant description of the theory by proposing the description
of the gas based on the world lines of the gas particles. Later, many other prominent
researchers such as W. Israel [16, 17], R. Lindquist [18], J. Ehlers [19], S.R. de Groot
and W.A. van Leeuwen and Ch. G. van Weert [6], C. Cercignani and G.M. Kremer [3,4]
to mention some relevant contributions, further developed the theory and its applica-
tions. As mentioned above, the relativistic kinetic theory formulation is based on the
Boltzmann equation which is difficult to solve due to the fact that this equation is an
integro-differential equation, as will see in chapter 3.

However, this theory can be applied in different physical scenarios which provide inter-
esting predictions and applications as we will see through this thesis work and related
references. Different systems can be treated jointly with the Boltzmann equation, for
example, when including self-gravity effects between the massive particles or the char-
ge for a gas consisting of two species (electrons and protons, for instance). When the
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gravitational self-interaction of the particles are important the system needs to be mo-
deled using the Einstein-Boltzmann equation (c.f. [20]) or in the non-relativistic regime
using the Boltzmann-Poisson system (c.f. [21]). When collisions between the particles
in the kinetic gas are unimportant or negligible the Vlasov-Poisson or Einstein-Vlasov
equations are the relevant systems in the non-relativistic and relativistic cases respec-
tively. For applications of the first case we refer the reader to [22] and for the second
case to [8, 23–30]. If we include the charge of the gas particles, the Einstein-Vlasov-
Maxwell system [31–33] needs to be solved. We can add more and more features of
microphysics which leads to additional coupled equations depending on the system of
interest. For all those mentioned above the kinetic theory is subject to an active research
activity, due to the richness of the model.

To mention some relevant examples, the kinetic theory is useful to describe the dyna-
mics of a gas in a near-equilibrium state, or the relaxation process for a collisionless
charged gas in plasma physics [34]. In galactic dynamics it is useful to describe a dis-
tribution of stars including their self-gravity in a self-consisting way [35]. Other appli-
cations can be treated in this way depending if the collisions between the particles are
important or not. As an example of a collisionless kinetic gas, the accretion problem
of baryonic (or dark) matter into black hole from an accretion disk (or the halo of the
galaxy) has a lot of astrophysical interest, see [36–41] for baryonic matter and [42, 43]
for dark matter falling into black holes. In the cosmological context, kinetic theory also
plays an important role in studying the evolution of a spatially homogeneous and iso-
tropic universe filled with a collisionless gas [44]. Including the collisions between the
gas particles the works in [12, 45, 46] investigate the behavior of a massless or massive
gas particles in a fully general relativistic expanding system.

As part of this thesis work we establish configurations of a collisionless kinetic gas
cloud which is trapped in the potential of a central object in the Newtonian and relati-
vistic regimes [47–49], and we also study accretion of a kinetic gas cloud into a black
hole from a finite radius in [40]. A review of the relativistic kinetic theory on curved
spacetimes in d-dimensions which is based on the geometric structure of the cotangent
bundle was given in [12]; we base our thesis work on this formalism.

1.2. Some details on the mathematical
formulation of general relativity and kinetic
theory

This thesis work is about the description of the relativistic kinetic theory of gases on
curved spacetimes. For this, we base our formulation of the relativistic space phase
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on a submanifold of the cotangent bundle T ∗M, which is naturally adapted to the
Hamiltonian formulation. Although most previous work define this space phase as a
submanifold of the tangent bundle TM, the two formulations are equivalent since the
metric tensor provides an isomorphism between the tangent and cotangent bundles.
For further details on the tangent bundle formulation, see Refs. [9–11,50]. This section
starts with a brief review of the spacetime manifold and its relevant results for this thesis
work. In the following subsections we provide a summary of the principal structures of
the cotangent bundle.

1.2.1. A brief review of spacetime manifolds

We start with the relevant structures of the four-dimensional spacetime manifold and its
associated Levi-Civita connection ∇, which will be denoted for simplicity as (M, g).
Here, M is a differentiable manifold and represents an adequate mathematical des-
cription in which the spacetime locally looks like R4. However, its global properties
might be quite different from R4. See the standard book references on general relati-
vity [51–55] and references [56,57] for a coordinate-invariant language as the one used
in this work.

We introduce the first geometric concept: the tangent vectors. For this, consider a dif-
ferentiable manifold M, p a point on the manifold p ∈ M, and ε > 0 for which a
C∞-differential curve γ through p is given by

γ : (−ε, ε)→M, γ(0) = p. (1.2.1)

Next, let f : U → R be a differential function defined in the vicinity of a local chart
(U, φ) such that p ∈ U . The directional derivative of f in p along γ is defined by

Xp[f ] := d

dt
f(γ(t))

∣∣∣∣∣
t=0

. (1.2.2)

Xp is called the tangent vector of γ at p. Figure 1-1 shows an illustration of a tangent
vector at the point p ∈ M. The set of tangent vectors at p form a four-dimensional
vector space, called the tangent space TxM at x. Its dual space is the cotangent space
T ∗xM at x.

In general relativity the events are described by points x in the spacetime manifold
(M, g). From the invariant definition of vectors (1.2.2) for all points in a local chart on
the manifoldM one can choose particular local coordinates xµ to expand the vectors
at each point. For example, one can expand a vector field X ∈ X (M) in terms of the
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M
γ

pU

Xp

Figure 1-1: Illustration of a tangent vector Xp at the point p ∈ M in the vicinity of U .
The blue curve represents the γ function which contains the point p.

basis

 ∂

∂xµ

∣∣∣∣∣
p

, and obtain

X = Xµ
p

∂

∂xµ

∣∣∣∣∣
p

, (1.2.3)

where Xµ
p = Xp[xµ] are the components of the vector field at the point p ∈M. We can

also expand this vector field X in terms of another basis

 ∂

∂yν

∣∣∣∣∣
p

 with corresponding

components Y ν
p , and one obtains a transformation between the components and the

basis of the vector field, such that

Y ν
p = ∂yν

∂xµ

∣∣∣∣∣
p

Xµ
p , and

∂

∂yν

∣∣∣∣∣
p

= ∂xµ

∂yν

∣∣∣∣∣
p

∂

∂xµ

∣∣∣∣∣
p

. (1.2.4)

In this way it is always possible to transform from a particular local coordinate system
to another.

A tensor field T ∈ T 0
2(M) (here (0, 2) refers to the type of tensor field, i.e. twice

covariant) can be defined as a map T : TxM× TxM 7→ R which takes two vectors
Xp, Yp ∈ Tp(M) and returns a real value such that T is linear in each argument. In
local coordinates one has

T = Tµνdx
µ ⊗ dxν , Tµν = T

(
∂

∂xµ
,
∂

∂xµ

)
, (1.2.5)

where Tµν are the components of the tensor field. As for vector fields, the tensor fields
transform according to

T̃αβ = ∂xµ

∂yα

∣∣∣∣∣
p

∂xν

∂yβ

∣∣∣∣∣
p

Tµν , (1.2.6)

where

 ∂

∂xµ

∣∣∣∣∣
p

,
∂

∂yν

∣∣∣∣∣
p

 are two different basis at p ∈ M and T = T̃αβdy
α ⊗ dyβ .
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Similarly, tensor fields of the other types can be defined.

The next relevant concept is the affine connection ∇. This object permits one to intro-
duce the concept of parallel transport of vectors along a curve γ (which depends on
the election of the curve γ). This affine connection provides a map in which one can
compare two tangent vectors defined at two different points on the manifold which are
connected by a curve γ. It also permits to define a covariant derivative (i.e. a derivative
of tensor fields) and the geodesics as preferred curves inM, with the property that their
tangent vector is parallel transported along themselves. Formally, the affine connection
is a map

∇ : X (M)×X (M) → X (M) (1.2.7)

(X, Y ) 7→ ∇XY,

which satisfies the following properties: (i)∇X(Y+Z) = ∇XY+∇XZ, (ii)∇f ·X+g·YZ =
f · ∇XZ + g · ∇YZ, and (iii)∇X(f · Y ) = f · ∇XY + (Xf) · Y for all f, g ∈ F(M),
X, Y, Z ∈ X (M).

Let∇ be an affine connection onM, X, Y ∈ X (M) vector fields, and let ω ∈ X ∗(M)
be a covector field. Using the previous properties of the affine connection, the covariant
derivative∇Y ∈ T 1

1(M) is defined by

∇Y (ω,X) := ω(∇XY ). (1.2.8)

In terms of local coordinates xµ and their corresponding basis
{

∂

∂xµ

}
the well-known

form of the components of the covariant derivative are

∇µY
ν = ∂Y ν

∂xµ
+ ΓνµαY α, (1.2.9)

with

Γαµν := dxα
(
∇ ∂

∂xµ

∂

∂xν

)
(1.2.10)

the Christoffel symbols. This object is not a tensor field due to the fact that it does not
transform according to the laws of tensor fields.

As mentioned above, there exist preferred curves γ called geodesics which have the pro-
perty that their tangent vector is parallel transported along themselves. Mathematically,
this geodesic motion is given as follows. Let a curve γ ∈ M with the corresponding

tangent vector γ̇ := dγ

dt
. The covariant derivative of γ̇ along of the curve γ is required

to vanish (for an affine parameter t)

(∇γ̇ γ̇)|γ(τ) = 0, (1.2.11)
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which implies, in terms of local coordinates,

ẍα + Γαµν ẋµẋν = 0. (1.2.12)

(1.2.12) is called the geodesic equation.

An important structure on the spacetime manifold is the metric tensor g from which
we can define a notion of distance on the manifoldM, and which permits to identify
timelike, spacelike, and null vectors depending on whether or not g(X,X) is negative,
positive or zero, respectively. The metric tensor is a tensor field g ∈ T 0

2(M) with two
important properties:

(i) g is a symmetric tensor, and

(ii) is non-degenerated.

The first point means that g(X, Y ) = g(Y,X) for all X, Y ∈ X (M), and the second
one implies that g(X, · ) = 0 only if X = 0. Taking local coordinates xµ the metric
tensor can be locally represented as

g := gµνdx
µ ⊗ dxν , where gµν = gνµ = g

(
∂

∂xµ
,
∂

∂xν

)
. (1.2.13)

A preferred affine connection associated with the spacetime manifold (M, g) is the
Levi-Civita connection which is uniquely characterized by the following two proper-
ties:

∇g = 0, and ∇ is torsion free. (1.2.14)

The Christoffel symbols associated with the Levi-Civita connection are given by the
components of the metric tensor (in local coordinates) as follows

Γαµν = 1
2g

αβ

(
∂gνβ
∂xµ

+ ∂gµβ
∂xν

− ∂gµν
∂xβ

)
. (1.2.15)

They are symmetric in the lower indices,

Γαµν = Γανµ, (1.2.16)

which is a consequence of the torsion free property (1.2.14).

For timelike geodesics, equation (1.2.12) can be equivalently written as

uµ∇µu
ν = 0, (1.2.17)

where uν = dxν/dt is the four-velocity vector field along the geodesic curve and t is
proper time. We define a Killing vector field k by the requirement

£kg = 0, (1.2.18)
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on the spacetime manifold (M, g); this means that the metric tensor is invariant along
the flow generated by this vector field k. In terms of local coordinates this equation is
equivalent to

∇µkν +∇νkµ = 0, (1.2.19)

and is called the Killing equation. One can show that the derivative along u of the
product g(u, k) vanishes:

∇ug(u, k) = uµ∇µ (uνkν) = (uµ∇µu
ν) kν + uµuν∇µkν = 0. (1.2.20)

Here, we have used (1.2.17) and (1.2.19). This last result implies that the product
g(u, k) is constant along the geodesic trajectories.

From the concepts of parallel transport and the covariant derivative one defines the
curvature of a differentiable manifold which is described by the Riemann curvature
tensor. To this purpose, let ω ∈ X ∗(M) be a covector field. Applying two covariant
derivatives on this object one finds that in general, they do not commute: ∇µ∇ν 6=
∇ν∇µ. However,

(∇µ∇ν −∇ν∇µ)(fωα) = f(∇µ∇ν −∇ν∇µ)ωα + [(∇µ∇ν −∇ν∇µ)f ]︸ ︷︷ ︸
=0

ωα, (1.2.21)

for all functions f ∈ F(M), which shows that (∇µ∇ν−∇ν∇µ)ωα only depends on the
value of ωα at p. The last term in Eq. (1.2.21) vanishes due to property (1.2.16). The-
refore, there exists a tensor field R ∈ T 1

3(M), called the Riemann curvature tensor,
such that

(∇µ∇ν −∇ν∇µ)ωα = Rµνα
βωβ. (1.2.22)

It is related to the failure of a vector to return to its initial value when it is parallel trans-
ported along a closed curve. Figure 1-2 shows an illustration of a vector transported
along of closed curve on the two-sphere.

For the Levi-Civita connection∇, one can express the Riemann curvature tensor in the
following form:

Rα
βµν =

∂Γανβ
∂xµ

−
∂Γαµβ
∂xν

+ ΓσνβΓαµσ − ΓσµβΓανσ, (1.2.23)

where the Christoffel symbols are give in equation (1.2.15). Rαβµν has the following
key properties:

(i) Rαβµν = −Rαβνµ,

(ii) Rαβµν = −Rβαµν ,

(iii) Rαβµν = Rµναβ ,
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N

O

Figure 1-2: Illustration of parallel transport of a vector along a closed curve on a S2-
sphere. When the vector is transported along the equatorial curve the di-
rection is always the same; however when it is transported along the two
different meridians the vectors have completely opposite directions in the
north pole. This is an effect of the curvature of S2.

(iv)
∑

(βµν)
Rαβµν = 0,

(v)
∑

(µνσ)
∇σRαβµν = 0,

where (iv) and (v) are the first and second Bianchi identities, respectively.

By contracting the first and third indices of the Riemann tensor one obtains a (0, 2)
symmetric tensor called the Ricci tensor which is defined by

Rµν = Rνµ = Rα
µαν . (1.2.24)

Further contracting µ with ν yields the Ricci scalar

R = Rµ
µ. (1.2.25)

Having provided the essential geometric structures of the spacetime manifold we con-
clude this section with one of the prominent result of general relativity developed by
A. Einstein in 1915 which is the Einstein equation. For this, one defines the Einstein
tensor G ∈ T 0

2(M) which is a symmetric tensor given by

Gµν = Rµν −
1
2Rgµν (1.2.26)

in local coordinates. The Einstein tensor is divergence free

∇G = 0, (1.2.27)



Some details on the mathematical formulation of general relativity and kinetic theory 9

as a consequence of the twice-contracted second Bianchi identity.

The last ingredient to complete the formulation of general relativity is the energy-
momentum-stress tensor T ∈ T 0

2(M) which is also symmetric and contains the infor-
mation about the matter sources. The energy-momentum-stress tensor is also divergen-
ce free

∇T = 0, (1.2.28)

as a consequence of the equations of motion for the matter fields, and hence it satisfies
the same properties as the Einstein tensor (1.2.26). This allows one to couple the metric
to the matter fields through Einstein’s equations. In the presence of matter Einstein’s
equations are given by

G = 8πGN

c4 T, (1.2.29)

in physical units. This system of equations can also be derived from a variation prin-
ciple with a completely equivalent result [51–53]. Einstein’s field equations constitute
a system of ten coupled non-linear partial differential equations, and hence they are
hard to solve exactly. Only a few exact solutions have been found. The most important
ones are the solutions found by Karl Schwarzschild (1916) and Roy Kerr (1963), which
describe non-rotating and spinning black holes, respectively. Despite their difficulty to
solve for it has been shown that Einstein’s equations predict incredible physical pheno-
mena such as the existence of black holes, the expansion of the universe, gravitational
waves, light deviation, all of which have been verify experimentally by now.

1.2.2. The geometric structures on the cotangent bundle

In this subsection we provide a brief review of the cotangent bundle T ∗M associated
with the spacetime manifold (M, g) (which is assumed connected and time-oriented)
and its geometric structures and properties relevant for relativistic kinetic theory. The
cotangent bundle is defined as

T ∗M := {(x, p) : x ∈M, p ∈ T ∗xM}, (1.2.30)

where p represent the dual of the momenta. The cotangent bundle has a natural projec-
tion map

π : T ∗M → M,

(x, p) 7→ x,
(1.2.31)

which projects an element (x, p) ∈ T ∗M onto x ∈ M. It provided the fibre over x
defined as the inverse image given by

π−1(x) = (x, T ∗xM) ' T ∗xM. (1.2.32)
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(M, g)

U

x

(x, p)

π(x, p)

π−1(x)

Figure 1-3: Illustration of the action of the projection map π and its inverse image
π−1(x) on T ∗M. The projection map takes a point (x, p) and projects it
onto the base point x ∈M.

Figure 1-3 shows the projection map π and the fibre π−1(x) in the cotangent bundle
T ∗M. The spacetime metric induces a natural fibre metric on π−1(x) defined by

hx((x, p), (x, q)) := g−1
x (p, q), (1.2.33)

where (x, p), (x, q) ∈ π−1(x).

For the following, it is usefully to take adapted local coordinates (xµ, pµ) on T ∗M
where xµ are coordinates defined in a local chart U ofM and pµ are the components
of p with respect to the basis of covectors (dxµ|x) of T ∗xM such that

p = pµdx
µ|x . (1.2.34)

These coordinates give us a basis of vector fields for all points (x, p) ∈ T ∗M. This
basis and its associated dual basis of covector fields are given by{

∂

∂xµ
,
∂

∂pµ

}∣∣∣∣∣
(x,p)

and {dxµ, dpµ}|(x,p) , (1.2.35)

respectively.

Now, we introduce two important geometric objects on the cotangent bundle; the Poin-
caré one-form Θ and the bilinear symplectic form Ωs, see [58] for further details of
these structures. For the first one, let X ∈ X (T ∗M), then the Poincaré one-form is
defined by

Θ(x,p)
(
X(x,p)

)
:= p

(
dπ(x,p)

(
X(x,p)

))
, (1.2.36)
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where dπ is the differential of the projection map π given by equation (1.2.31). In terms
of adapted local coordinates (xµ, pµ) the Poincaré one-form is given by

Θ = pµdx
µ. (1.2.37)

For the second one, the symplectic form arises naturally as the exterior differential of
the Poincaré one-form on the cotangent bundle as follows:

Ωs := dΘ = dpµ ∧ dxµ, (1.2.38)

where this symplectic form is an antisymmetric (Ωs(X, Y ) = −Ωs(Y,X)), closed
(dΩs = 0), and non-degenerate (Ωs( · , X) = 0 only if X = 0) two-form.

The symplectic form allows one to introduce a Hamiltonian vector fieldXH ∈ X (T ∗M)
associated with a given smooth functionH ∈ F(T ∗M). It is defined as the unique vec-
tor field XH such that

dH := Ωs( · , XH) = −iXHΩs, (1.2.39)

where the operator i is the interior derivative. This Hamiltonian vector field in terms of
adapted local coordinates is given by

XH = ∂H
∂pµ

∂

∂xµ
− ∂H
∂xµ

∂

∂pµ
, (1.2.40)

and it plays an important role, in which the integral curves of (1.2.40) are determined
by Hamilton’s equations of motion

dxµ

dλ
= ∂H
∂pµ

,
dpµ
dλ

= − ∂H
∂xµ

, (1.2.41)

where λ is a parameter along the curve. For the relativistic kinetic theory there exists
an important Hamiltonian function which is called the free one-particle Hamiltonian,
given by

H(x, p) := 1
2g
−1(p, p) = 1

2g
µν(x)pµpν . (1.2.42)

The associated Hamiltonian vector field XH in equation (1.2.40) is called the Liouville
vector field L, and it is given by

L := gµνpν
∂

∂xµ
− 1

2
∂gαβ

∂xµ
pαpβ

∂

∂pµ
. (1.2.43)

The integral curves of the Liouville vector field L, when projected onto the spacetime
manifold, are geodesics.
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The symplectic form remains invariant with respect to the Hamiltonian flow XF gene-
rated by any function F ∈ F(M). This is a consequence of Cartan’s formula and the
fact that Ωs is closed:

£XFΩs = (diXF + iXFd) Ωs = −d2F = 0, (1.2.44)

where £ is the Lie derivative. Hence, the Hamiltonian vector field XF generates cano-
nical transformations.

For any m > 0, an important differential submanifold of T ∗M is the mass shell Γm
defined by

Γm :=
{

(x, p) ∈ T ∗M : g−1(p, p) = −m2
}
, (1.2.45)

which is seven-dimensional. The mass shell Γm (withm > 0) consists of two connected
components. These components refer to the possible direction of the covectors p, the
first one future-directed (+) and the second one past-directed (−). We denote these
components according to these signs ±,

Γm = Γ+
m∪̇Γ−m, (1.2.46)

where the future mass shell Γ+
m is defined by

Γ+
m :=

{
(x, p) ∈ T ∗M : g−1(p, p) = −m2, p is future directed

}
. (1.2.47)

It is a fibre bundle over M whose fibres at each x ∈ M consist of the future mass
hyperboloids defined as

P+
x (m) :=

{
p ∈ T ∗xM : g−1(p, p) = −m2, p is future directed

}
. (1.2.48)

At this point we mention an important result for the Liouville vector field L. It is tan-
gent to the future mass shell Γ+

m at each point (x, p) ∈ Γm. This is a direct consequence
of the fact that the Hamiltonian vector field XH leaves the Hamiltonian function H in-
variant.

As we will see in subsection 3.4, the collisionless Boltzmann equation reads

L[f ] = 0, (1.2.49)

for a smooth function f ∈ F(Γ+
m) on the future mass shell and L the Liouville vector

field. The collisionless Boltzmann equation1 is a key concept for the description of a
collisionless kinetic gas as we will see later in this thesis work.

1This equation is also called the Liouville or Vlasov equation.
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To conclude this subsection we introduce the invariant volume form ηT ∗M on T ∗M.
Explicitly, this volume form is given by

ηT ∗M = − 1
24Ωs ∧ Ωs ∧ Ωs ∧ Ωs

= −dp0 ∧ dp1 ∧ dp2 ∧ dp3 ∧ dx0 ∧ dx1 ∧ dx2 ∧ dx3, (1.2.50)

for the spacetime manifold. It is invariant with respect to the flow generated by the
Liouville vector field L,

£LηT ∗M = 0, (1.2.51)

as a consequence of (c.f. (1.2.44))

£LΩs = 0. (1.2.52)

Hence, this flow is volume-preserving. This is the content of Liouville’s theorem on
T ∗M.

The eight-form ηT ∗M induces a volume form ηΓ+
m

on the future mass shell given by

ηΓ+
m

=
√
− det(gµν)dx0 ∧ dx1 ∧ dx2 ∧ dx3 ∧ m

|p0̂|
dp1̂ ∧ dp2̂ ∧ dp3̂ (1.2.53)

in terms of an orthonormal basis of covector fields
{
θα̂
}

on M. The volume form
ηP+

x (m) on the future mass hyperboloid P+
x (m) is

ηP+
x (m) = mdvolx(p), (1.2.54)

where
dvolx(p) := −dp1̂ ∧ dp2̂ ∧ dp3̂

p0̂
= dp1̂ ∧ dp2̂ ∧ dp3̂√

m2 + p2
1̂ + p2

2̂ + p2
3̂

(1.2.55)

is the Lorentz-invariant volume element. In general (1.2.53) can be written as

ηΓ+
m

= ηM ∧ ηP+
x (m), (1.2.56)

where ηM and ηP+
x (m) are the volume forms onM and P+

x (m) respectively. This pro-
vides the Fubini-type integration formula

∫
Γ+
m

f(x, p)ηΓ+
m

= m
∫
M

 ∫
P+
x (m)

f(x, p)dvolx(p)

 ηM, (1.2.57)

for any Lebesgue-integrable function f on the future mass shell Γ+
m. Let m > 0, the

volume form ηΓ+
m

is invariant with respect to the flow generated by the Liouville vector
field L on the future mass shell Γ+

m, that is,

£LηΓ+
m

= 0. (1.2.58)
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1.2.3. Properties of the exterior Schwarzschild spacetime

A stationary solution of the Einstein vacuum equations representing a regular asympto-
tically flat black hole is described by the Kerr family of black holes (modulo technical
assumptions, see the uniqueness theorems [59, 60]). If we neglect the rotation parame-
ter of the Kerr black hole the exterior region is described by the Schwarzschild metric.
According to Birkhoff’s theorem the Schwarzschild spacetime is also the most general
spherically-symmetric solution of the Einstein vacuum equations. In standard Schwarz-
schild coordinates (t, r, ϑ, ϕ) the metric is given by

g = −N(r)dt2 + dr2

N(r) + r2
(
dϑ2 + sin2 ϑdϕ2

)
, N(r) := 1− 2M

r
, (1.2.59)

where N is a smooth function of the areal radius r and M is the mass of the black
hole. This function N is positive for all r > 2M and vanishes for r = 2M . The region
0 < r < 2M describes the interior of the black hole. Hence the spheres r = 2M
generate the event horizon of the black hole, and they are not physical singularities
but coordinate ones. In contrast, the point r = 0 is a genuine singularity as can be
understood from the Kretschmann curvature scalar

I := RαβµνRαβµν = 48M2

r6 , (1.2.60)

which blows up as r → 0. The result in this thesis work describe configurations of a
kinetic gas (in a relativistic and non-relativistic regimes) surrounding a black hole, in
which the strong gravitational field is dominant and is well described by the exterior
Schwarzschild spacetime.

In the following we derive the principal properties of the radial effective potential and
conserved quantities associated with the geodesic motion on the exterior Schwarzschild
spacetime. The Schwarzschild effective potential is a function depending on the radius
r, mass m, energy E, and total angular momentum L of the particle. As we will see
later, the dependency on the conserved quantities (m,E,L) plays an important role in
the behavior of the particles’ trajectories in the kinetic gas. To this purpose, we analyze
the behavior of the potential in terms of the parameter space with the goal of characte-
rizing the trajectories of the kinetic gas according to whether they are trapped or not by
the potential.

Let us start with the discussion of the conserved quantities in the Schwarzschild space-
time (1.2.59). To this purpose, we adopt the adapted local coordinates (t, r, ϑ, ϕ, pt, pr, pϑ, pϕ)
on T ∗M. In these coordinates the free one-particle Hamiltonian (1.2.42) of the system
yields

H(x, p) = 1
2

(
− p2

t

N(r) +N(r)p2
r + p2

ϑ

r2 +
p2
ϕ

r2 sin2 ϑ

)
. (1.2.61)
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The Hamiltonian system described by (1.2.61) possesses five conserved quantities. Two
conserved quantities related to the Killing vectors k = ∂/∂t and ` = ∂/∂ϕ are the
energy E and the azimuthal angular momentum Lz, see Eq. (1.2.20). As is visible from
the Hamiltonian (1.2.61) it is explicitly independent of the coordinates (t, ϕ) and from
the equations of motion (1.2.41)

ẋµ = ∂H
∂pµ

, ṗµ = − ∂H
∂xµ

, (1.2.62)

this immediately gives two conserved quantities (pt, pϕ). Also, the rest-mass of the
particles m and the angular momentum vector L are conserved. The conservation of m
and L are given by the condition 2H = g−1(p, p) = −m2 and the spherical symmetry
of the Schwarzschild spacetime. In summary, the relevant conserved quantities of the
system, denoted by Fi, are given by

F1 : m =
√
−2H, (1.2.63)

F2 : E = −pt, (1.2.64)

F3 : Lz = pϕ, (1.2.65)

F4 : L2 = p2
ϑ + L2

z

sin2 ϑ
. (1.2.66)

It can be verify that Fi Poisson commute with each other, that is {Fi, Fj} = 0 for all
i 6= j. Combining (1.2.63-1.2.66) with (1.2.61) one obtains an equation which describes
the behavior of the radial motion in terms of the conserved quantities, such that

N(r)2p2
r = E2 −N(r)

(
m2 + L2

r2

)
= E2 − Vm,L(r). (1.2.67)

Here we have defined the radial effective potential of the Schwarzschild spacetime:

Vm,L(r) := N(r)
(
m2 + L2

r2

)
. (1.2.68)

Next, we provide a discussion regarding the principal properties of the radial effec-
tive potential of the Schwarzschild spacetime (1.2.68) where we refer to [52, 53, 56]
for more details. The qualitative behavior of the timelike geodesics of the particles
in the effective potential Vm,L depends on the angular momentum (for a given energy),
see [36,61]. Figure 1-4 shows the behavior of the potential for some values of the angu-
lar momentum in a logarithmic scale. This effective potential Vm,L possesses interesting
properties; the most relevant ones for this thesis work are:

(i) For L <
√

12Mm the potential does not have any critical points.
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L= 12 Mm

L= 14 Mm

L=4Mm

L= 20 Mm
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Figure 1-4: Behavior of the effective potential Vm,L for L =√
12Mm,

√
14Mm, 4Mm,

√
20Mm. In a kinetic gas, particles are

interacting with this potential and their trajectories depend on it. As is
visible in the figure, when the angular momentum increases only a fraction
of all these particles are sufficiently energetic (larger than the maximum
of the potential) such that they can reach the even horizon, while the
remaining particles are scattered at the potential barrier.
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(ii) In the limit L =
√

12Mm the potential has an inflection point, at r = 6M .

(iii) If L >
√

12Mm the potential have two critical points, located at

rmax = 6M
1 +

√
1− 12M2m2/L2

, rmin = 6M
1−

√
1− 12M2m2/L2

, (1.2.69)

which represent the maximum and minimum of the effective potential given by

Vm,L(rmax) = 8
9m

2 + L2 − 12M2m2

9Mrmax
, (1.2.70)

Vm,L(rmin) = 8
9m

2 + L2 − 12M2m2

9Mrmin
, (1.2.71)

respectively.

Using these properties one can classify the trajectories of the massive particles in this
effective potential as absorbed, scattered, and bound orbits. The absorbed trajectories
are the incoming particles from infinity, which fall into the black hole. The scattered
trajectories are the incoming particles that bounce at the barrier of the potential and
become outgoing, returning to the asymptotic region. Finally, the bound trajectories
are the particles which are trapped in the potential well. For an illustration, figure 1-5
shows the phase diagram in the (r, pr)-plane for some different values of the energy
and fixed angular momentum L =

√
14Mm.

To conclude this subsection we summarize the results that determine the three regions:
absorbed, scattered, and bound in terms of the parameter space (E,L) [36, 61]. We
leave the details to chapters 5 and 6. For a given energy level E, the range of angular
momentum L and its corresponding characterization of the trajectories are

√
8
9m < E < m :


L < Lc(E) : absorbed,

Lc(E) < L < Lub(E) : bound,

and

E > m :


L < Lc(E) : absorbed,

L > Lc(E) : scattered,

where Lc(E) (Lub(E)) refers to the critical angular momentum corresponding to the
case in which the effective potential’s maximum (minimum) is equal to E2. See chap-
ter 5 and Ref. [36] for their explicit form. A graphical illustration of these three regions
is shown in figure 1-6 for two different values of the angular momentum.
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2 4 100
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M

- 1
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r
 /m

E=1.1m E=m E=0.9695m E=0.96m E=0.956m

Figure 1-5: Phase diagram in the (r, pr)-plane for some values of the energy of the
particles. The red lines describe incoming particles from infinity which
are absorbed by the black hole, the blue curve is the separatrix for the
corresponding energy E = m. The black lines describe bound particles.
The purple and green curves describe bound particles moving between the
turning points, whereas the corresponding curves in the region r < 4M
are outgoing particles emitted from the white hole which bounce at the
potential barrier and are finally absorbed by the black hole.

1.3. Summary of main results of this thesis

Part of the content included in chapters 1, 2, 3 is based on our review introduction to
the relativistic kinetic theory of a dilute gas propagating on a curved spacetime ma-
nifold in arbitrary dimensions [12].2 In chapter 2 we derive the main properties of the
relativistic kinetic theory based on a modern geometric language. We start with the des-
cription of the one-particle DF and provide its physical meaning. Here, the Liouville
equation is derived and we conclude this chapter with the construction of the spacetime
observables from the one-particle DF. In chapter 3 we review the principal concepts
of the Boltzmann equation and provide its integro-differential form. The H-theorem
is established and the conditions for the existence of global and local equilibrium gas
configurations are given. We also analyze the collisionless Boltzmann equation as one
of the principal systems used in this thesis work.

2In [12] we also discuss an interesting application of this formalism for an expansion of a homogeneous
and isotropic universe filled with a collisional simple gas, and we also analyze its corresponding
behavior in the early and late epochs.
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Figure 1-6: Effective potential (blue line) for L =
√

14Mm (left panel) and L =√
20Mm (right panel). In the left panel the particle trajectories with ener-

gies higher than the maximum of the potential Vm,L(rmax) are absorbed
by the black hole (light blue region); however the region between the ma-
ximum Vm,L(rmax) and minimum Vm,L(rmin) of the potential correspond
to the particle trajectories that are bounded (gray region). In the example
shown in the right panel the behavior of the absorbed particles is the sa-
me; however, there also exists a region in which a fraction of the incoming
particles is scattered by the barrier of the potential (purple region). This
region exists for trajectories of the particles whose energy lies between the
maximum of the potential Vm,L(rmax) and the asymptotic limit E = m.
Finally, the region corresponding to particles whose energy lies between
the asymptotic limit E = m and the minimum of the potential Vm,L(rmin)
describes bound orbits.

Further results of this thesis are described in chapters 4, 5, and 6. First, in chapter 4 we
discuss the properties of an axisymmetric, stationary gas cloud surrounding a massive
central object. Here, we assume that the gravitational field is dominated by the central
object and is modeled by a nonrelativistic rotationally-symmetric potential. We also
assume a collisionless kinetic gas of identical massive particles following bound orbits.
Several models for the one-particle DF are considered. We describe the behavior of the
relevant macroscopical observables: particle and energy densities, pressure tensor, and
the kinetic temperature and provide analytical solutions. Their properties are discus-
sed and we specify configurations with finite total mass, energy and (zero or non-zero)
angular momentum. Finally, our configurations are compared to their hydrodynamic
analogs. This result serves (for example) as a first approach to describe bound configu-
rations in a non-relativistic regime.

Next, in chapter 5 we generalize the results of chapter 4 to the general relativistic re-
gime. Here, the properties of a stationary gas cloud surrounding a black hole are es-
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tablished. The assumption of a collisionless kinetic gas for identical massive particles
following spatially bound geodesic orbits in the Schwarzschild spacetime is made. Se-
veral models for the one-particle DF are considered, and the essential formulae that
describe the relevant macroscopic observables, like the current density four-vector and
the stress-energy-momentum tensor, are derived. As in chapter 4, we provide confi-
gurations with finite total mass and angular momentum. To conclude, we analyze the
differences between these configurations and their non-relativistic counterparts in a
Newtonian potential. Furthermore, our configurations are compared to their hydrody-
namic analogues, the “polish doughnuts”. A related model, in which the DF is a product
of a function of the energy and a function of the orbital inclination associated with the
particle’s trajectory is presented in [48].

Finally, the accretion problem of a spherically symmetric, collisionless kinetic gas
cloud onto a Schwarzschild black hole is analyzed in chapter 6. The relevant idea here
is to specify boundary conditions for the kinetic gas at a sphere of finite radius. The co-
rresponding steady-state solutions are computed using different ansätze. The resulting
mass accretion rates are analyzed and compared with previous models, including the
standard Bondi model for a hydrodynamic flow. We also apply our models to the super-
massive black holes Sgr A* and M87*. We discuss how their low luminosity could be
partially explained by a kinetic description involving angular momentum. Furthermore,
we get results consistent with previous model-dependent bounds for the accretion rate
imposed by rotation measures of the polarized light coming from Sgr A* and with esti-
mations of the accretion rate of M87* from the Event Horizon Telescope collaboration.
Our methods and results could serve as a first approximation for more realistic black
hole accretion models in various astrophysical scenarios in which the accreted material
is expected to be nearly collisionless.
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In this chapter we derive some details on the relativistic kinetic theory of dilute gases
and its main properties which are relevant for this thesis. We start in section 2.1 with the
description of the one-particle DF and its physical meaning through a flux integral on
the relativistic phase space. Next, in section 2.2 we derive the Liouville equation which
describes the dynamics of the system in absence of collisions. Finally, in section 2.3 we
construct the most relevant (for this work) spacetime observables from the one-particle
DF which contains information about the macroscopic observables.

2.1. The one-particle distribution function

The fact that the state of the gas can be described by a one-particle DF f is one of
the key concepts in kinetic theory. In this work we focus our attention to a gas con-
sisting of relativistic, massive, identical, electrically neutral, classical (not quantum),
non-spinning, and free-falling test particles propagating in a curved spacetime mani-
fold (M, g). More general descriptions of a gas involving different particles species,
quantum or electrically charged particles are discussed for example in [4,7,10,12] and
references therein.

The one-particle DF is a smooth non-negative function f ≥ 0 on the future mass shell
Γ+
m describing gas configurations of massive particles m > 0 at the macroscopic level.

In the next sections we discuss the covariant interpretation of the one-particle DF f ,
its physical meaning through a flux integral, and we provide a bridge with the usual
Newtonian-type interpretation. Also, the spacetime observables are constructed by de-
fining appropriate fibre integrals over f , and their most important properties are discus-
sed in section 2.3.

We start with the definition of an interesting structure on the cotangent bundle, namely
the Sasaki metric which was introduced in the context of the tangent bundle associated
with a Riemannian manifold by Shigeo Sasaki in 1958, see [62,63] and [12] for further
details. The spacetime metric g with its associated Levi-Civita connection ∇ naturally
induce a metric on T ∗M, called the Sasaki metric ĝ. For a coordinate-independent
definition see [12]. In terms of adapted local coordinates (xµ, pµ) on T ∗M the Sasaki
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metric is defined as

ĝ := gµνdx
µ ⊗ dxν + gµνDpµ ⊗Dpν , (2.1.1)

where Dpµ is given by
Dpµ = dpµ − Γαβµpαdxβ. (2.1.2)

One can demonstrate that the Liouville vector field L generates geodesics on the ma-
nifold

(
T ∗M, ĝ, ∇̂

)
, where ∇̂ is the Levi-Civita connection associated with the Sasaki

metric ĝ. This statement implies that

∇̂LL = 0. (2.1.3)

On the other hand, the induced metric ĥ on the future mass shell Γ+
m and its associated

Levi-Civita connection D̂ for any m > 0 provide a Lorentzian manifold
(
Γ+
m, ĥ, D̂

)
of

signature (−,+,+,+,+,+,+). This induced metric ĥ is defined by

ĥ(X, Y ) = ĝ(X, Y ), (2.1.4)

for all X, Y ∈ X (T ∗M) tangent to Γ+
m. Recalling that L is tangent to Γ+

m one can show
that

D̂LL = 0, (2.1.5)

hence L also generates geodesics on (Γ+
m, ĥ, D̂). Furthermore, the induced connection

D̂ on Γ+
m coincides with the induced connection ∇̂ on T ∗M, such that

ĥ
(
D̂XY, Z

)
= ĝ

(
∇̂XY, Z

)
, (2.1.6)

for all X, Y, Z ∈ X (T ∗M) tangent to Γ+
m.

The expressions above are relevant for the physical meaning of the one-particle DF
through a flux integral interpretation. For this, we introduce a seven-velocity vector
field U on the future mass shell Γ+

m, defined as

U := 1
m
L. (2.1.7)

In view of the condition ĥ(L,L) = −m2 the seven-velocity vector field U is a unit
timelike vector field on

(
Γ+
m, ĥ, D̂

)
. Furthermore, the divergence of U is zero due to

Liouville’s theorem. We now introduce the one-particle DF f with its associated current
density vector field J as follows:

J := fU = 1
m
fL. (2.1.8)

This relation between the current density J , the one-particle DF f , and the seven-
velocity vector field U can be interpreted analogously to a fluid flow on the spacetime



The one-particle distribution function 23

Figure 2-1: Illustration of the current density vector field J through the surface Σ0

with normal vector ν̂. The surface Σ1 is obtained by transporting Σ0 along
the flow of J .

manifold (M, g). For this, let n denote the number of particles per unit volume (ca-
lled the particle density) measured by a comoving observer. Let S ∈ M be a three-
dimensional spacelike hypersurface, representing a volume at some given time, with
future-directed unit normal ŝ. The total number of particles contained in S is given by

N [S] = −
∫
S

g(J, ŝ)ηS, J := nu, (2.1.9)

where ηS is the induced volume element on S. Here, the minus sign arises from the
requirement thatN should be positive if n > 0 and ŝ and u are future-directed timelike.
The total number of particles N [S] in equation (2.1.9) is interpreted as the flux of the
particle current density J = nu through the surface S. The continuity equation

∇ · J = 0, (2.1.10)

implies that, for a Cauchy surface S in a globally hyperbolic spacetime, the total parti-
cle number N [S] is independent of S, i.e. it is conserved.

Motivated by this fluid analogy, we define the averaged number of occupied trajectories
N [Σ] crossing a six-dimensional surface Σ in Γ+

m with unit normal vector field ν̂ by

N [Σ] := −
∫
Σ

ĥ(J , ν̂)ηΣ, (2.1.11)

where ηΣ is the induced volume form on Σ and ĥ the induced metric on the future mass
shell Γ+

m. The physical interpretation of the DF f is provided by the analogy between
the flux integrals (2.1.9) for the fluid description and (2.1.11) for the kinetic descrip-
tion. Figure 2-1 shows an illustration of the current density J and its flow crossing the
surface Σ0 with normal vector ν̂.

In order to compare our definition (2.1.11) with the usual non-relativistic definition of
the DF we introduce a spacelike hypersurface S ∈ (M, g) with future-directed normal
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Figure 2-2: Illustration of the averaged number of occupied trajectories in the future
mass shell and the averaged number of particles contained in the volume S
in the spacetime (M, g). The current density flux J (blue arrows) crosses
the surface Σ with associated normal vector ν̂ on Γ+

m. These intersections
are projected onto the spacetime (M, g) which are represented by red cur-
ves crossing the volume S with associated normal vector n̂.

vector ŝ and set
Σ :=

{
(x, p) : x ∈ S, p ∈ P+

x (m)
}
, (2.1.12)

which defines a six-dimensional surface in the future mass shell Γ+
m. The induced metric

in (2.1.4) satisfies

ĥ(J , ν̂) = 1
m
fĝ(L, ν̂) = 1

m
fp(ŝ). (2.1.13)

Here, the last representation is due to the fact that the Liouville vector field L is hori-
zontal. Hence, the resulting averaged number of occupied trajectories (2.1.11) is

N [Σ] = −
∫
S

 ∫
P+
x (m)

f(x, p)pα̂ŝα̂dvolx(p)

 ηS = N [S], (2.1.14)

where we have used the results (1.2.55, 1.2.56, 1.2.57). The averaged number of oc-
cupied trajectories in the future mass shell represents the averaged number of particles
contained in the volume S in the spacetime. For a representation of this averaged num-
bers see figure 2-2.
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Finally, assuming an orientation of the orthonormal basis {eα̂} such that e0̂ = ŝ, one
obtains p0̂ = pα̂s

α̂, and also assuming that the surface S is characterized by x0 = const,
the number of occupied trajectories (2.1.14) simplifies to

N [Σ] =
∫
R6

f(x, p)d3xd3p. (2.1.15)

Here, x is the manifold point associated with the local coordinates xµ, p = pµdx
µ is the

momentum covector on the future mass shell Γ+
m with spatial coordinates pi, and the

volume element in these coordinates is given by d3xd3p = dx1dx2dx3dp1dp2dp3. This
provides the relation with the usual Newtonian interpretation of the DF.

2.2. Derivation of the Liouville equation

In this section we derive the Liouville equation which describes the dynamics of the
system in absence of collisions. For this, let Σ0 be a six-dimensional surface transversal
to J with associated normal vector ν̂. As we saw in the previous section, the averaged
number of occupied trajectories crossing Σ0 is given by equation (2.1.11):

N [Σ0] = −
∫

Σ0

J µν̂µηΣ0 . (2.2.1)

Here we recall that the current density J is proportional to the seven velocity U . Now,
if we let Σ0 flow along U to the surface Σ1, as shown in figure 2-1, one obtains

N [Σ1]−N [Σ0] =︸︷︷︸
Gauss’ theorem

∫
Ω

∇µJ µηΓ+
m
, (2.2.2)

where Ω is the enclosed volume between Σ0 and Σ1, and in the last step we have used
Gauss’ theorem. Both sides of this equation (2.2.2) vanish if

N [Σ1] = N [Σ0], (2.2.3)

which implies that the continuity equation holds ∇µJ µ = 0. For a collisionless gas
the number of occupied trajectories crossing a surface Σ0 is the same as Σ1, that is
the number of occupied trajectories is conserved along the current density flow J .
Furthermore, by Eq. (2.1.8) one notes that

0 = ∇µJ µ = ∇µ (fUµ) = Uµ∇µf + f ∇µUµ︸ ︷︷ ︸
=0

= U [f ] = 1
m
L[f ]. (2.2.4)

Hence, for a collisionless kinetic gas, the DF f must be satisfy the Liouville equation,
which implies that the DF is constant along each flow line of the Liouville vector field
L.
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2.3. The spacetime observables

From the one-particle DF f of a simple gas one can construct physical observables
which are the most important C∞-smooth tensor fields on the spacetime manifold
(M, g). They are obtained by suitable fibre integrals over the momenta. These tensor
fields are1: the particle current density vector field J ∈ X (M), the energy-momentum-
stress tensor field T ∈ T 2

0(M), and the the entropy flux vector field S ∈ X (M).

These relevant quantities, through the momentum average of the DF, contain the infor-
mation about the particle, energy, and entropy densities, mean particle four-velocity,
heat flow, pressure tensor, and the kinetic temperature. Following the philosophy of
this thesis work to formulate everything in a relativistic covariant way, we introduce
the particle current density covector field J ∈ X ∗(M), the energy-momentum-stress
tensor field T ∈ T 0

2(M), and the the entropy flux covector field S ∈ X ∗(M) defined
as follows:

Jx(X) :=
∫

P+
x (m)

f(x, p)p(X)dvolx(p), (2.3.1)

Tx(X, Y ) :=
∫

P+
x (m)

f(x, p)p(X)p(Y )dvolx(p), (2.3.2)

Sx(X) := −kB
∫

P+
x (m)

f(x, p) log(Af(x, p))p(X)dvolx(p), (2.3.3)

where kB denotes the Boltzmann constant, A is an arbitrary constant with inverse units
of f , P+

x (m) is the future mass hyperboloid defined in (1.2.48), dvolx(p) is the invariant
Lorentz-invariant volume form given in (1.2.55), and X, Y ∈ Tx(M). In terms of
adapted local coordinates (xµ, pµ) these quantities read

Jµ(x) =
∫

P+
x (m)

f(x, p)pµdvolx(p), (2.3.4)

Tµν(x) =
∫

P+
x (m)

f(x, p)pµpνdvolx(p), (2.3.5)

Sµ(x) = −kB
∫

P+
x (m)

f(x, p) log(Af(x, p))pµdvolx(p). (2.3.6)

The fields in (2.3.4) and (2.3.5) are also called the first and second moment of the
DF respectively. The physical information at the macroscopic level is provided by the
spacetime observables (2.3.4, 2.3.5, 2.3.6) which describe the gas configuration and its

1Other tensor fields of higher type can be constructed from the one-particle DF; however they will not
be relevant for the purpose of this thesis work.
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thermodynamics properties.

From (2.3.4) one can define the first two relevant quantities which are

n(x) :=
√
−Jµ(x)Jµ(x) (invariant particle density), (2.3.7)

uµN(x) := 1
n(x)J

µ(x) (mean particle velocity). (2.3.8)

The invariant particle density n can be understood as the number of particles per unit
volume measured by an observer which is comoving with the mean particle flow uN .
From (2.3.5) one can also derive the following quantities. Let uE be the timelike eigen-
vector of the energy-momentum-stress tensor T i.e.,

T µνu
ν
E = −εuµE, (2.3.9)

this tensor can be diagonalized [64] and admits the following decomposition

T µν(x) = ε(x)(e0̂)µ ⊗ (e0̂)ν + Pi(x)(eî)µ ⊗ (eî)ν , (2.3.10)

where e0̂ = uE and eî are perpendicular to e0̂. From these observations one defines:

(i) the energy density ε defined as the negative of the eigenvalue corresponding to
the timelike eigenvector of the energy-momentum-stress tensor T µν , and

(ii) the principal components of the pressure tensor Pi, defined as the eigenvalues
belonging to the spacelike eigenvectors of T µν .

Finally, from the entropy current density covector field (2.3.6) one can define

S(x) :=
√
−Sµ(x)Sµ(x) (invariant entropy density), (2.3.11)

uµS(x) := 1
S(x)S

µ(x) (entropy velocity). (2.3.12)

By contracting the entropy current density (2.3.6) with the entropy velocity uµS one
obtains

S(x) := −Sµ(x)uµS(x). (2.3.13)

an entropy density S measured by a comoving observer with the entropy velocity uS .
This quantity is of special interest for thermodynamics considerations; we will return
to this point later in section 3.2. We remark here that the three velocities (uN , uE, uS)
defined by the covectors (2.3.1, 2.3.3) and tensor (2.3.2) do not need to coincide in
general. However, as we will see in chapter 3, if local thermodynamical equilibrium is
reached, these velocities are equal to each other.
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Another important result arises by comparing (2.1.14) with the definition (2.3.1) which
yields

N [S] = N [Σ] = −
∫
S

J(ŝ)ηS. (2.3.14)

This result implies that the covector field J represents the averaged particle current
density of the gas. Taking the divergence of (2.3.4) and (2.3.5) one can shows that [12]

∇µJµ(x) =
∫

P+
x (m)

L[f ](x, p)dvolx(p), (2.3.15)

∇µTµν(x) =
∫

P+
x (m)

L[f ](x, p)pνdvolx(p), (2.3.16)

where L is the Liouville vector field defined in (1.2.43). These divergences vanish if
the Liouville equation is satisfied, see section (2.2), in this case

∇µJµ = 0, ∇µTµν = 0, (2.3.17)

are divergence free. On the other hand, the divergence of the covector field (2.3.6) is

∇µSµ(x) = −kB
∫

P+
x (m)

[1 + log(Af(x, p))]L[f ](x, p)dvolx(p), (2.3.18)

which vanishes again if f satisfies the Liouville equation. As will see, when collisions
are included, one has

∇µSµ(x) ≥ 0, (2.3.19)

as a consequence of Boltzmann’s H-theorem [16] (see also section 3.1).

In the next chapter we analyze the Boltzmann equation including the effects from co-
llisions. In particular, this provides the correct description of a thermodynamic equili-
brium state. Also, in the next chapter, we explain the main formulae for the collisionless
kinetic gas and its applications through the integrable Hamiltonian system theory and
the phase space mixing effect.



3 The relativistic Boltzmann
equation

In this chapter we briefly review a gas configuration in which the individual gas parti-
cles are subject to binary collisions. This interaction can be modeled by the Boltzmann
equation which is responsible for the dynamics and the evolution of the system. The
Boltzmann equation is an integro-differential equation which contains a differential
part represented by the Liouville operator (usually called the transport term) depending
linearly on the distribution function. The integral part (called the collision term) is an
integral over momentum space depending bilinearly on the distribution function and
this term describes the collisions. Furthermore, we study here two relevant cases: the
collisionless kinetic gas (the Vlasov limit) and the case of a kinetic gas dominated by
the collisions (the hydrodynamic limit).

This chapter is organized as follows: in section 3.1 we provide a summary of the prin-
cipal concepts of the Boltzmann equation and derive its integro-differential form. As
a relevant consequence of the Boltzmann equation we study the H-theorem. Next, in
section 3.2 the conditions for a global and local equilibrium gas configuration are analy-
zed. Section 3.3 is devoted to the study of the expansion of the DF and the Boltzmann
equation in terms of the Knudsen number. Finally, in section 3.4 the details of the co-
llisionless Boltzmann equation are analyzed, which is the principal system used in this
thesis work.

3.1. Integro-differential form of the Boltzmann
equation

In general the Boltzmann equation is difficult to solve; however, with some extra as-
sumptions it can be solved providing interesting results which can be applied in many
physical situations. For simplicity, we only discuss the case of a simple gas consisting
of identical, spinless, massive, and neutral particles of mass m > 0, and we assume
that the collisions are described by interactions which are short-ranged, such that each
collision is regarded as pointlike, taking place at a fixed event x ∈ M in spacetime.
Furthermore, we assume that the gas is sufficiently dilute, such that only binary colli-
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sions of the form
p1 + p2 7→ p∗1 + p∗2, (3.1.1)

need to be considered. Here and in the following, p1, p2 ∈ P+
x (m) refer to the physi-

cal momenta of the incoming particles and p∗1, p
∗
2 ∈ P+

x (m) to those of the outgoing
ones. Next, we assume that each such collision is elastic, preserving the total energy-
momentum

p1 + p2 = p∗1 + p∗2. (3.1.2)

Finally, we assume that the gas is dilute enough such that the molecular chaos hypothe-
sis is satisfied. This hypothesis is based on the supposition that just before of collisions
the particles are uncorrelated, which allows one to specify a probabilistic description
for the collisions and to derive a closed form equation for the one-particle DF.

As we will see, these assumptions lead to the relativistic Boltzmann equation, which
has the form

L[f ] = CW [f, f ], (3.1.3)

where L is the Liouville vector field operator, which, recall, is given by

L[f ](x, p) = gµν(x)pν
∂f(x, p)
∂xµ

− 1
2
∂gαβ(x)
∂xµ

pαpβ
∂f(x, p)
∂pµ

, (3.1.4)

and CW is the collision term. The latter depends (quadratically) on the one-particle DF
f , and further it depends on the transition probability density Wx ≡ Wx(p1 + p2 7→
p∗1 + p∗2) for the binary collisions. To obtain an integral form of CW we introduce the
collision manifold Cx and the associated bundle T ∗C. Cx represents the space of all
collisions at x ∈M, which is defined by

Cx :=
{

(p1, p2, p
∗
1, p
∗
2) ∈ [P+

x (m)]4 : p1 + p2 = p∗1 + p∗2, p1 6= p2
}
, (3.1.5)

and its associated bundle T ∗C is given by

T ∗C := {(x, p1, p2, p
∗
1, p
∗
2) : x ∈M, (p1, p2, p

∗
1, p
∗
2) ∈ Cx} , (3.1.6)

which has the space Cx as a fibre over each x ∈ M. Here and the following we use
the short notation [P+

x (m)]4 = P+
x (m) × P+

x (m) × P+
x (m) × P+

x (m). The collision
manifold Cx possesses the following symmetries

(i) (p1, p2, p
∗
1, p
∗
2) 7→ (p2, p1, p

∗
1, p
∗
2), (3.1.7)

(ii) (p1, p2, p
∗
1, p
∗
2) 7→ (p1, p2, p

∗
2, p
∗
1), (3.1.8)

(iii) (p1, p2, p
∗
1, p
∗
2) 7→ (p∗1, p∗2, p1, p2), (3.1.9)

which have the following physical meaning:
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(i) interchange of the incoming momenta,

(ii) interchange of the outgoing momenta,

(iii) interchange of incoming and outgoing particles,

for all (x, p1, p2, p
∗
1, p
∗
2). (i) − (ii) is due to the assumption that the incoming and out-

going particles are identical and indistinguishible. (iii) imposes the condition of mi-
croscopic reversibility which means that the transition probability density is invariant
with respect to interchange of the incoming and outgoing momenta, and is a consequen-
ce of Lorentz invariance. Finally, as mentioned above, we base the Boltzmann equation
on the molecular chaos hypothesis in which the gas is dilute enough, such that the par-
ticles are uncorrelated just before the collision. This property allows one to replace the
two-particle DF by the product of the one-particle DF

f (2)(x1, p1, x2, p2) = f(x, p1)f(x, p2) ≡ f1f2, (3.1.10)

at the point x1 = x2 = x. Here and the following, the short-hand notation fj refers to
the one-particle DF evaluated at (x, pj).

The transition probability density Wx is a nonnegative real-valued smooth function

W : T ∗C → R, (3.1.11)

(x, p1, p2, p
∗
1, p
∗
2) 7→ Wx(p1, p2, p

∗
1, p
∗
2)

on the collision bundle T ∗C which satisfies the symmetries (i), (ii) and (iii) in Eqs. (3.1.7-
3.1.9), that is,

Wx(p1 + p2 7→ p∗1 + p∗2) = Wx(p2 + p1 7→ p∗1 + p∗2)
= Wx(p1 + p2 7→ p∗2 + p∗1)
= Wx(p∗1 + p∗2 7→ p1 + p2),

for all (x, p1, p2, p
∗
1, p
∗
2) ∈ T ∗C. Using the properties discussed above the integral form

of the right-hand side CW in the Boltzmann equation (3.1.3) is given by

CW [f1, f2](x, p1) :=
∫∫∫

[P+
x (m)]3

Wx(p1 + p2 7→ p∗1 + p∗2)

× (f ∗1 f ∗2 − f1f2) dvolx(p2)dvolx(p∗1)dvolx(p∗2), (3.1.12)

where it is understood that the integral is performed over the momenta p2, p∗1, p∗2 sa-
tisfying (3.1.2). Here, f1, f2 : Γ+

m → R are smooth functions with compact support,
(x, p1) ∈ Γ+

m and dvolx(p) is the Lorentz-invariant volume form defined in (1.2.55).
Ref. [12, Section V] provides a detailed derivation of the collision term based on the
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collision manifold Cx using a suitable way to parametrize it, that is through the center
of mass frame of the binary collisions. However, see for instance Refs. [4, 6, 16, 65]
for other points of view on the derivation of the collision term. The integro-differential
form of the relativistic Boltzmann equation is given by

gµνpν
∂f1

∂xµ
− 1

2
∂gαβ

∂xµ
pαpβ

∂f1

∂pµ

=
∫∫∫

[P+
x (m)]3

Wx (f ∗1 f ∗2 − f1f2) dvolx(p2)dvolx(p∗1)dvolx(p∗2).(3.1.13)

One of the most important consequences of the Boltzmann equation is the famous re-
lativistic Boltzmann H-theorem which gives rise to a relativistic formulation of the
second law of thermodynamics. For this, by multiplying both sides of the Boltzmann
equation (3.1.3) with the function −kB[1 + log(Af1)] and integrating over the momen-
tum p1, one obtains,

− kB

∫
P+
x (m)

[1 + log(Af1)]L[f1]dvolx(p1)

=
∫∫∫∫
Cx

Wx × (f1f2 − f ∗1 f ∗2 )
[
log(A2f1f2)− log(A2f ∗1 f

∗
2 )
]
ηCx ,(3.1.14)

where Cx is a submanifold of [P+
x (m)]4 and ηCx is the associated volume form of the

collision manifold. The derivation and explicit expression for the volume form ηCx is
given in [12, Appendix E]. One recognize the left-hand side of (3.1.14) as the same
expression as the divergence of the covector entropy flux∇µSµ in Eq. (2.3.18). Thus

∇µSµ =
∫∫∫∫
Cx

Wx × (f1f2 − f ∗1 f ∗2 )
[
log(A2f1f2)− log(A2f ∗1 f

∗
2 )
]
ηCx . (3.1.15)

The right-hand side vanish either if Wx = 0 or Wx > 0 and f1f2 = f ∗1 f
∗
2 at the point x.

Furthermore, (3.1.15) implies that ∇µSµ possesses a defined sign. This is obtained by
analyzing the behavior of the function:

B := (f1f2 − f ∗1 f ∗2 )
[
log(A2f1f2)− log(A2f ∗1 f

∗
2 )
]
, f1f2, f

∗
1 f
∗
2 > 0, (3.1.16)

which is positive or zero since the logarithm function is a strictly increasing function.
Therefore, B > 0 for all f1f2 6= f ∗1 f

∗
2 and B = 0 only if f1f2 = f ∗1 f

∗
2 .

By this analysis one obtains a formal justification of the H-theorem

∇µSµ(x) ≥ 0, (3.1.17)
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providing a description of the second law of thermodynamics, according to which the
total entropy is a non-decreasing function of time. Here, we consider an asymptotically
flat, globally hyperbolic spacetime (M, g) with two Cauchy surfaces C2 and C1 whose
future-directed normal vector field is denoted by ν. Assuming that f decays sufficiently
rapidly at infinity and that C2 lies to the future of C1, the inequality (3.1.17) and Gauss’
theorem imply that

S[C2] ≥ S[C1], (3.1.18)

with
S[Ci] := −

∫
Ci

Sµν
µηCi , i = 1, 2, (3.1.19)

the entropy contained in the Cauchy surface Ci.

The following section 3.2 shows a local equilibrium DF as a result of the H-theorem
in which the collision term vanishes for a particular form of the DF. In section 3.4 we
analyze the case when the collisions between gas particles are unimportant and can be
neglected.

3.2. Global and local thermodynamical
equilibrium

The equilibrium configuration in which the divergence of the entropy flux is zero, as-
suming that Wx is strictly positive for all x ∈ M, imply the condition f1f2 = f ∗1 f

∗
2

for all binary elastic collisions. This condition is equivalent to the fact that log(Af) is
a collision invariant. This requires that f must have the particular form [12, 66]

f(x, p) = α(x)ep(βx) = α(x)eβµ(x)pµ . (3.2.1)

Here α ∈ F(M) is a positive function and β ∈ X (M) is a future-directed timelike
vector field onM. This last requirement is due to the requirement that f must decrease
as p → ∞ along of the future mass hyperboloid, such that the observables are well-
defined. We discuss in subsection 3.2.1 an example using this form of the DF. Every DF
of the form (3.2.1) cancels the collision term CW in the Boltzmann equation. However,
for f to be a solution of the Boltzmann equation, f must satisfy L[f ] = 0, such that

0 = L[log(Af)] = pµpν∇µβν + pµ∇µ log(Aα), (3.2.2)

which implies the following conditions for α and β:

∇(µβν) = 0, ∇µ log(Aα) = 0. (3.2.3)

The first condition means that
£βg = 0, (3.2.4)
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that is, the timelike vector field β must be a Killing vector field. The second condi-
tion means that α must be constant. Therefore, global equilibrium can only exist if the
spacetime is stationary!

If the condition of stationarity on g is satisfied the timelike Killing vector field β is
decomposed as follows

βµ = 1
kBT

uµ, (3.2.5)

where u satisfy the condition that g(u, u) = −1 and as will be understood later, T
represent the temperature. As an interesting relativistic effect we note that the tem-
perature T (x) of a gas in thermodynamical equilibrium configuration is not necessa-
rily constant on the stationary spacetime manifold (M, g). This effect is known as the
Tolman-Ehrenfest theorem [67, 68] and its can be written as√

−βµ(x)βµ(x)T (x) = const, (3.2.6)

for the Killing vector field β.

In summary, a global thermodynamical equilibrium configuration exists if and only
if the field g is stationary and βµ in (3.2.1) represents the (globally-defined) timelike
Killing vector field. In the following subsection we analyze the properties of the ob-
servables associated with the DF (3.2.1) and explain their interpretation as describing
local thermodynamic equilibrium states.

3.2.1. Local thermodynamical equilibrium

A local equilibrium state, implying the local non-production of entropy can be obtained
from the conditions: Wx > 0 and f1f2 = f ∗1 f

∗
2 derived in section 3.1. As we have

discussed, this implies that the DF (3.2.1) must have the form

f(x, p) = α(x)eβµ(x)pµ , (3.2.7)

where α ∈ F(M) is a positive function and β ∈ X (M) is a future-directed timelike
vector field. For the following we introduce the dimensionless parameter z defined as

z := m
√
−βµβµ, (3.2.8)

which, as we will see, is the ratio between the rest energy and the thermal energy of the
particles1. By introducing (3.2.7) into (2.3.4) and (2.3.5) one finds [12, 16]

Jµ = n(z)uµ, and Tµν = n(z)h(z)uµuν + P (z)gµν , (3.2.9)
1In natural units the dimensionless parameter z is given by

z := mc2√−βµβµ,
with c the speed of light.
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where h is the specific enthalpy and the resulting energy-momentum-stress tensor is
described by a perfect fluid in which the pressure P is isotropic. By contracting

T µνu
ν = (−nh+ P )uµ = −εuµ, (3.2.10)

one obtains: u = uN = uE and ε = nh − P . The resulting particle density n, energy
density ε, specific enthalpy h, and the pressure P can be expressed in terms of the
modified Bessel functions of the second kind [69]

Kν(z) :=
∞∫
0

e−z coshχ cosh(νχ)dχ, ν > −1
2 , z > 0, (3.2.11)

as follows

n(z) = 4πα(x)m3 K2(z)
z

, (3.2.12)

P (z) = 4πα(x)m4 K2(z)
z2 , (3.2.13)

h(z) = m
K3(z)
K2(z) , (3.2.14)

ε(z) = 4πα(x)m4
(

K1(z)
z

+ 3K2(z)
z2

)
. (3.2.15)

Here we have used the recurrence property

2ν
z
eiπνKν(z) = eiπ(ν−1)Kν−1(z)− eiπ(ν+1)Kν+1(z). (3.2.16)

Further, the resulting four-velocity vector field is given by

uµ = βµ√
−βµβµ

. (3.2.17)

Finally, if we take the ratio
P

n
= m

z
= 1√
−βµβµ

, (3.2.18)

this relation has units of energy and provides a definition of kinetic temperature. By
imposing the ideal gas equation

P = nkBT. (3.2.19)

the kinetic temperature is defined by

T (x) := 1
kB

1√
−βµ(x)βµ(x)

. (3.2.20)
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As we show now, the DF (3.2.7) describes a local equilibrium configuration of tempe-
rature T when the collisions are present. The resulting entropy flux for this DF is

Sµ(x) = −kB [log(αA)Jµ(x) + βν(x)Tµν(x)] , (3.2.21)

which provides an entropy density (2.3.13) given by

S(x) = −kB log(α(x)A)n(x) + 1
T (x) [n(x)h(x)− P (x)] . (3.2.22)

Also, uN = uE = uS . Accordingly, the entropy per particle s is

s(x) := S(x)
n(x) = −kB [1 + log(α(x)A)] + h(x)

T (x) , (3.2.23)

where we have used (3.2.19). Taking the differential on both sides of equation (3.2.23)
in which we vary the functions (α, h, T ), keeping A constant, yields

Tds = −kBT
dα

α
+ dh− hdT

T
. (3.2.24)

In order to eliminate the α-dependency in this last result one can take a differential of
the pressure in equation (3.2.13) which yield

dP

P
= dα

α
+ h

kB

dT

T 2 , (3.2.25)

where we have used the relation

d

dz

[
Kν(z)
zν

]
+ Kν+1(z)

zν
= 0. (3.2.26)

Finally, by combining (3.2.24) and (3.2.25) one obtains the Gibbs relation

Tds = dh− dP

n
, (3.2.27)

using again the ideal gas equation (3.2.19). This last result justifies that T defined in
equation (3.2.20) is the temperature of a thermal state. We remark here that, f is an
exact solution of the Boltzmann equation only if βµ is a Killing vector field and α is
a constant. However, in the following section 3.3 we will discuss the hydrodynamical
approximation in which the DF (3.2.7) describes local thermodynamical equilibrium to
zeroth order in the Knudsen number.

3.3. Limits of large and small Knudsen number

When the spacetime is not globally stationary one can establish configurations in local
equilibrium. For these solutions of the Boltzmann equation two length scales are intro-
duced. First, a macroscopic characteristic length lms is defined as a typical length scale
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over which the spacetime observables vary. The second one is the length scale of mi-
croscopic nature which consists of the mean free path `mfp, that is the average distance
traveled by a particle between successive collisions. Locally, it is defined through the
relation

σT `mfpn = 1, (3.3.1)

with

σT :=
∫ dσ

dΩdΩ (3.3.2)

the total cross section and n the particle density. The differential cross-section dσ/dΩ
is related to the transition probability density Wx, see for example section V-F in [12]
for details. Based on these two length scales lms and `mfp, we can rewrite the relativistic
Boltzmann equation (3.1.3) in terms of dimensionless variables, such that

xµ = lmsx
µ, pµ = mpµ, f = 1

l4msm
4f,

dσ

dΩ = l4ms

`mfp

dσ

dΩ , (3.3.3)

where all the quantities with a bar are dimensionless. In terms of these quantities one
obtains

L[f ] = 1
Kn

C[f, f ], Kn := `mfp

lms
. (3.3.4)

The quantity Kn representing the ratio between the mean free path and the macroscopic
scale and is known as the Knudsen number, see Refs. [70] and [71] for the original
reference and a historical account.

3.3.1. The Vlasov limit

For large Knudsen numbers Kn � 1 as in plasma physics, the Boltzmann equation is
dominated by the transport part. In this limit one can expand

f = f
(0) + 1

Kn
f

(1) + 1
Kn2f

(2) + · · · , (3.3.5)

with f (0) satisfying the collisionless Boltzmann equation L[f (0)] = 0 and the correction
terms f (1), f (2) determined by the differential equations

L[f (1)] = C[f (0)
, f

(0)], (3.3.6)

L[f (2)] = 2C[f (0)
, f

(1)]. (3.3.7)

For a review on mathematical results regarding the nonrelativistic Boltzmann equation,
see [72]. This limit is called the Vlasov limit. This approximation can be applied in
rarefied gases (which are gases whose pressure is much smaller than the atmospheric
pressure) or in plasma physics for instance.
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3.3.2. The hydrodynamic limit

For small Knudsen numbers Kn � 1 the Boltzmann equation is dominated by the
collision term which vanishes precisely for the DFs of the form (3.2.7) describing local
thermodynamical equilibrium. In this limit one expands

f = f
(0) + Knf (1) + Kn2f

(2) + · · · , (3.3.8)

with f (0) of the form (3.2.7) and f (1), f (2) correction terms, which are determined by
the integral equations

L[f (0)] = 2C[f (0)
, f

(1)], (3.3.9)

L[f (1)] = C[f (1)
, f

(1)] + 2C[f (0)
, f

(2)]. (3.3.10)

This approach lies at the base of the Hilbert expansion and Chapman-Enskog methods,
see Refs. [4,6,16] for more details. It is called the hydrodynamics limit. An interesting
application of this limit is the deduction of the Navier-Stokes equations.

3.4. Collisionless Boltzmann equation

As mention above, when the collisions between the gas particles can be neglected the
collisionless Boltzmann equation is given by

gµν(x)pν
∂f(x, p)
∂xµ

− 1
2
∂gαβ(x)
∂xµ

pαpβ
∂f(x, p)
∂pµ

= 0, (3.4.1)

and it describes the evolution of a collisionless DF. Assuming an integrable Hamilto-
nian system one can transform from the adapted local coordinates (xµ, pµ) to gene-
ralized action-angle variables (Qµ,Jµ) which allows one to provide a reduced expres-
sion for the collisionless Boltzmann equation and its solutions. Taking these symplectic
coordinates (Qµ,Jµ), equation (3.4.1) simplifies to

∂f

∂Q0 = 0, (3.4.2)

and the most general solution of this equation is given by

f(x, p) = F
(
Q1,Q2,Q3,J0,J1,J2,J3

)
. (3.4.3)

For a Schwarzschild spacetime the integrals of motion are the mass m, energy E and
the three components of the angular momentum (Lx, Ly, Lz) of the particles. Due to the
phase space mixing phenomenon [36, 73] for an integrable Hamiltonian system [58],
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the macroscopic observables defined through the DF as solution of the collisionless
Boltzmann equation converge at large times to those belonging to an average DF (ave-
rage over the angle variables). Therefore, in all models studied in the following chapters
we assume a DF depending only on integrals of motion.

In chapter 4 we study axisymmetric gas configurations which depend on energy E

and the azimuthal component of the angular momentum Lz assuming a Newtonian
potential as a central object. Here, collisions are completely neglected and the entropy
production is zero. These configurations do not describe thermal equilibria since the
Gibbs relation (3.2.27) does not hold. However, they describe steady-states. Next, in
chapter 5 we generalize these gas configurations to the general relativistic case in which
the central object is a black hole. In this context, a further result of this thesis work is
based on a related model in which the DF depends on (E,L, Lz) by a suitable function
of Lz/L, see [48]. Finally, the last result is presented in chapter 6 in which we analyze
an accretion problem of a spherically symmetric, collisionless kinetic gas cloud falling
into a Schwarzschild black hole. Whereas previous studies have treated this problem
by specifying boundary conditions at infinity, here the properties of the gas are given at
a sphere of finite radius. For that work we assume a DF depending on the energy and a
uniform distribution in the total angular momentum L.



4 Axisymmetric, stationary
collisionless gas clouds trapped
in a Newtonian potential

This chapter is a loyal reproduction (with some minor changes due to the format) of the
free arXiv:2209.05325 version [47]. However, the numbers of the equations and refe-
rences could differ from the ones in the original version. The references are collected
at the end of this thesis work.

4.1. Abstract

The properties of an axisymmetric, stationary gas cloud surrounding a massive central
object are discussed. It is assumed that the gravitational field is dominated by the central
object which is modeled by a nonrelativistic rotationally-symmetric potential. Further,
we assume that the gas consists of collisionless, identical massive particles that follow
bound orbits in this potential. Several models for the one-particle distribution function
are considered and the essential formulae that describe the relevant macroscopical ob-
servables, such as the particle and energy densities, pressure tensor, and the kinetic
temperature are derived. The asymptotic decay of the solutions at infinity is discus-
sed and we specify configurations with finite total mass, energy and (zero or non-zero)
angular momentum. Finally, our configurations are compared to their hydrodynamic
analogs. In an accompanying paper, the equivalent general relativistic problem is dis-
cussed, where the central object consists of a Schwarzschild black hole.

4.2. Introduction

The main goal of this work is to initiate a systematic investigation for the description
of steady-state kinetic gas configurations surrounding massive compact objects. From
a theoretical point of view the motivation for this problem stems from the interest in
understanding the behavior of a kinetic gas cloud which is trapped in a strong gravita-
tional field background. This has many potential astrophysical applications, including
the modeling of low-density hot accretion disks around compact stars or black holes,
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the description of distributions of stars around supermassive black holes or studying the
behavior of dark matter surrounding a black hole. In particular, the recent breakthrough
observations by the Event Horizon Telescope Collaboration (EHTC) [74–76] showing
the first image of the shadows of the supermassive black holes M87∗ and Sgr A∗ provi-
de a strong motivation for a thorough understanding of the behavior of a hot plasma in
the vicinity of a strong gravitational field beyond the hydrodynamic approximation.

In this article, we start with a rather simple and idealized model which allows for a
complete analytic description. However, despite its simplicity, it has many interesting
features, as we will see. Furthermore, it serves as a starting point and benchmark for
more complicated models. The models described in this article are based on the follo-
wing assumptions. First, we assume that the gas is collisionless, that is, we completely
neglect collisions between the individual gas particles. Second, we assume that the gas
consists of identical, massive and uncharged particles. Third, we assume the gravita-
tional field is dominated by the potential of the central massive object, such that the
self-gravity of the gas can be neglected. Fourth, we assume that the central object is
spherically symmetric, leading to a central gravitational potential. Fifth, in this article
we further assume that the gravitational potential and the kinetic gas can be treated
non-relativistically; the fully relativistic case will be treated in the accompanying pa-
per [49]. Sixth, we focus on axisymmetric steady-states in which each gas particle
follows a bound trajectory in the central gravitational potential generated by the central
object.

The physical meaning of these assumptions are the following. The collisionless ap-
proximation is based on the assumption that the mean free path is large compared to
the length scale over which the spatial gradients of the macroscopic quantities vary.
This is most probably a reasonable assumption in all the aforementioned astrophysi-
cal scenarios. Our next assumption, namely that the gas consists of identical massive
and uncharged particles makes sense for the modeling of distribution of stars and dark
matter; however it is unrealistic for the description of low-density hot plasma disks sin-
ce in this case the electromagnetic field is expected to play a prominent role. For this
scenario, a model involving at least two species (protons and electrons) based on the
Vlasov-Maxwell equations should be considered. The third assumption is justified as
long as the central object is much more massive than the gas cloud. The fourth and
fifth assumptions are well-founded if the gas configuration lies sufficiently far from the
central object and the gas temperature is small compared to the particle’s rest energy.
The sixth assumption is partially based on the expectation that at sufficiently late times
the gas is well-described by a distribution function (DF) depending only on integrals
of motion (and hence describing a steady-state) and whose support lies in the region of
phase space describing bound orbits. This is indeed expected to hold due to the fact that
particles following unbound trajectories either disperse or fall into the central object in
finite time [36] and due to the phase space mixing phenomena [42, 73, 77].
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There has been much related work describing axisymmetric steady-state gas configura-
tions without a massive central object, in which case the self-gravity cannot be neglec-
ted. In the non-relativistic limit, Shapiro and Teukolsky [78] numerically constructed
axisymmetric static solutions of the Vlasov-Poisson system to model equilibrium stellar
systems. Later, these solutions were generalized to the general relativistic case [79,80].
More recently, Rein and Andréasson constructed axially symmetric disk solutions of
the Vlasov-Poisson system [81] to model the rotation curves of disk galaxies without
introducing dark matter. Further (analytic and numerical) models describing axisym-
metric solutions of the Vlasov-Poisson system are discussed in section 4.4 of the book
by Binney and Tremaine [35], see also [82]. For mathematical and numerical results
regarding the stationary, axisymmetric Einstein-Vlasov system we refer the reader to
the review article by Andréasson [8]. Recently, in [83,84], axisymmetric and stationary
solutions of the Vlasov-Poisson and Einstein-Vlasov systems were constructed nume-
rically, based on a variety of ansätze for the DF leading to configurations with toroidal,
disk-like, spindle-like and composite structures. Axially symmetric, stationary solu-
tions of the Einstein-Vlasov and Einstein-Vlasov-Maxwell systems with and without
rotation were constructed in [29, 85, 86] by deforming a spherically symmetric, static
solution of the Vlasov-Poisson system and using the implicit function theorem. For re-
lated astrophysical work describing tori of axisymmetric collisionless plasmas around
compact objects based on a quasi-stationary approximation, see [87, 88].

We mention in passing that a very similar model to the one considered in this work
has been used to describe accretion phenomena of a collisionless gas into a central
object, both in the non-relativistic [40, 89, 90] and the relativistic [36–40, 43] regimes.
The main difference between the accretion model and the one considered in the present
article resides in the fact that in the former case, unbounded trajectories are relevant,
whereas here we focus on bound trajectories.

Returning to our model, we now describe its main features and properties. We use a
four-parametric polytropic ansatz similar to Refs. [78,83,84] for which the one-particle
DF depends only on the energy and the azimuthal angular momentum of the particles
through a power law with certain cut-offs. Our ansatz allows for the description of both
rotating and non-rotating stationary and axially symmetric configurations with finite
total mass, energy and angular momentum. For the case of Hénon’s isochrone potential
(see, e.g. [35, 91]), which includes the Kepler potential as a special case, we compare
configurations with the same total mass with each other. To this purpose we perform
a detailed analytic derivation of the macroscopic observables corresponding to the DF,
namely: the particle and the energy densities, the mean particle velocity, and the com-
ponents of the pressure tensor. From these observables we define an anisotropy para-
meter and a kinetic temperature whose properties are analyzed. Finally, we compare
our configuration’s particle density and kinetic temperature with those of an analogous
hydrodynamic model. We show that although the kinetic configurations are more com-
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pact than the fluid models, their normalized temperature profiles may be very similar
to each other.
As mentioned before, relativistic generalizations of the models discussed in this article
are provided in an accompanying paper [49]. See also Ref. [48] for a very similar disk
model based on a DF depending on the energy and the inclination angle (instead of the
energy and azimuthal component of the angular momentum).
This work is organized as follows: in section 4.3 we summarize the most relevant pro-
perties of a stationary, collisionless gas configuration trapped in a central potential and
discuss the simple model of a spherical polytrope. In section 4.4 we present our sta-
tionary and axisymmetric models, and we derive explicit formulae for the macroscopic
observables and the total mass, energy and angular momentum associated with our mo-
dels. In section 4.5 we discuss the behavior of the macroscopic observables including
the morphology of the resulting gas configurations. Further, in this section, we compare
our kinetic models with the corresponding fluid models. Conclusions are drawn in sec-
tion 4.6. Technical details including a list of relevant integrals, properties of Hénon’s
isochrone model, the derivation of the expressions for the total mass, energy and angu-
lar momentum and a short review of the circular fluid models can be found in appendi-
ces 4.7–4.10.

4.3. Review of basic equations and polytropic
model

In this section, we first summarize the most relevant equations describing the properties
of a stationary, collisionless gas configuration which is trapped in a central Newtonian
potential Φ(r). Next, we consider the particular example of the polytropic model in
which the one-particle DF depends only on the energy of the particles through a power
law, thus yielding a spherically symmetric configuration. This model will be generali-
zed to describe axisymmetric configurations in the subsequent section.

4.3.1. Basic equations describing a collisionless,
stationary gas configuration in a central potential

In the following, we assume the potential Φ : (0,∞) → R to be a smooth increasing
function satisfying Φ(r) → 0 as r → ∞ with the additional property that r3Φ′ :
(0,∞)→ R is an increasing function from 0 to∞. This implies that for each non-zero
value of the total angular momentum L 6= 0 the effective potential

VL(r) := mΦ(r) + L2

2mr2 , r > 0, (4.3.1)
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has a unique global minimum whose location r = r0 is determined by the equation
r3

0Φ′(r0) = L2/m2 and corresponds to a stable circular trajectory with minimum energy
E0(L) = VL(r0). For L > 0 any trajectory with energy E0(L) < E < 0 is bounded and
its radial motion is periodic with period Tr(E,L) = ∂A(E,L)

∂E
, where A(E,L) denotes

the area function (see for instance [58])

A(E,L) :=
∮
prdr = 2

r2(E,L)∫
r1(E,L)

√
2m(E − VL(r))dr (4.3.2)

with r1(E,L) < r2(E,L) referring to the turning points.
In this article, we consider collisionless gas configurations in which individual gas par-
ticles follow bound orbits. These are described by a one-particle DF f whose support
lies in the region E < 0. As long as the potential Φ(r) satisfies the non-degeneracy
condition det[D2A(E,L)] 6= 0 for almost all (E,L), it has been shown in [73] that an
arbitrary initial configuration relaxes in time to a stationary configuration which can be
described by a one-particle DF f depending only on the integrals of motion, that is,
only on the energy and the angular momentum,

E = H(x,p) := |p|
2

2m +mΦ(r), L = x ∧ p. (4.3.3)

We shall be particularly interested in the properties of the resulting macroscopic obser-
vables describing the gas, namely (see, for instance [2]):

n(x) :=
∫
f(x,p)d3p (particle density), (4.3.4)

ε(x) :=
∫
H(x,p)f(x,p)d3p (energy density), (4.3.5)

u(x) :=
∫ p
mn(x)f(x,p)d3p (mean particle velocity),(4.3.6)

Pij(x) := 1
m

∫
(pi −mui)(pj −muj)f(x,p)d3p (pressure tensor). (4.3.7)

As a consequence of the collisionless Boltzmann equation and the assumption that f is
time-independent, it follows that these quantities satisfy the conservation laws [2]

∇ · (nu) = 0, (u · ∇)ui = −∂jPij −mn∂iΦ. (4.3.8)

If interested in thermodynamical considerations, one further considers the quantities

S(x) := −kB
∫
f(x,p) log(Af(x,p))d3p (entropy density), (4.3.9)

S(x) := −kB
∫ p
m
f(x,p) log(Af(x,p))d3p (entropy flux), (4.3.10)
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where kB denotes Boltzmann’s constant and A is an arbitrary positive constant which
makes sure that Af is dimensionless.1 Since there are no collisions, the entropy flux is
divergence-free, i.e.

∇ · S = 0, (4.3.11)

and S(x) is constant in time. Finally, we define the “kinetic temperature”T at position
x through [35]

kBT (x) = δijPij(x)
3n(x) =

∫ |p−mu|2

3mn(x) f(x,p)d3p, (4.3.12)

which is motivated by the ideal gas equation P = nkBT with P = δijPij/3 the isotro-
pic pressure. Note, however, that the configurations analyzed in this article are not in
thermodynamic equilibrium, since collisions are completely neglected. Therefore, T (x)
should be interpreted as a measure for the molecular mean square velocity rather than
the property associated with a thermal state. An example illustrating this characteristic
will be provided shortly.
Eqs. (4.3.3–4.3.7) and the definition of the temperature in Eq. (4.3.12) imply the general
relation

ε = n
[
m

2 |u|
2 + 3

2kBT +mΦ
]
. (4.3.13)

4.3.2. Spherical polytropes

To provide a simple but useful example, we first discuss the polytropes (see, for instan-
ce, section 4.3.3 in Ref. [35]) for which

f(x,p) = Fpoly(E) := α
(
− E

E0

)k− 3
2

+
, (4.3.14)

with some positive constants E0 (with units of energy) and α (with units of time3 ×
mass−3 × length−6) and the polytropic index k > 1/2. Here and in the following, the
notation F+ refers to the positive part of F , that is F+ = F if F > 0 and F+ = 0
otherwise. The observables (4.3.4–4.3.7) and (4.3.9,4.3.10) can easily be computed by
means of the “partition function”

Z(α, k, x) := α
∫ (
− E

E0

)k− 3
2

+
d3p, (4.3.15)

according to the following relations:

n(x) = Z(α, k, x), ε(x) = −E0Z(α, k + 1, x),

S(x) = −kBn(x)
[
log(αA) +

(
k − 3

2

)
∂

∂k
logZ(α, k, x)

]
, (4.3.16)

1Note that a rescaling A 7→ λA of A by a positive factor λ induces the transformations S 7→ S −
(log λ)kBn, S 7→ S− log(λ)kBnu, such that Eq. (4.3.11) remains invariant by this rescaling, due to
the conservation law (4.3.8).
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whereas u = S = 0 and Pij = Pδij as a direct consequence of the fact that the DF
only depends on the energy. Computing Z(α, k, x) explicitly and taking into account
the relation (4.3.13) yields

n(x) = ckψ(r)k, ck := α(2πmE0) 3
2

Γ
(
k − 1

2

)
Γ(k + 1) , (4.3.17)

kBT (x) = P (x)
n(x) = E0

k + 1ψ(r), ε(x) = −
(
k − 1

2

)
P (x), (4.3.18)

S(x)
n(x) = −kB

{
log

[
αAψ(r)k− 3

2
]

+
(
k − 3

2

) [
Ψdi

(
k − 1

2

)
−Ψdi (k + 1)

]}
,(4.3.19)

where Ψdi(k) := ∂
∂k

log Γ(k), k > 0, denotes the digamma function (see, e.g. [92, Eq.
5.2.2]) and for convenience we have introduced the dimensionless quantity

ψ(r) := −mΦ(r)
E0

. (4.3.20)

Note that the polytropic relation P = Knγ holds, with adiabatic index γ = 1+1/k and
constant K = E0c

−1/k
k /(k + 1). Hence, the configuration described by the DF (4.3.14)

gives rise to a static, isotropic perfect fluid configuration with polytropic equation of
state. Remarkably, the radial profiles of the particle density, pressure and energy density
are given by simple powers of the dimensionless potential ψ(r); in particular they are
monotonously decreasing for all k > 1/2 since ψ(r) is, with their decay properties at
r →∞ controlled by the ones of ψ(r). A self-gravitating configuration can be obtained
by requiring the fulfillment of Poisson’s equation, which leads to the famous Lane-
Emden equation (see [93] and references therein). However, we shall not go further
into this direction since our work focuses on the case where the gravitational potential
is dominated and shaped by a central object.
We conclude this section by remarking that the above configurations do not describe
thermal equilibria. Indeed, by varying the DF (4.3.14) with respect to α and k, one
obtains

d
(
ε

n

)
− Td

(
S

n

)
+ Pd

( 1
n

)
= P

n

{
−3

2
1

k + 1 +
(
k − 3

2

) [
Ψ′di

(
k − 1

2

)
−Ψ′di (k + 1)

]}
dk. (4.3.21)

It can be verified that the right-hand side does not vanish for any k > 1/2, such that
the Gibbs relation does not hold. Consequently, the gas configurations described by
the DF (4.3.14) are not in local thermodynamical equilibrium, despite of the fact that
they describe steady-states. Of course, there is not contradiction since collisions are
completely neglected in our model, implying that there is no entropy production driving
the gas towards thermal equilibrium.
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4.4. Stationary, axisymmetric models

In this section, we consider steady-state configurations which are axisymmetric. Assu-
ming that mixing has taken place2 such that the DF only depends on the integrals of
motion E and L, and assuming without loss of generality that the axis of symmetry
coincides with the z-axis, this implies that the one-particle DF only depends on E,
L := |L| and Lz, such that

f(x,p) = F (E,L, Lz). (4.4.1)

Here, F is a function which vanishes if its arguments (E,L, Lz) lie outside the admissi-
ble range describing bound trajectories, see Eq. (4.4.3) below. We start our investigation
with some general bounds in section 4.4.1, which provide sufficient conditions for the
ansatz (4.4.1) to describe a gas configuration with finite total mass and angular momen-
tum. Next, in Section 4.4.2 we discuss the (E,Lz)-models in which the DF is a product
between the polytropic function Fpoly(E) and some function I(Lz) of the azimuthal
angular momentum Lz. Finally, in Section 4.4.3 we derive general expressions for the
total mass, energy and angular momentum for the (E,Lz)-models and compute them
explicitly for the case of Hénon’s gravitational potential which interpolates between
the potential belonging to a point mass and the one belonging to a constant density
sphere [35].

4.4.1. General bounds on the observables

Before specifying our models and deriving the corresponding expressions for the ma-
croscopic observables, we derive some elementary bounds that can be inferred from the
results in the previous subsection. For this, we assume that F satisfies the bound

0 ≤ F (E,L, Lz) ≤ Fpoly(E), (4.4.2)

for all admissible values (E,L, Lz) of the constants of motion leading to bound trajec-
tories, where here Fpoly(E) is any function of the form given in Eq. (4.3.14) for some
fixed positive constants α, E0 and k > 1/2. In principle, one might think that the upper
bound (4.4.2) on F which is uniform in (L,Lz) is rather restrictive. However, this is not
the case as one can see by noticing that the admissible range of values for the constants
of motion leading to bound trajectories is described by the inequalities

Emin := mΦ(0) < E < 0, 0 ≤ L ≤ Lub(E), |Lz| ≤ L, (4.4.3)

with Lub(E) denoting the critical angular momentum such that the minimum of the
effective potential VL(r) is precisely E, i.e. such that E0(Lub) = E. Therefore, given

2As discussed in [73] mixing takes place in Hénon’s isochrone potential used later in this work, as long
as the parameter b characterizing this potential is positive.
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E ∈ (Emin, 0), the admissible set of (L,Lz) satisfying Eq. (4.4.3) is compact, implying
that Eq. (4.4.2) is really a bound on the energy-dependency of the DF.
Due to the monotony properties of the integral, Eq. (4.4.2) implies that the particle
density associated with F is bounded according to

0 ≤ n(x) ≤ ckψ(r)k, x ∈ R3, (4.4.4)

with ck as in Eq. (4.3.17). In particular, the decay of n(x) for r → ∞ is controlled by
the decay of the dimensionless gravitational potential ψ(r). For the typical 1/r-decay
of the potential, it follows that the particle density decays at least as fast as 1/rk which
leads to a finite mass configuration provided that k > 3.
From the bound (4.4.4) and the fact that |H| = −mΦ − |p|2/(2m) ≤ E0ψ, one also
obtains

|ε(x)| ≤ E0ckψ(r)k+1, x ∈ R3, (4.4.5)

showing that the energy density’s magnitue decays at least as fast as ψ(r)k+1.
Similarly, we can estimate the magnitude of the mean velocity |u| according to

|u(x)| ≤ 1
mn(x)

∫
|p|Fpoly(E)d3p = 32πmα

n(x)
E2

0
4k2 − 1ψ(r)k+ 1

2 , x ∈ R3, (4.4.6)

which shows that |n(x)u(x)| decays at least as fast as 1/rk+1/2 if ψ(r) decays like 1/r.
Next, the kinetic energy density can be bounded according to

0 ≤
∫ |p|2

2mf(x,p)d3p ≤
∫ |p|2

2mFpoly(E)d3p = 3E0ck
2(k + 1)ψ(r)k+1, (4.4.7)

which implies that the individual components of the pressure tensor can be estimated
according to

|Pij(x)| ≤ 1
m

∫
|p−mu|2f(x,p)d3p

= 1
m

∫
|p|2f(x,p)d3p−mn(x)|u(x)|2 ≤ 3E0ck

k + 1 ψ(r)k+1, (4.4.8)

where we have used the bound (4.4.7) in the last step.
Summarizing, any stationary, axisymmetric DF satisfying the estimates (4.4.2) has the
property that the quantities n(x), |ε(x)|, |Pij(x)| and n(x)|u(x)| are bounded by powers
of the dimensionless gravitational potential ψ(r). In particular, any such configuration
for which k > 3 and ψ(r) is regular at r = 0 and decays as 1/r for r → ∞ has
finite total mass and energy, as follows from the bounds (4.4.4,4.4.5). Furthermore,
taking into account the bound (4.4.6) one can also conclude that the slightly stronger
bound k > 7/2 leads to configurations with finite total angular momentum. The results
obtained in this subsection will be useful to describe the range of validity of the free
parameters in the models introduced in the next subsection.
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4.4.2. The (E,Lz)-models

For the following, we restrict our attention to DFs of the form (4.4.1) which are inde-
pendent of L and which factorize, such that

F (E,L, Lz) = F0(E)I(Lz), (4.4.9)

with two functions F0(E) and I(Lz). The independence of L can be motivated by the
observation that if the self-gravity of the gas configuration was taken into account,
then the gravitational potential would in general no longer be spherically symmetric,
and thus L would cease to be an integral of motion, whereas an ansatz in which the
DF depends on (E,Lz) is fully compatible with a self-gravitating axisymmetric con-
figuration. Ansätze of the form (4.4.9) have been presented in the context of New-
tonian [78, 94] and relativistic [79, 80] self-gravitating, stationary and axisymmetric
stellar systems. See also Refs. [83,84] for more recent work on the numerical construc-
tion of self-gravitating disk, spindle and torus configurations in the relativistic case. For
the following, we consider an ansatz of the form (4.4.9) with F0(E) = Fpoly(E) as in
Eq. (4.3.14) and I(Lz) = I

(even,rot)
poly (Lz) given by one of the following two models:

I
(even)
poly (Lz) :=

(
|Lz|
L0
− 1

)l
+
, (4.4.10)

or

I
(rot)
poly (Lz) := 2

(
Lz
L0
− 1

)l
+
, (4.4.11)

with parameters L0 > 0 and l = 0, 1, 2, . . .. The parameter L0 > 0 describes a
lower-bound for the (magnitude of the) azimuthal angular momentum. In particular,
since |Lz| ≤ L, it implies that radial and almost radial trajectories are not popula-
ted, meaning that the gas configuration must vanish close to the center. On the other
hand, since |Lz| ≤ L ≤ Lub(E) for bound orbits, one can show that |I(Lz)| can be
bounded by a power of 1/|E| for small |E|. For example, for typical 1/r-decay at
infinity, such that Φ(r) ≈ −GM/r for large values of r, one finds the Keplerian ex-
pressions r0 ≈ L2/(GMm2) and Lub(E) ≈ GMm2/

√
−2mE, which means that for

both ansätze (4.4.10) and (4.4.11), |I(Lz)| can be bounded from above by a constant
times (−E/E0)−l/2, and all the bounds obtained in the previous subsection hold provi-
ded k is replaced with k − l/2. In particular, one obtains finite mass configurations if
k > 3 + l/2. Finally, we note that the main difference between the two ansätze (4.4.10)
and (4.4.11) lies in the absolute value of Lz, which implies that I(even)

poly is an even fun-
ction of the azimuthal angular momentum, such that for every orbit with Lz > L0 there
is a corresponding orbit rotating in the opposite direction with reversed sign−Lz of the
azimuthal angular momentum, whereas I(rot)

poly only considers orbits rotating with positi-
ve Lz. The factor 2 in Eq. (4.4.11) is introduced such that both configurations described
by Eqs. (4.4.10,4.4.11) have the same density profile and total mass (see below).
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After having specified our particular ansätze for the DF F (E,L, Lz), we compute the
associated observables (4.3.4,4.3.5,4.3.6,4.3.7). To this purpose, we transform the Car-
tesian components of the momentum p to its spherical components (pr, pϑ, pϕ) and next
to the constants of motion (E,L, Lz), which can be written as

E = p2
r

2m + VL(r), L2 = p2
ϑ +

p2
ϕ

sin2 ϑ
, Lz = pϕ. (4.4.12)

Consequently, the volume form transforms according to

d3p = dprdpϑdpϕ
r2 sinϑ = mL

|pϑ||pr|
dEdLdLz
r2 sinϑ . (4.4.13)

At this point, it is important to realize that the variable substitution (pr, pϑ, pϕ) 7→
(E,L, Lz) is not one-to-one but four-to-one, which is due to the possible sign choices
for

pr = ±
√

2m(E − VL(r)), pϑ = ±
√
L2 − L2

z sin−2 ϑ, (4.4.14)

when the spherical components of p are reconstructed from the integrals of motion.
These sign choices imply that there are four corresponding contributions when rewri-
ting Eqs. (4.3.4,4.3.5,4.3.6,4.3.7) as integrals over (E,L, Lz). The domain of integra-
tion is restricted by the requirement that (for given values of r and ϑ) one must have
VL(r) ≤ E and L2

z sin−2 ϑ ≤ L2, which gives3

Emin(r) < E < 0, 0 ≤ L < Lmax(E, r), |Lz| ≤ L sinϑ, (4.4.15)

with Emin(r) := mΦ(r) and Lmax(E, r) := r
√

2m(E −mΦ(r)).
For an arbitrary DF of the form (4.4.1) this yields the following expression for the
particle density

n(x) = 4m
r2 sinϑ

0∫
Emin(r)

dE

Lmax(E,r)∫
0

dLL

+L sinϑ∫
−L sinϑ

dLz
F (E,L, Lz)√

L2 − L2
z sin−2 ϑ

√
2m(E − VL(r))

,

(4.4.16)
and similar expressions for ε(x), u(x) and Pij(x) (taking into account the correct signs
of pr and pϑ in each of the four contributions). For the particular product ansatz (4.4.9)
considered in this subsection, one can interchange the order of the integrals over L and
Lz and explicitly compute the resulting integral over L (see Appendix 4.7 for details),
which gives

n(x) = 2πm
r sinϑ

0∫
Emin(r)

dEF0(E)
+Lmax(E,r) sinϑ∫
−Lmax(E,r) sinϑ

dLzI(Lz), (4.4.17)

3Note that the conditions in Eq. (4.4.15) automatically imply that (E,L,Lz) lies in the admissible
range described by the inequalities (4.4.3) since L sinϑ ≤ L and since, by definition, Lmax(E, r) ≤
Lub(E).
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and similarly for the other observables. Specializing to the specific functions (4.3.14)
for F0 and Eqs. (4.4.10,4.4.11) for I(Lz) these integrals can be computed explicitly. In-
troducing the cylindrical radiusR := r sinϑ and the dimensionless variable (depending
on r and ϑ)

η := R

L0

√
2mE0ψ, (4.4.18)

(with the dimensionless potential ψ depending on r defined as in Eq. (4.3.20)) one
obtains4

n(rot) = 4πα(2mE0) 3
2
ηl

l + 1ψ
kJk− 3

2 ,l
(η), (4.4.19)

ε(rot) = −4πα(2mE0) 3
2E0

ηl

l + 1ψ
k+1Jk− 1

2 ,l
(η), (4.4.20)

u(rot) =
√

2E0

m
ψ

 l + 1
l + 2

Jk− 3
2 ,l+1(η)

Jk− 3
2 ,l

(η) + 1
η

 eϕ, (4.4.21)

with eϕ := (− sinϕ, cosϕ, 0). Herein, Js,l refer to the integrals (defined for s, l ≥ 0)

Js,l(η) = 1
η2s+l+3

η∫
1

(η2 − ξ2)s(ξ − 1)l+1
+ ξdξ, η > 0, (4.4.22)

which vanish if η ≤ 1. Using integration by parts, the variable substitution ξ = 1 + x

and [95, Eq. 3.197.8] these integrals can be written as

Js,l(η) = 1
2B(s+ 1, l + 2)2F1

(
−(s+ 1), l + 1; s+ l + 3;−η − 1

η + 1

)

×
(

1 + 1
η

)s+1 (
1− 1

η

)s+l+2

+
, (4.4.23)

where B(a, b) denotes the Beta function and 2F1(a, b; c; z) Gauss’ hypergeometric fun-
ction (see [92]). Taking into account the behavior of the integrand under the transfor-
mation Lz 7→ −Lz, the observables belonging to the even ansatz (4.4.10) are given
by

n(even)(x) = n(rot)(x), ε(even)(x) = ε(rot)(x), u(even)(x) = 0. (4.4.24)

4In the limit η →∞ one finds Js,l(η)→ 1
2B

(
s+ 1, l + 3

2

)
. In particular, taking l = 0 and L0 → 0

yields

n(rot) = 2πα(2mE0) 3
2B

(
k − 1

2 ,
3
2

)
ψk, ε(rot) = −2πα(2mE0) 3

2B

(
k + 1

2 ,
3
2

)
E0ψ

k+1,

which coincides with the expression in Eqs. (4.3.17,4.3.18), as expected.
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The pressure tensor can be computed from Eq. (4.3.7) and results to be diagonal:

P = Pr̂er ⊗ er + Pϑ̂eϑ ⊗ eϑ + Pϕ̂eϕ ⊗ eϕ, (4.4.25)

with er := (cosϕ sinϑ, sinϕ sinϑ, cosϑ) and eϑ := ∂er/∂ϑ. Due to the identity (4.7.2)
in Appendix 4.7 the principle pressures Pr̂ and Pϑ̂ turn out to be equal, and for the
ansatz (4.4.11) one finds

P
(rot)
r̂ = 8πα(2mE0) 3

2E0
ηlψk+1

l + 1

[
1
η

Jk− 3
2 ,l+1(η)
l + 2 +

Jk− 3
2 ,l+2(η)
l + 3

]
, (4.4.26)

P
(rot)
ϕ̂ = 8πα(2mE0) 3

2E0
ηlψk+1

l + 1

×
[

1
η2Jk− 3

2 ,l
(η) + 2

η

l + 1
l + 2Jk−

3
2 ,l+1(η) + l + 1

l + 3Jk−
3
2 ,l+2(η)

]

−mn(rot)
∣∣∣u(rot)

∣∣∣2 . (4.4.27)

For the interpretation of our results in the next section, it is convenient to introduce the
isotropic pressure, defined by P := (Pr̂ + Pϑ̂ + Pϕ̂)/3, and the corresponding kinetic
temperature T , such that P = nkBT . Using the identity(

1
η2 − 1

)
Js,l(η) + 2

η
Js,l+1(η) + Js,l+2(η) = −Js+1,l(η), s, l ≥ 0. (4.4.28)

one finds

P (rot) = 8πα
3 (2mE0) 3

2E0
ηlψk+1

l + 1
[
Jk− 3

2 ,l
(η)− Jk− 1

2 ,l
(η)
]
−1

3mn
(rot)

∣∣∣u(rot)
∣∣∣2 , (4.4.29)

and it can be checked that the relation (4.3.13) holds. The pressure variables belonging
to the even ansatz (4.4.10) are given by the same expressions as in Eqs. (4.4.26,4.4.27,
4.4.29) where one replaces u(rot) with zero. In the next subsection, we derive expli-
cit expressions for the total mass, energy and angular momentum associated with the
configurations described by the models (4.4.9,4.4.10,4.4.11).
We conclude this subsection by noting that the support of the particle and energy den-
sities, as well as the pressure components is delimited by the condition η ≥ 1, or

r
√
ψ(r) sinϑ ≥ L0√

2mE0
. (4.4.30)

This boundary is generated by parabolic-type orbits of maximal energy (E = 0) whose
orbital plane has an inclination angle π/2 − ϑ with respect to the equatorial plane and
whose total angular momentum L = L0/ sinϑ is minimal. Examples of the resulting
surface will be presented in the next section. For the moment, we note that for the
Kepler potential, for which ψ is proportional to 1/r, this surface has the form

z2 ≤ R2
(
R2

R2
0
− 1

)
(4.4.31)

for some constant R0 > 0 corresponding to the radius of the inner edge of the disk.
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4.4.3. Total mass, energy and angular momentum

In this subsection we derive useful formulae that allow one to compute the total mass
Mgas as well as the total energy Egas and angular momentum Jgas of the stationary,
axisymmetric gas configurations described by DFs of the form (4.4.1) and the ansätze
(4.4.9,4.4.10,4.4.11) in particular. In the latter case, we also compute explicit expres-
sions for Hénon’s isochrone potential. Recall that for the polytropes discussed in sub-
section 4.3.2 and their axisymmetric generalizations discussed in the previous subsec-
tion, these quantities are finite provided the gravitational potential Φ(x) decays to zero
as fast as 1/r for r →∞ and k > 7/2 + l/2.
The computation of the total mass for a DF depending only on integrals of motion as
in Eq. (4.4.1) is greatly simplified by introducing action-angle variables (Q, J) (see for
instance Refs. [35,58]) on the region of phase space corresponding to bound orbits (that
is, those orbits lying in the admissible range defined by Eq. (4.4.3)). Using the fact that
the transformation (x,p) 7→ (Q, J) is symplectic and hence volume-preserving, one
obtains

Mgas = m
∫
n(x)d3x = m

∫
f(x,p)d3xd3p = m

∫
ΩJ

∫
T3

f(x,p)d3Qd3J, (4.4.32)

where ΩJ ⊂ R3 denotes the domain over which the action variables J vary and T3

the three-torus parametrized by the angles Q. A DF of the form given in Eq. (4.4.1) is
independent of the angle variables, and hence in this case the integral over T3 is trivial
and yields the factor (2π)3. In order to perform the integral over the action variables,
one uses the relation [35, 73] J = (J1, J2, J3) = (A(E,L)/(2π), L, Lz), with A(E,L)
the area function defined in Eq. (4.3.2), and rewrites it as an integral over the cons-
tants of motion (E,L, Lz). Taking into account Eq. (4.4.3) to formulate the appropriate
integration limits yields

Mgas = 4π2m

0∫
Emin

dE

Lub(E)∫
0

dL

L∫
−L

dLzTr(E,L)F (E,L, Lz),

Tr(E,L) = ∂A(E,L)
∂E

, (4.4.33)

which allows one to compute Mgas if the period of the radial motion Tr and the fun-
ction F are known. The expression for Egas is obtained from Eq. (4.4.33) by inserting
the factor E/m inside the integral. Similarly, the total angular momentum of the gas
configuration is given by

Jgas =
∫ ∫

x ∧ pf(x,p)d3xd3p =
∫

ΩJ

∫
T3

x ∧ pf(x,p)d3Qd3J, (4.4.34)
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which, for the stationary and axisymmetric configuration of the form (4.4.1) yields

Jgas = 4π2
0∫

Emin

dE

Lub(E)∫
0

dL

L∫
−L

dLzLzTr(E,L)F (E,L, Lz)ez (4.4.35)

with ez = (0, 0, 1). Without specifying the function F in more details, this is how
far we can get.5 For the following, we compute Mgas, Egas and Jgas for the particular
ansätze (4.4.9,4.4.10,4.4.11) of the previous subsection, assuming that the gravitational
potential is given by Hénon’s isochrone model (see [91] and [35]),

Φ(r) = Φiso
b (r) := − GM

b+
√
b2 + r2

, r > 0, (4.4.36)

which is parametrized in terms of the parameter b > 0 which has units of length. Note
that in the limit b → 0 this potential reduces to Kepler’s potential; however for b > 0
the potential Φiso

b is finite and regular at the center. One of the interesting properties of
this potential is that the period of the radial motion is independent of L and given by
the same expression as Kepler’s potential, i.e.

Tr(E,L) = 2πGM
(

m

−2E

) 3
2
. (4.4.37)

The relevant limits of integration in this case are given by (see Appendix 4.8 for details)

Emin = mΦ(0) = −GMm

2b , Lub(E) =
√
m

2

(
GMm√
−E

− 2b
√
−E

)
. (4.4.38)

Introducing these expressions into Eqs. (4.4.33,4.4.35) yields, after some calculations

5Note that if F (E,L,Lz) = F0(E) is independent of L and Lz one can carry out the integrals over L
and Lz explicitly. Using Eq. (4.3.2) one obtains

Mgas = 16π2m2
∫ 0

Emin

dEF0(E)
∫ r2(E,0)

0
drr2

√
2m(E −mΦ(r)).

Another interesting case is the one described by a DF of the form F (E,L,Lz) = F0(E)G(β) with
β = Lz/L, for which

Mgas = 1
2

∫ 1

−1
G(β)dβ × Mgas|G=1 .
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which are carried out in Appendix 4.9,

M (rot)
gas = 16π3αL3

0m

(
G2M2m3

2E0L2
0

)k− 3
2 Γ(l + 1)Γ(2k − l − 6)

Γ(2k − 3)

×
2F1

(
−(l + 2), 2k − l − 6, 2k − 3,− tanh2 χ

)
(coshχ)4k−2l−12 , (4.4.39)

E(rot)
gas = −16π3αL3

0E0

(
G2M2m3

2E0L2
0

)k− 1
2 Γ(l + 1)Γ(2k − l − 4)

Γ(2k − 1)

×
2F1

(
−(l + 2), 2k − l − 4, 2k − 1,− tanh2 χ

)
(coshχ)4k−2l−8 , (4.4.40)

J(rot)
gas = L0

M (rot)
gas

m

[
1 + l + 1

2k − l − 7 cosh2 χ

×
2F1

(
−(l + 3), 2k − l − 7, 2k − 3,− tanh2 χ

)
2F1

(
−(l + 2), 2k − l − 6, 2k − 3,− tanh2 χ

)
 ez, (4.4.41)

where the hyperbolic angle χ is defined by

χ = 1
2 sinh−1

(
2
√
GMm2b

L0

)
. (4.4.42)

Using the symmetries of the DF with respect to Lz, the corresponding quantities for the
even ansatz (4.4.10) yield

M (even)
gas = M (rot)

gas , E(even)
gas = E(rot)

gas , J(even)
gas = 0. (4.4.43)

Note that in the Kepler limit b→ 0 one has χ→ 0 and the last factors on the right-hand
sides of Eqs. (4.4.39) and (4.4.40) converge to one, while J(rot)

gas /M
(rot)
gas → (L0/m)(2k−

6)/(2k− l−7). Another interesting limit consists in taking L0 → 0 and l = 0, in which
case one obtains6

ĺım
L0→0

M (rot)
gas

∣∣∣∣
l=0

= 8π3αm(2mb2E0) 3
2

(k − 1)(k − 2)(k − 3)

(
GMm

2bE0

)k
, (4.4.44)

ĺım
L0→0

E(rot)
gas

∣∣∣∣
l=0

= −8π3αE0(2mb2E0) 3
2

k(k − 1)(k − 2)

(
GMm

2bE0

)k+1
, (4.4.45)

ĺım
L0→0

J(rot)
gas

∣∣∣∣
l=0

= 128π3α(2mb2E0)2

(2k − 1)(2k − 3)(2k − 5)(2k − 7)

(
GMm

2bE0

)k+ 1
2

ez, (4.4.46)

where the corresponding expressions for the even ansatz can be obtained from the ge-
neral relations in Eq. (4.4.43). In the even case, one can check that these expressions

6For this, the identities [92, Eq. 15.4.26] 2F1 (a, b; c;−1) = 2F1 (b, a; c;−1) = Γ(1 + a − b)Γ(1 +
a/2)/(Γ(1 + a)Γ(1− b+ a/2)) are useful.
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give the total mass and energy of the spherical polytropes discussed in subsection 4.3.2.
Note that the Kepler limit b→ 0 of the expressions in Eqs. (4.4.44,4.4.45,4.4.46) are ill-
defined. This is due to the fact that the Kepler potential diverges at the center, implying
that particles with low angular momentum can have arbitrarily low energy.
The qualitative behavior of Mgas, Egas and Jgas as functions of the parameters λ0, κ, k, l

will be analyzed in more detail in the next section.

4.5. Properties of the macroscopic observables

In this section we analyze the behavior of the macroscopic observables derived in the
previous section. For definiteness, we focus on the particle density, the mean velo-
city, the kinetic temperature, and the anisotropy parameter (defined below), assuming
that the central gravitational potential is given by Hénon’s isochrone potential, see
Eq. (4.4.36). In general, these quantities depend on the parameters α > 0, E0 > 0,
L0 > 0, l ≥ 0, k > 7/2 + l/2 and M > 0, b ≥ 0 appearing in the DF and Hénon’s
potential. In the following, we compare configurations of equal total mass, which fixes
the parameter α (see Eq. (4.4.39)), and we introduce the length scale

Λ := GMm

E0
, (4.5.1)

in order to express our results in terms of the dimensionless quantities:

ξ := r

Λ , κ := b

Λ , λ := L√
mΛ2E0

, λ0 := L0√
mΛ2E0

, (4.5.2)

which leaves the following dimensionless parameters: k, l, λ0 and κ.

4.5.1. Normalized particle density and morphology

We start with the analysis of the dimensionless particle density per unit total mass,
given by the function (see Eqs. (4.4.19, 4.4.39))

n̄(ξ, ϑ) := Λ3n(rot) m

M (rot)
gas

= 2k−2

π2
Γ(2k − 3)

Γ(l + 2)Γ(2k − l − 6)

×
ηlψkJk− 3

2 ,l
(η)λ2k−6

0 (cosh2 χ)2k−l−6

2F1
(
−(l + 2), 2k − l − 6, 2k − 3,− tanh2 χ

) , (4.5.3)

where in terms of the dimensionless quantities defined in Eq. (4.5.2),

χ = 1
2 sinh−1

(
2
√
κ

λ0

)
, η = ξ sinϑ

λ0

√
2ψ, ψ = 1

κ+
√
κ2 + ξ2 . (4.5.4)
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Note that ψ is a function of the dimensionless radius ξ, η a function of (ξ, ϑ), while
χ is constant. We show in figures 4-1 and 4-2 the behavior of the normalized particle
density (4.5.3) in the equatorial plane (ϑ = π/2) for different values of k and l and
fixed values of λ0 = κ = 1. First, we observe from figure 4-1 that, for fixed l = 1, the
configurations become more concentrated near their inner edge (determined by η = 1
corresponding to ξ =

√
5/2 when ϑ = π/2) and exhibit a faster asymptotic decay

as k increases. In this sense, they become more compact with growing k. Next, from
the plots in figure 4-2, we observe that, for fixed k = 6, the bulk of the particles moves
away from the central region as l increases. This is, of course, expected, since l controls
the exponent of the Lz-dependency of the DF, implying that the higher the value of l,
the more populated are the configurations with high angular momentum.
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Figure 4-1: Normalized particle density n̄ vs radius on the equatorial plane for l = 1
and k = 5, 6, 7. The remaining parameters have been chosen to be κ = 1
and λ0 = 1. The left panel is a linear plot showing the range 0 ≤ ξ ≤ 16,
with the inset zooming into the region 8 ≤ ξ ≤ 16 which makes visible
the intersection between the different curves. This intersection is expected,
since the higher concentration of particles near the central object has to
be compensated by a faster decay in the density due to the fact that we
compare configurations with equal masses. The right panel shows the same
quantity in a log-log plot, making visible the different inverse power law
decay behavior at large ξ. The dashed lines correspond to the inverse power
law behavior found in Eq. (4.5.5).

As is visible from the plots in the right panels of figures 4-1 and 4-2, the norma-
lized density n̄ exhibits an inverse power-law behavior for large values of ξ. Using
Eqs. (4.5.3,4.5.4) one finds, for large values of ξ:

n̄ ∼ σ
sinl ϑ
ξk−

l
2
, (4.5.5)
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Figure 4-2: Same as in previous plot, except that here k = 6 and l = 1, 2, 3. Note that
the maximum of n̄ moves to the right as l increases.

where the constant σ is given by

σ = (
√

2)2k+l−6

π2
Γ(2k − 3)Γ(k − 1/2)

Γ(2k − l − 6)Γ(k + l + 3/2)

× 2F1 (−(k − 1/2), l + 1, k + l + 3/2,−1)
2F1

(
−(l + 2), 2k − l − 6, 2k − 3,− tanh2 χ

) (λ0 cosh2 χ
)2k−l−6

.(4.5.6)

For comparison, the asymptotic behavior (4.5.5) is also shown in the right panels of
figures 4-1 and 4-2.
In order to analyze the dependency of the particle density with respect to the polar
angle, we show in figure 4-3 contour plots of n̄ in the xz-plane for the parameter values
k = 5, l = 1, 2, 3, and λ0 = κ = 1. As is visible from these plots, the particle density
is everywhere regular and the configurations become slimmer as l increases, which is
compatible with the polar dependency of the asymptotic behavior (4.5.5).

4.5.2. Mean particle velocity

Next, we analyze the behavior of the mean particle velocity for rotating configurations,
see Eq. (4.4.21) (recall that this velocity vanishes for the even ansatz). For definiteness,
we restrict ourselves to the equatorial plane. In figure 4-4 we show the magnitude of
the velocity as a function of the dimensionless radius ξ for different values of k and l
and fixed κ = λ0 = 1. We observe that this magnitude has a maximum at the inner
edge (ξ =

√
5/2) and decays monotonically as ξ increases. At the inner edge one finds

ĺım
η→1+

√
m

E0
|u(rot)(x)| =

√
2ψ
∣∣∣∣
ξ=
√

5/2
, (4.5.7)

which is independent of k and l. For large ξ one finds the following behavior:√
m

E0
|u(rot)| ∼ τ√

ξ
, τ =

√
2

Γ
(
l
2 + 1

)
Γ
(
k + l

2 + 1
)

Γ
(
l
2 + 1

2

)
Γ
(
k + l

2 + 3
2

) , (4.5.8)
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Figure 4-3: Contour plot for the normalized particle density n̄ in the xz-plane for λ0 =
κ = 1 and different values of k and l. Top left panel: (k, l) = (6, 1).
Top right panel: (k, l) = (6, 3). Bottom left panel: (k, l) = (7, 1). Bottom
right panel: (k, l) = (7, 6). Note that as the value of l increases the disk
becomes slimmer and the maximum of the density moves away from the
central object, as expected. The thick red line indicates the location of the
inner boundary of the configuration which is determined by η ≥ 1.

which is (up to the factor τ which is of order unity) the expression for the tangential
velocity for circular orbits in the Kepler potential. Note that τ is independent of the
polar angle ϑ and the parameters λ0 and κ.

4.5.3. Kinetic temperature

Next, we analyze the behavior of the kinetic temperature, which is given by the ratio
between the pressure (4.4.29) and the particle density (4.4.19). For the ansätze (4.4.11,4.4.10)
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Figure 4-4: Log-log plot for the magnitude of the mean velocity vs radius for some
values of l and k and fixed parameter values λ0 = κ = 1. From the left pa-
nel we see that for l = 1 this magnitude decreases as k increases, while the
right panel shows that, as expected, this magnitude increases as l increases.
The dashed lines show the asymptotic behavior predicted by Eq. (4.5.8).

this yields

T (rot)(x) = 2
3
E0ψ

kB

1−
Jk− 1

2 ,l
(η)

Jk− 3
2 ,l

(η) −
 l + 1
l + 2

Jk− 3
2 ,l+1(η)

Jk− 3
2 ,l

(η) + 1
η

2
 , (4.5.9)

T (even)(x) = 2
3
E0ψ

kB

1−
Jk− 1

2 ,l
(η)

Jk− 3
2 ,l

(η)

 . (4.5.10)

In figures 4-5 and 4-6 we show the temperature profiles on the equatorial plane for
these two models. As before, we fix λ0 = κ = 1 and vary the parameters k and l. The
asymptotic values in the limits η → 1 and η → ∞ for the kinetic temperature in both
models are given by

ĺım
η→1+

T (rot) = 0,

ĺım
η→∞

T (rot) = 2
3
E0ψ

kB

 l + 3
2k + l + 2 −

Γ
(
l
2 + 1

)
Γ
(
k + l

2 + 1
)

Γ
(
l
2 + 1

2

)
Γ
(
k + l

2 + 3
2

)
2 ,(4.5.11)

ĺım
η→1+

T (even) = 2
3
E0ψ

kB
, ĺım

η→∞
T (even) = 2

3
E0ψ

kB

l + 3
2k + l + 2 . (4.5.12)

From the plots and these expressions, we observe that the temperature profile for the
rotating model is continuous, T (rot) being zero at the inner boundary of the disk. The
temperature has a maximum inside the disk configuration, as is visible from figure 4-
5, and decays as 1/ξ for large radii. In contrast to this, the temperature profile for the
even model in the equatorial plane is monotonously decaying for all values of ξ, the
maximum temperature being located at the inner edge of the disk. As is also visible
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from the plots, the temperature decreases as k increases, which can be understood by
remarking that the lower energy levels are more populated when k is high.
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Figure 4-5: Log-log plot for the kinetic temperature of the rotating model (see
Eq. (4.5.9)) vs radius in the equatorial plane for l = 1, k = 5, 9, 13 (left
panel) and k = 13 and l = 0, 10, 18 (right panel) and λ0 = κ = 1. The
corresponding asymptotic limits from Eq. (4.5.11) are shown in dashed
lines.
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Figure 4-6: Same as previous plot for the even model (see Eq. (4.5.10))

4.5.4. Pressure anisotropy

In this section we analyze the pressure anisotropy of our configurations. To this purpo-
se, recall that the principle pressures Pr̂, Pϑ̂ and Pϕ̂ defined in Eqs. (4.4.25,4.4.26,4.4.27)
satisfy Pr̂ = Pϑ̂. Therefore, in analogy to what is being defined in galactic dyna-
mics [35, 96] we introduce the anisotropy parameter

β := 1− Pϕ̂
Pr̂
, (4.5.13)
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which is positive for a configuration in which the radial pressure dominates the azi-
muthal one and negative otherwise, while β = 0 for an isotropic configuration. For the
rotating configurations (4.4.11) one obtains

β(rot)(x) = 1−
 l + 1
l + 3Jk−

3
2 ,l+2(η)−

(
l + 1
l + 2

)2 Jk− 3
2 ,l+1(η)2

Jk− 3
2 ,l

(η)


×
[

1
η

Jk− 3
2 ,l+1(η)
l + 2 +

Jk− 3
2 ,l+2(η)
l + 3

]−1

, (4.5.14)

while for the even model (4.4.10) the anisotropy parameter yields

β(even)(x) = 1−
[

1
η2Jk− 3

2 ,l
(η) + 2

η

l + 1
l + 2Jk−

3
2 ,l+1(η) + l + 1

l + 3Jk−
3
2 ,l+2(η)

]

×
[

1
η

Jk− 3
2 ,l+1(η)
l + 2 +

Jk− 3
2 ,l+2(η)
l + 3

]−1

. (4.5.15)

Note that these expressions only depend on (ξ, ϑ) through the parameter η. The beha-
vior of β on the equatorial plane is shown in figures 4-7 and 4-8 for both models for
different values of k and l and fixed λ0 = κ = 1.
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Figure 4-7: Anisotropy parameter β vs ξ for different values of k and l and fixed λ0 =
κ = 1. Note that we use a logarithmic scale in ξ. The dashed lines refer to
the asymptotic limits computed in Eq. (4.5.16). In the left panel l = 1 and
k = 5, 9, 13 while in the right panel k = 5 is fixed and l varies over 0, 1, 2.
In all cases, we observe that β → 1 when ξ approaches the inner edge’s
radius, while for large ξ, β decreases and approaches a constant positive
value, indicating that the radial pressure always dominates the azimuthal
one.
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Figure 4-8: Same as previous plot for the even model. In this case, the anisotropy pa-
rameter β diverges to −∞ as ξ approaches the inner edge’s radius, while
in the limit ξ → ∞, β approaches a negative value, indicating that the
azimuthal pressure dominates in this case.

The asymptotic limits of β when η → 1 and η →∞ are given by

ĺım
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2

)2 , (4.5.16)

and

ĺım
η→1+

β(even) = −∞, ĺım
η→∞

β(even) = −l. (4.5.17)

From these plots and expressions, we see that in the rotating case, the anisotropy pa-
rameter is always positive, showing that the azimuthal pressure is always less than the
radial pressure, the difference being largest at the inner edge of the disk. This fact can
be partially understood by noticing that in this case, all particles orbit in the same di-
rection, leading to a small azimuthal velocity dispersion. However, the dependency of
β(rot) on k and l seems to be intricate.

In contrast to this, the anisotropy parameter for the even configurations is always ne-
gative, meaning that the azimuthal pressure dominates in this case (which is expected
since each particle has a pair rotating in the opposite direction). As one approaches
the boundary of the disk (η → 1), this difference becomes larger and larger such that
β(even) → −∞. This is expected, since the boundary of the disk is generated by the
turning points of parabolic-type orbits (see the discussion following Eq. (4.4.30)), such
that P (even)

r̂ → 0 as η → 1; however P (even)
ϕ̂ remains positive since these orbits are po-

pulated by pairs of particles rotating in the opposite direction. Notice also that as k and
l increase, the anisotropy of the even configurations becomes more pronounced.
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4.5.5. Total mass, energy and angular momentum

Next, we discuss some qualitative properties of the total mass, energy and angular mo-
mentum given by the expressions found in Eqs. (4.4.39,4.4.40,4.4.41). Recall that the
total mass and energy of the even model coincide with those of the rotating one, whe-
reas J(even)

gas = 0. Therefore, it is sufficient to focus our attention on the rotating case.
First, we analyze the behavior of the total mass as a function of the cut-off value λ0 for
the angular momentum and the parameter κ in Hénon’s potential, fixing the values of
k and l. Figure 4-9 shows this behavior for the values k = 5 and l = 0. As expected,

κ=10

κ=1

κ=10-1

κ=10-2

κ=10-3

κ=10-4

κ=0
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Figure 4-9: Log-log plot for the total mass vs the cut-off value of the azimuthal angular
momentum λ0 for k = 5, l = 0 and different values of κ.

when κ approaches zero or λ0 becomes very large, the total mass converges to the
Kepler expression with the power-law dependency λ−4

0 , see Eq. (4.4.39) with χ = 0 and
k = 5. When λ0 → 0, one recovers the limit computed in Eq. (4.4.44) corresponding
to the spherical polytropes.
Next, in figure 4-10 we show the ratio between the total energy and mass as a function
of k and l for fixed values κ = λ0 = 1. As is visible from this plot, for fixed l this ratio
decreases for increasing k. This is expected since the lower energy levels become more
populated as k increases. In contrast, the ratio increases when l becomes larger, which
is also expected due to the fact that the orbits with larger angular momentum (which
have larger energies) become more populated as l increases.
Finally, in figure 4-11 we show the ratio between the total angular momentum and mass
as a function of k and l for fixed values κ = λ0 = 1. As can be seen, this ratio decreases
for increasing k and fixed value of l, which is again expected since configurations with
high k have most of their particles lying on low-energy orbits for which the maximum
angular momentum is low. In contrast, for fixed value of k and increasing l, the ratio
increases. Also, note that |J(rot)

gas |/M (rot)
gas diverges as k → (7 + l)/2 which means that
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Figure 4-10: Total energy per total mass vs k for l = 0, 1, 2, 3, 4 and κ = λ0 = 1.
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Figure 4-11: Total angular momentum per total mass vs k for different values of l =
0, 1, 2, 3, 4 and fixed κ = λ0 = 1.

the configurations can have arbitrary high angular momentum. This divergence is due
to the fact that when k = (7 + l)/2, the decay of the solution is not fast enough for the
total angular momentum integral (4.4.34) to converge, while M (rot)

gas is still finite.

4.5.6. Comparison with fluid model

We end this section with a comparison between the kinetic configurations based on the
(E,Lz)-models and their hydrodynamic analogues whose properties are summarized
in Appendix 4.10.
First, we compare the boundary surface of the configurations. As follows from Eq. (4.10.12),
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in the fluid case the gas is supported in the domain

h̄∞ + ψ(ξ)− λ2
0

2ξ2 sin2 ϑ
≥ 0, (4.5.18)

where h̄∞ refers to the asymptotic value of the specific enthalpy (up to a constant fac-
tor), ψ to the dimensionless isochrone potential defined in Eq. (4.5.4) and ξ and λ0 to
the dimensionless radius and constant azimuthal angular momentum per unit mass, see
Eq. (4.10.9). Interestingly, in the collisionless kinetic case, the condition η ≥ 1 yields
precisely the same domain if one sets h̄∞ = 0 and identifies ξ and λ0 with the corres-
ponding quantities defined in Eq. (4.5.2). This coincidence is due to the fact that as
one approaches the boundary surface, the fluid elements’ pressure gradient decreases
to zero such that in this limit they move as point particles with zero energy and azimut-
hal angular momentum parameter equal to λ0, as in the kinetic case. Therefore, taking
h̄∞ = 0 for the following,7 in both cases the minimum dimensionless radius at given ϑ
is

ξmin(ϑ) = λ2
0

2 sin2 ϑ

√√√√1 + 4κ sin2 ϑ

λ2
0

. (4.5.19)

Whereas the boundary surface does not depend on whether one considers the fluid or
the collisionless kinetic case, one clearly expects differences to occur in the interior re-
gion since the two matter models are rather different in nature. In the fluid description,
the pressure is enforced to be isotropic and it is assumed that the specific azimuthal
angular momentum is constant throughout the gas configuration. In contrast, in the ki-
netic model the gas is collisionless, anisotropic and the azimuthal angular momentum
is not constant; rather it is distributed according to the functions given in Eqs. (4.4.10)
or (4.4.11). For the following, we focus on the latter distribution for which all particles
rotate in the same direction with minimal azimuthal angular momentum λ0 when per-
forming the comparison with the fluid case, since in the former case the total angular
momentum is zero.
To perform the comparison, for definiteness we restrict our attention to the profiles of
the mass density and the temperature in the equatorial plane. In the kinetic case these
profiles can be read off from the expressions (4.4.19) and (4.5.9) with ϑ = π/2. In the
fluid case the mass density ρ and temperature can be determined by using Eq. (4.10.12)
again and assuming a polytropic equation of state P = Kργ with K a constant and
γ > 1 the adiabatic index. Integrating the first law of thermodynamics (with constant
entropy) dh = dP/ρ and taking into account the ideal gas equation P = ρkBT/m̄ with
m̄ the averaged rest mass per particle, one obtains

h = γ

γ − 1Kρ
γ−1 = γ

γ − 1
P

ρ
= γ

γ − 1
kBT

m̄
, (4.5.20)

7For the behavior of the boundary surface for solutions with h̄∞ 6= 0, see Appendix 4.10.
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which allows one to express ρ and T in terms of the specific enthalpy h. Note that
taking h̄∞ = 0 as before, it follows from Eqs. (4.5.20,4.10.12) that the enthalpy and
temperature decay as ψ for large ξ. To proceed, we need a relation between the adiabatic
index γ and the parameters k and l characterizing the kinetic configuration. To this
purpose, we note that in the fluid case,

ĺım
ξ→∞

kBT
(fluid)(ξ, ϑ)
−m̄Φ(r) = 1− 1

γ
, (4.5.21)

whereas in the kinetic case one finds from Eq. (4.5.11) that

ĺım
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−mΦ(r) = 2

3

 l + 3
2k + l + 2 −

Γ
(
l
2 + 1

)
Γ
(
k + l

2 + 1
)

Γ
(
l
2 + 1

2
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Γ
(
k + l

2 + 3
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)
2 . (4.5.22)

This motivates the introduction of an effective adiabatic index γ(kinetic) depending on
(k, l) (but not on κ nor λ0), which is defined in such a way that the right-hand side of
Eq. (4.5.22) is equal to 1− 1/γ(kinetic). It follows from this definition that

1 < γ(kinetic) <
6k + 3l + 6

6k + l
. (4.5.23)

Some specific values for γ(kinetic) are shown in table 4-1. Note that γ(kinetic) → 1 as k
tends to infinity and l remains finite, corresponding to the isothermal limit. Furthermo-
re, the condition k > (7 + l)/2 implies that γ(kinetic) < 3/2, although the maximum
effective adiabatic index found from the table is for l = 0 and k = 4, for which

γ(kinetic) = 297675π2

131072 + 238140π2 ≈ 1.1840. (4.5.24)

Therefore, for what follows we compare our kinetic gas configurations with a fluid
model with adiabatic index γ = γ(kinetic) ≤ 1.1840 (note that our prescription excludes
the typical values of 4/3 and 5/3 describing a monoatomic gas in the ultra and non-
relativistic limits, respectively).
In figure 4-12 we show the comparison between the normalized mass densities and
temperature profiles for (k, l) = (4, 0) and fixed λ0 = κ = 1. Here, the normalization is
performed in such a way that the maxima of the profiles is one. As is visible from these
plots, the density distribution is different, the fluid configuration being more compact
than the kinetic one (a similar behavior is found for other values of k and l). In contrast,
the temperature profiles look very similar to each other. In order to partially quantify
this assertion, we show in tables 4-2 and 4-3 the ratios between the radii and the values
of the maxima of the temperature profiles for different values of (k, l) and λ0. We see
from these results that the locations of these maxima are very similar in both matter
models (within 5 % relative error), at least for l = 0, which is consistent with the right
plot in figure 4-12. For higher values of l, the radius of the temperature maximum in the
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Table 4-1: Effective adiabatic index γ(kinetic) for different values of k and l (five signifi-
cant figures are shown).

k = 4 k = 5 k = 6 k = 7 k = 10
l = 0 1.1840 1.1492 1.1254 1.1082 1.0766
l = 1 1.1382 1.1181 1.1031 1.0746
l = 2 1.1267 1.1097 1.0968 1.0714
l = 3 1.1020 1.0908 1.0682
l = 4 1.0951 1.0853 1.0651
l = 5 1.0804 1.0623
l = 6 1.0760 1.0596
l = 7 1.0572
l = 8 1.0549
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Figure 4-12: Comparison between the normalized densities (left panel) and between
the normalized temperatures (right panel) in the equatorial plane for κ =
λ0 = 1 and (k, l) = (4, 0) and the corresponding value γ = 1.18397 for
the adiabatic index. In both cases the normalization is chosen such that
the maximum is one.

kinetic model tends to increase with respect to the fluid case, while the example shown
in table 4-3 indicates that both ratios become independent of λ0 for large values of
λ0. Finally, we see from these tables that the temperature in the fluid case is somehow
larger than in the kinetic description.

4.6. Conclusions

We have provided a complete analytic description for stationary axisymmetric and co-
llisionless kinetic gas clouds consisting of identical massive and neutral particles su-
rrounding a massive central object. Our models are based on the assumptions that the
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Table 4-2: Top row: Ratio between the radii corresponding to the maxima of the fluid
and kinetic temperature profiles. Bottom row: Ratio between the correspon-
ding maxima of the temperature. Here we choose κ = λ0 = 1 and different
values for k and l and set γ = γ(kinetic) in the fluid case.

l = 0 l = 1 l = 2
k = 4 k = 5 k = 6 k = 10 k = 5 k = 6 k = 7 k = 10 k = 5 k = 6 k = 7 k = 10

mh0

E0

r
(fluid)
max

r
(kinetic)
max

0.956 0.960 0.963 0.971 0.941 0.945 0.948 0.955 0.929 0.933 0.937 0.945

E0

mh0

T
(fluid)
max

T
(kinetic)
max

1.206 1.199 1.195 1.186 1.253 1.245 1.239 1.228 1.286 1.275 1.267 1.251

Table 4-3: Same as in previous table fixing the parameter values (κ, k, l) = (1, 5, 1)
and varying λ0. As in the previous table, we set γ = γ(kinetic) in the fluid
case.

λ0 = 1 λ0 = 4 λ0 = 7 λ0 = 10

mh0

E0

r(fluid)
max

r
(kinetic)
max

0.941 0.960 0.962 0.962

E0

mh0

T (fluid)
max

T
(kinetic)
max

1.253 1.29 1.30 1.30
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gravitational field is dominated by the central object, giving rise to a central Newto-
nian potential, and that the gas particles follow bound orbits in this potential. Although
our nonrelativistic description restricts the validity of our configurations to radii much
larger than the central object’s gravitational radius, it serves as a basis for the corres-
ponding general relativistic model in our accompanying article [49] and will allow us to
better understand the effects from the relativistic corrections on the properties of the gas
clouds. The one-particle DF in our models is a function depending only on the energy
E and the azimuthal angular momentum Lz of the particles through the polytropic
ansätze (4.4.9,4.3.14,4.4.10,4.4.11) describing both rotating and nonrotating stationary
and axisymmetric configurations. In the former case, all particles have positive values
of Lz larger than a cut-off value L0, giving rise to a net angular momentum while in
the latter case the DF is an even function of Lz. By choosing the polytropic index k
sufficiently large, the resulting configurations have finite total mass, energy and angu-
lar momentum, although they have infinite extend. (Finite volume configurations could
easily be considered as well by introducing a cut-off in the energy.)

We have computed the most relevant macroscopic observables associated with the DF,
including the particle and energy densities, mean particle velocity, pressure tensor, and
the kinetic temperature. Interestingly, these quantities can be expressed explicitly in
terms of the Gamma function and Gauss’ hypergeometric function for any central po-
tential. Using action-angle variables we have been able to reduce the expressions for
the total mass, energy and angular momentum to a triple integral which involves the
period function Tr(E,L) describing the period of the radial motion for an orbit with
energy E and total angular momentum L. For the particular class of Hénon’s isochrone
potential (which is characterized by a parameter b whose limits b → 0 and b → ∞
correspond to Kepler’s and the spherical harmonic potential, respectively) this period
function is independent of L and given by exactly the same expression as in the Kepler
case, and for this class the total quantities can be computed analytically.

Based on our analytic expressions, we have provided a detailed analysis for the behavior
of the macroscopic quantities, including their dependence on the parameters k, l, L0, b

of the model and their asymptotic decay for large radii r. In particular, we have analyzed
the morphology of our configurations and shown that both slim and thick toroidal-type
configurations can be constructed. Further, we have analyzed the temperature profile
in the equatorial plane and shown that it decays as 1/r for large values of r. For the
rotating model, the temperature at the inner edge is zero, has a maximum at some radius
and then decays while for the even models the temperature at the inner edge is positive
and decays monotonically. Next, we have analyzed the pressure anisotropy. In all our
models, the principal pressures in the radial and polar directions are always equal to
each other (a property that does not necessarily hold in the relativistic case [49]), while
the principal pressure in the azimuthal direction can be quite different from the radial
and polar ones, as we have shown.
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Finally, we have compared our kinetic configurations to analogous fluid configurations
with fixed specific angular momentum `0 which we briefly reviewed in Appendix 4.10.
This comparison has led to the following discoveries: (i) By suitably identifying the
parameters L0/m and `0 we obtain configurations with exactly the same boundary sur-
face in both models. (ii) With this identification, the fluid configurations are slightly
more compact. More precisely, the radius at which both the density and temperature
have their maximum value in the fluid configurations is smaller than the corresponding
radii of the kinetic configurations,8 see table 4-2 for a few representative examples. (iii)
By matching the asymptotic behavior of the temperature profile, one can introduce an
effective adiabatic index γ(kinetic) in the kinetic case, which, in our models has a maxi-
mum value of about 1.1840. This allows one to compare the density and temperature
profiles of the fluid configurations (which depend on the adiabatic index γ) to those of
the kinetic configurations by setting γ = γ(kinetic). This comparison reveals that while
the fluid configurations are more compact, the normalized temperature profile is very
similar in both cases, see figure 4-12. Nevertheless, the fluid configurations are slightly
hotter than the kinetic ones, as can be seen from tables 4-2 and 4-3. The fact that the
behavior of the temperature is at least qualitatively similar in both models is surprising,
since in the fluid case one assumes local thermodynamic equilibrium, while in our ki-
netic model the gas is collisionless and the temperature cannot be associated with a
thermal state, as has been exemplified towards the end of section 4.3.2.
The fully relativistic generalization of our models, for which the central object is a
black hole, is under investigation. In a first step towards this goal we have restricted
this generalization to a non-rotating (Schwarzschild) black hole, see [49] and [48] for
a related model based on a slightly different ansatz for the DF. Another interesting
generalization of the models discussed in the present article is to study the effects of
binary collisions between the gas particles or to include a magnetic field and study its
effect on a gas of charged particles.

4.7. Appendix A: Integrals over angular
momentum and energy

In this appendix we list a few integrals which are useful when computing the observa-
bles in our models. They arise in subsection 4.4.2 when performing the explicit integrals
over the total and azimuthal angular momenta and over the energy. For notational sim-
plicity we use the short-hand notations L1 := |Lz| sin−1 ϑ and L2 := Lmax(E, r) and
L3 := L2 sinϑ. Note that in our integrals, L1 ≤ L2.

8Unlike the fluid configurations, the radii of maximum density and temperature do not coincide in the
kinetic configurations. This is probably due to the pressure anisotropy.
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First, by means of the variable substitution u =
√
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1 one easily finds
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Next, the integrals over the azimuthal angular momentum encountered in subsection 4.4.2
have the form
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Finally, the energy integrals found in subsection 4.4.2 have the form

0∫
mΦ(r)

(
− E

E0

)s ( R
L0

√
2m[E −mΦ(r)]− 1

)l+1

+
dE

= L2
0

mR2

[
L2

0
2mR2E0

]s η∫
1

(
η2 − ξ2

)α
(ξ − 1)l+1

+ ξdξ

= 2E0η
l+1ψ(r)s+1Js,l(η), (4.7.6)

where we have used the variable substitution ξ := R
√

2m[E −mΦ(r)]/L0 and reca-

lled the definitions of the functions η = R
√
−2m2Φ(r)/L0, ψ(r) = −mΦ(r)/E0 and

Js,l(η) defined in Eqs. (4.4.18,4.3.20,4.4.22), respectively.

4.8. Appendix B: Properties of the effective
potential belonging to the isochrone model

The effective potential (4.3.1) associated with Hénon’s isochrone model in Eq. (4.4.36)
is

VL(r) = − GMm

b+
√
b2 + r2

+ L2

2mr2 , r > 0, (4.8.1)
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with the parameter b ≥ 0 having units of length. The equilibrium points are obtained
by analyzing the critical points of VL which are determined by the equation

0 = − d

dr
VL(r) = − GMmr

√
b2 + r2

(
b+
√
b2 + r2

)2 + L2

mr3 . (4.8.2)

There is a unique critical point describing a global minimum of VL which is located at
r = r0(L) with

r2
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)2
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The corresponding minimal energy is

E0(L) = VL(r0) = − 2(GM)2m3

L2
(

1 +
√

1 + 4bGMm2

L2

)2 . (4.8.4)

The condition for the upper bound of the total angular momentum Lub(E) is obtained
from this by setting E = E0(L), which yields

Lub(E) =
√
m

2

(
GMm√
−E

− 2b
√
−E

)
. (4.8.5)

Using the dimensionless quantities defined in Eqs. (4.5.1, 4.5.2), the dimensionless
effective potential Uλ(ξ) = VL(r)/E0 reads

Uλ(ξ) = − 1
κ+
√
κ2 + ξ2 + λ2

2ξ2 , ξ > 0, (4.8.6)

and for illustrative purposes its behavior is shown in figure 4-13.

4.9. Appendix C: Total mass, energy and angular
momentum

In this appendix we provide details for the computation of the integrals determining
the total mass, energy and angular momentum of the gas. These integrals have the
following form (cf. Eqs. (4.4.33,4.4.35)):

IM,E,Jz := (2π)2
0∫

Emin(0)

dE

Lub(E)∫
0

dL

+L∫
−L

dLzTr(E,L)F (E,L, Lz)WM,E,Jz , (4.9.1)
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Figure 4-13: Behavior of the dimensionless effective potential Uλ(ξ) for the isochrone
model for different values of the parameter λ and setting κ = 1. The black
line corresponding to λ = 0 shows the profile of the isochrone potential
itself.

where the indices M,E, Jz refer, respectively, to the total mass Mgas, energy Egas

and the z-component of the angular momentum Jgas · ez and correspondingly, WM =
m, WE = E and WJz = Lz. For the example discussed in section 4.4.3 the pe-
riod Tr and the DF are independent of L. Using the explicit expressions for Tr, Emin

and Lub in Eqs. (4.4.37,4.4.38) , the length scale defined in (4.5.1), the dimension-
less quantities (4.5.2) and the corresponding definitions for the particular (E,Lz)-
models (4.3.14, 4.4.9, 4.4.11), one obtains from Eq. (4.9.1):

M (rot)
gas

αΛ3
√
m5E0

= 4
√

2π3
0∫

−E0/2κ

dE
(
− E

E0

)k−3

+

λub(E)∫
0

dλ

+λ∫
−λ

dλz

(
λz
λ0
− 1

)l
+
,

λub(E) =
√
−E0

2E − κ
√
−2E
E0

. (4.9.2)

The integrals over λz and λ can be carried out immediately. In order to perform the
integral over E we use the variable substitution

E := −E0

2κσ
2, (4.9.3)

where σ is dimensionless, and obtain

M (rot)
gas

αΛ3
√
m5E3

0

= π3

2k− 11
2

1
(l + 1)(l + 2)λl0κk−3− l

2

1∫
0

dσσ2k−l−7
(

1− λ0√
κ
σ − σ2

)l+2

+
.

(4.9.4)
The second-order polynomial in σ can be expressed as (σ+− σ)+(σ− σ−)+ where the
roots are given by

σ± = − λ0

2
√
κ
±
√

1 + λ2
0

4κ, (4.9.5)
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and satisfy σ− < −1 and 0 < σ+ < 1. Since the integrand only contributes when
σ− < σ < σ+ and the integration limits vary from 0 to 1 one can replace the upper
limit with σ+ and remove the index + in the integrand. Using [95, Eq. 3.197.8] yields

M (rot)
gas

αΛ3
√
m5E3

0

= π3

2k− 11
2

(−σ−)l+2(σ+)2k−4

(l + 1)(l + 2)λl0κk−3− l
2
B(l + 3, 2k − l − 6)

×2F1

(
−l − 2, 2k − l − 6, 2k − 3, σ+

σ−

)
. (4.9.6)

To make further progress we introduce the variable χ, defined by
2
√
κ

λ0
:= sinh(2χ), in

terms of which the roots can be expressed as σ+ = tanhχ and σ− = − cothχ. After
some algebra one finally obtains

M (rot)
gas

αΛ3
√
m5E3

0

= π3

2k− 11
2

Γ(l + 1)Γ(2k − l − 6)
Γ(2k − 3)

×
2F1

(
−(l + 2), 2k − l − 6, 2k − 3,− tanh2 χ

)
λ2k−6

0 (coshχ)4k−2l−12 . (4.9.7)

In a similar way, choosing WE = E in Eq. (4.9.1) yields

E(rot)
gas

αΛ3
√
m3E5

0

= − π3

2k− 9
2

1
(l + 1)(l + 2)λl0κk−2− l

2

σ+∫
0

dσσ2k−l−5 (σ+ − σ)l+2
+ (σ − σ−)l+2

+

= − π3

2k− 9
2

Γ(l + 1)Γ(2k − l − 4)
Γ(2k − 1)

×
2F1

(
−(l + 2), 2k − l − 4, 2k − 1,− tanh2 χ

)
λ2k−4

0 (coshχ)4k−2l−8 . (4.9.8)

For the z-component of the total angular momentum one obtains

|J(rot)
gas |

αΛ4m2E2
0

= π3

2k− 11
2

Γ(l + 1)Γ(2k − l − 6)
Γ(2k − 3)

×
2F1

(
−(l + 2), 2k − l − 6, 2k − 3,− tanh2 χ

)
λ2k−7

0 (coshχ)4k−2l−12

×
[
1 + l + 1

2k − l − 7 cosh2 χ

×
2F1

(
−(l + 3), 2k − l − 7, 2k − 3,− tanh2 χ

)
2F1

(
−(l + 2), 2k − l − 6, 2k − 3,− tanh2 χ

)
 .(4.9.9)
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4.10. Appendix D: Short review of circular
hydrodynamic flows

For comparison with the kinetic, collisionless configurations analyzed in this article, in
this appendix we discuss their hydrodynamical equivalent, namely the circular flows
describing steady-state, axisymmetric rotating perfect fluid configurations around a
compact object (see [97] for a recent reference which generalize these configurations
to include a magnetic field). These flows can be obtained by integrating the continuity
and Euler equations for an external axisymmetric potential Φ(x),

∂ρ

∂t
+∇ · (ρv) = 0, ∂v

∂t
+ (v · ∇) v + 1

ρ
∇P +∇Φ = 0, (4.10.1)

where the state of the fluid is specified by its mass density ρ(t, x), pressure P (t, x),
velocity field v(t, x), temperature T (t, x), and the enthalpy per unit of mass (or specific
enthalpy) h(t, x). For a steady-state axisymmetric configuration, the scalar quantities
only depend on the radius r and the polar angle ϑ, and the velocity field has the form
v = r sinϑΩ(r, ϑ)eϕ, with Ω(r, ϑ) the angular velocity. It follows that the continuity

equation is automatically satisfied. Furthermore, using the fact that v · ∇ = Ω ∂

∂ϕ
, the

nontrivial components of the Euler equations yield

−r sin2 ϑΩ2 + 1
ρ

∂P

∂r
+ ∂Φ
∂r

= 0, (4.10.2)

−r2 sinϑ cosϑΩ2 + 1
ρ

∂P

∂ϑ
+ ∂Φ
∂ϑ

= 0. (4.10.3)

Considering a baritropic fluid for which the pressure is a function of the mass density

only, it follows from the first law of thermodynamics (with constant entropy) that
dP

ρ
=

dh. Substituting this relation into Eqs. (4.10.2) and (4.10.3) one obtains

d [h+ Φ] = Ω2
[
r sin2 ϑdr + r2 sinϑ cosϑdϑ

]
= 1

2Ω2d(R2), (4.10.4)

where R := r sinϑ is the cylindrical radius. On the other hand, introducing the specific
azimuthal angular momentum ` := R2Ω, one can rewrite Eq. (4.10.4) as

d [h+ Φ] = 1
2Ω2d

(
`

Ω

)
= 1

2 [Ωd`− `dΩ] . (4.10.5)

Taking the exterior derivative on both sides and recalling d2 = 0 yields

dΩ ∧ d` = 0, (4.10.6)

which implies that dΩ is proportional to d` and hence that Ω is a function of ` only.
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Therefore, given any function Ω0(`) of `, one obtains a fluid configuration by setting
Ω = Ω0 which yields the implicit relation ` = R2Ω0(`) for `. This allows one to
express Ω and ` as functions of the cylindrical coordinateR. Subsequently, Eq. (4.10.5)
is integrated,

h = h∞ − Φ− 1
2`Ω0(`) +

`∫
0

Ω0(¯̀)d¯̀, (4.10.7)

with a free constant h∞. In particular, the quantities Ω, `, h + Φ are constant on the
“von Zeipelçylinders R = const [98].
As a simple example, consider the case for which ` = `0 is constant which implies that
Ω = `0/R

2 and hence

h = h∞ −
(

Φ + `2
0

2R2

)
, (4.10.8)

with a constant h∞ describing the asymptotic value of the specific enthalpy. The boun-
dary of the configuration is determined by the equation h = 0 which corresponds to a
level set of the “effective potential”Φ + `2

0/(2R2).
For the case of the Kepler potential, Eq. (4.10.8) can be rewritten in terms of the follo-
wing dimensionless quantities

r = GM

h0
ξ, `0 = GM√

h0
λ0, h∞ = h0h̄∞, and h = h0h̄, (4.10.9)

with a positive constant h0, such that

h̄(ξ, ϑ) = h̄∞ + 1
ξ
− λ2

0
2ξ2 sin2 ϑ

. (4.10.10)

The condition h̄ > 0 implies that ξ > ξmin(ϑ) with

ξmin(ϑ) =


λ2

0
2 sin2 ϑ

, h̄∞ = 0,

1
2h̄∞

−1 +
√

1 + 2h̄∞λ2
0

sin2 ϑ

 , h̄∞ > 0.
(4.10.11)

The boundary surface and the contours of the enthalpy function h̄ in the xz-plane are
shown in figure 4-14 for different values of h̄∞ and λ0.
For the more general case of the isochrone potential defined in Eq. (4.4.36), the dimen-
sionless enthalpy is given by

h̄(ξ, ϑ) = h̄∞ + 1
κ+
√
κ2 + ξ2 −

λ2
0

2ξ2 sin2 ϑ
, (4.10.12)
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Figure 4-14: Contour plot for the enthalpy h̄ in the xz-plane for different values of
h̄∞ and λ0, assuming the Kepler potential. Left h̄∞ = 0, λ0 = 1, center
h̄∞ = 1, λ0 = 1, right h̄∞ = 1, λ0 = 2.

where κ := h0b
GM

. In this case, the boundary condition for the minimum radius of the
configuration generally leads to a cubic equation for ξ2 which yields

ξmin(ϑ) =



λ2
0

2 sin2 ϑ

√√√√1 + 4κ sin2 ϑ

λ2
0

, h̄∞ = 0,

1√
2h̄∞

√√√√1 + h̄∞

(
2κ+ λ2

0
sin2 ϑ

)
−

√(
1 + 2h̄∞κ

)2
+ 2h̄∞λ2

0
sin2 ϑ

, h̄∞ > 0.

(4.10.13)
The boundary surfaces and the contours of h̄ in the xz-plane for different values of h̄
and λ0 = κ = 1 are shown in figure 4-15.

Figure 4-15: Contour plot for the enthalpy h̄ in the xz-plane for different values of h̄∞
and λ0 = κ = 1. Left panel (h̄∞ = −1/8): Here a negative value of h̄∞
is chosen, which leads to a configuration with finite extend. Center panel
(h̄∞ = 0): the marginal case h̄∞ = 0. Right panel (h̄∞ = 1/8): a case
with h̄∞ > 0.



5 Axisymmetric, stationary
collisionless gas configurations
surrounding black holes

This chapter is a loyal reproduction (with some minor changes due to the format) of the
free arXiv:2209.05327 version [49]. However, the numbers of the equations and refe-
rences could differ from the ones in the original version. The references are collected
at the end of this thesis work.

5.1. Abstract

The properties of a stationary gas cloud surrounding a black hole are discussed, as-
suming that the gas consists of collisionless, identical massive particles that follow
spatially bound geodesic orbits in the Schwarzschild spacetime. Several models for the
one-particle distribution function are considered, and the essential formulae that des-
cribe the relevant macroscopic observables, like the current density four-vector and the
stress-energy-momentum tensor are derived. This is achieved by rewriting these obser-
vables as integrals over the constants of motion and by a careful analysis of the range of
integration. In particular, we provide configurations with finite total mass and angular
momentum. Differences between these configurations and their nonrelativistic counter-
parts in a Newtonian potential are analyzed. Finally, our configurations are compared
to their hydrodynamic analogues, the “polish doughnuts”.

5.2. Introduction

The goal of this work is to extend the non-relativistic steady-state collisionless kinetic
gas tori around compact objects discussed in our accompanying article [47] (referred
to as paper I in the following) to the relativistic case, assuming that the central object
is a black hole. Such tori have many potential astrophysical applications, including the
modeling of low-density hot accretion disks and studying the behavior of dark matter
or a distribution of stars surrounding supermassive black holes. In particular, the recent
observations by the Event Horizon Telescope Collaboration (EHTC) [74–76] revealing
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the shadows of the supermassive black holes M87∗ and Sgr A∗ call for a profound
understanding for the behavior of a hot plasma in the vicinity of a strong gravitational
field beyond the hydrodynamic approximation.
The configurations discussed in this work are based on the same assumptions as the
nonrelativistic model in paper I, except that the kinetic gas is treated in a fully rela-
tivistic description and the central object is assumed to be a black hole. For the sake
of completeness and clarity, in the following we list all the assumptions made in this
article. First, we assume the gas to be collisionless,1 neglecting the effects of collisions
between the gas particles. Second, we consider a gas consisting of identical, massive
and uncharged particles, and hence we do not take into account electromagnetic effects
(which is justified for dark matter or star distributions but nor for plasmas). Third, we
assume that the self-gravity of the gas can be neglected, the gravitational field being
dominated by the one generated by the central black hole. This implies that we may re-
gard the black hole as being described by an asymptotically flat, stationary solution of
the Einstein vacuum equations with an event horizon. Modulo technical assumptions,
the uniqueness theorems (see, for instance Refs. [59, 60]) imply that the central black
hole belongs to the Kerr family. Fourth, in this article we further neglect the rotation
of the black hole, implying that the exterior region is described by the Schwarzschild
metric. Finally, similar to paper I and motivated by phase space mixing [73, 77] and
dispersion [36] on a fixed Schwarzschild background, we restrict ourselves to steady-
states in which each gas particle follows a spatially bound geodesic trajectory in the
Schwarzschild geometry. Moreover, for simplicity, we restrict our analysis to axisym-
metric configurations in which the one-particle distribution function (DF) only depends
on the energy and azimuthal component of the angular momentum of the gas particles.
Our models are based on the ansätze for the DF that have been used in previous works
to construct self-gravitating axisymmetric configurations in the absence of a central
black hole, see for example [29, 79, 80, 85, 100, 101]. In particular, we consider the
generalized polytropic ansatz used more recently in Refs. [83,84] to numerically cons-
truct configurations with toroidal, disk-like, spindle-like and composite structures. In
these ansätze, the one-particle DF is the product of a function of the energy times a
function of the azimuthal component of the angular momentum. Contrary to the works
in [79, 80, 83, 84, 100, 101], the gravitational field in our configurations is dominated
by the central black hole, such that the self-gravity can be neglected. One of the main
achievements of this work is to derive explicit expressions for the spacetime observa-
bles (namely, the current density and energy-momentum-stress tensor) which have the
form of a single integral of an analytic (albeit complicated) function of the energy. In
the Newtonian limit these integrals simplify and reduce to the corresponding expres-

1Note that for hot and diffuse plasmas accreting into black holes the mean free path is expected to
be comparable or even larger than the macroscopic length scale, which justifies a kinetic descrip-
tion [99].
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sions in paper I. By analyzing the properties of these spacetime observables, we show
that our configurations have the morphology of a thick torus extending all the way to
spatial infinity, having a sharp inner boundary surface. Next, we show that although
they have infinite extend, for suitable values of the free parameters our configurations
have finite total particle number, energy and angular momentum. Finally, we provide a
detailed analysis for the radial profile of the spacetime observables, including the parti-
cle density, the kinetic temperature and the principle pressures and compare them with
an analogous fluid model.
Relevant to the self-consistency of our models is the recent work by Jabiri [102, 103]
who proves the mathematical existence of solutions to the stationary, axisymmetric
Einstein-Vlasov system of equations describing self-gravitating tori of Vlasov matter
which, in the limit of vanishing amplitude, reduce to configurations which are similar2

to the ones analyzed in the present article. In this sense, the work in [102] suggests that
(for small enough amplitude) our configurations can likely be generalized to include
their self-gravity. We also mention related recent work on the accretion of a Vlasov gas
by a central black hole [36–43,104] in which unbounded (instead of bounded) timelike
geodesics are relevant.
This work is organized as follows. In section 5.3 we provide a brief review of the colli-
sionless Boltzmann equation on a Schwarzschild spacetime. We focus our attention on
the subset of phase space which corresponds to spatially bound future-directed timeli-
ke geodesics. Assuming that the one-particle DF is supported on this set, we establish
general expressions for the current density vector and energy-momentum-stress tensor
which allow one to compute these spacetime observables when the one-particle DF is
a function only of the integrals of motion. Next, in section 5.4 we consider an ansatz in
which the one-particle DF depends only on the energy and azimuthal component of the
angular momentum of the gas particles. We concentrate on two models; the first one
(rotating) describes a gas configuration that has nonvanishing total angular momentum
while in the second one (even) the DF is an even function of the angular momentum
such that the total angular momentum vanishes although the individual gas particles
rotate. For these models, we reduce the expressions for the spacetime observables to
single integrals over the energy variable. Furthermore, we compute the total particle
number, energy and angular momentum of our configurations and compare them with
the analogous Newtonian models in paper I. The properties of some spacetime observa-
bles are analyzed in section 5.5 where we also compare our kinetic configurations with
the corresponding fluid models. Conclusions are drawn in section 5.6 and technical
–yet important– aspects of our calculations are described in appendices 5.7–5.11.
Throughout this work, we use the signature convention (−,+,+,+) for the spacetime

2The self-gravitating configurations constructed [102] have finite support, whereas in our case the sup-
port is infinite, although we could also easily obtain finite support configurations with our ansatz as
discussed further below.
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metric and work in geometrized units, such that GN = c = 1. For recent reviews on
mathematical results regarding the Einstein-Vlasov system and the geometric structure
in the relativistic kinetic theory on curved spacetimes we refer the reader to Refs. [8,9,
11, 12].

5.3. Collisionless gas configurations trapped in a
Schwarzschild potential

In this section we review the basic formalism necessary to describe a collisionless ki-
netic gas propagating in the exterior of a non-rotating black hole spacetime. Since the
self-gravity of the gas is neglected, we may assume that the spacetime is described by
the Schwarzschild metric with fixed mass parameter M > 0, as explained in the intro-
duction. We focus our attention on the case in which the individual gas particles follow
future-directed spatially bound timelike geodesic. In the next subsection we provide
a brief recapitulation of the Hamiltonian description of such geodesics, its integrals of
motion and the properties of the effective potential describing the radial motion. In sub-
section 5.3.2 we summarize a few well-known results concerning the formulation of ge-
neral relativistic kinetic theory which are essential to this work, and in subsection 5.3.3
we express the particle current density vector and the energy-momentum-stress tensor
in terms of an integral over the conserved quantities.
The case of unbound trajectories has been analyzed in detail in [36] and applied to
accretion problems [36,37,39–41,43], see also Ref. [38] for the analogous problem on
the Reissner-Nordström background and Ref. [104] for a thin accretion disk confined
to the equatorial plane of a Kerr black hole.

5.3.1. Free-particle Hamiltonian, integrals of motion and
effective potential

Since we are only interested in the exterior region, it is sufficient to work in standard
Schwarzschild coordinates (xµ) = (t, r, ϑ, ϕ), for which the spacetime metric is

g := −N(r)dt2 + dr2

N(r) + r2dϑ2 + r2 sin2 ϑdϕ2, N(r) := 1− 2M
r

> 0. (5.3.1)

As this spacetime is static and spherically symmetric, the geodesic motion possesses
several integrals of motion. First, we have the conserved energy E, which is associated
with the timelike Killing vector field ∂t. Next, we have the three components of the
angular momentum (Lx, Ly, Lz) which correspond to the generators of the rotations.
Finally, the particles’ rest mass m is conserved. The integral of motion corresponding
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to −m2/2 is the free-particle Hamiltonian of the theory, given by

H(x, p) := 1
2g
−1
x (p, p) = 1

2

(
− p2

t

N(r) +N(r)p2
r + p2

ϑ

r2 +
p2
ϕ

r2 sin2 ϑ

)
, (5.3.2)

in adapted local coordinates (xµ, pµ) = (t, r, ϑ, ϕ, pt, pr, pϑ, pϕ) on the cotangent bund-
le T ∗M associated with the spacetime manifold (M, g). In this article, we focus our
attention on the conserved quantities

m =
√
−2H, E = −pt, Lz = pϕ, and L2 := L2

x + L2
y + L2

z = p2
ϑ + L2

z

sin2 ϑ
,

(5.3.3)
which Poisson commute with each other.3 For the following, it is useful to introduce
the orthonormal basis of vector fields

e0̂ := 1√
N(r)

∂

∂t
, e1̂ :=

√
N(r) ∂

∂r
, e2̂ := 1

r

∂

∂ϑ
, e3̂ := 1

r sinϑ
∂

∂ϕ
. (5.3.4)

In terms of the conserved quantities, the orthonormal components of p have the form

(pµ̂)(εr, εϑ) =
− E√

N(r)
,

εr√
N(r)

√
E2 − Vm,L(r), εϑ

r

√
L2 − L2

z

sin2 ϑ
,

Lz
r sinϑ

 ,
(5.3.5)

where the signs εr = ±1 and εϑ = ±1 determine the corresponding signs of pr and pϑ,
and Vm,L(r) is the effective potential for radial geodesic motion in the Schwarzschild
spacetime, which is given by

Vm,L(r) := N(r)
(
m2 + L2

r2

)
. (5.3.6)

The properties of this potential are well-know, see for example Appendix A in [36]
for a summary. The most relevant features for the purpose of the present article are
the following: (i) there exists a potential well with associated stable bound orbits only
if L > Lms :=

√
12Mm. In the limit L = Lms the potential has an inflection point

at r = rms = 6M describing the marginally stable circular orbits which have energy
Ems =

√
8/9m. (ii) Bound orbits exist only when E ∈ (Ems,m) and the total angular

momentum is confined to the interval L ∈ (Lc(E), Lub(E)), with Lc(E) (Lub(E)) the
critical angular momentum corresponding to the case in which the effective potential’s
maximum (minimum) is equal to E2. These extrema of Vm,L are located at

rmax = 6M
1 +

√
1− 12M2m2/L2

, rmin = 6M
1−

√
1− 12M2m2/L2

, (5.3.7)

3In terms of adapted local coordinates the Poisson bracket {F ,G} between two functions F and G on
T ∗M is defined as

{F ,G} = ∂F
∂pµ

∂G
∂xµ

− ∂G
∂pµ

∂F
∂xµ

,

see [12] and references therein for more details and a coordinate-free definition.
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with rmax decreasing monotonously from 6M to 3M and rmin increasing monotonously
from 6M to∞ as L increases from Lms to∞. The unstable circular orbit at r = rmax

separate those orbits that are reflected at the potential from those that plunge into the
black hole, and they have energies smaller than m as long as Lms < L < 4Mm. The-
refore, for fixed values of L in this interval, the bound orbits with minimum radius are
those whose energies and left turning points approach Emax =

√
Vm,L(rmax) and rmax,

respectively. For these reasons, the limiting orbits with E = Emax are called innermost
stable orbits (ISO). In the limit L = Lmb = 4Mm the ISOs are marginally bound, and
they have energy E = m and minimum radius r = rmb = 4M .

5.3.2. Collisionless Boltzmann equation and spacetime
observables

The collisionless Boltzmann (or Vlasov) equation on the curved spacetime manifold
(M, g) can be written in a compact way as

{H, f} = 0, (5.3.8)

where f : T ∗M→ R is the one-particle DF, and it expresses the fact that f is constant
along the Liouville flow. When restricted to the subset Γbound of T ∗M corresponding to
bound orbits, one can transform (xµ, pµ) to generalized action-angle variables (Qµ,Jµ)
which allows one to provide an explicit solution representation for the DF [73]. The
explicit form of these variables will not be used in this article, although the existence
of the symplectic transformation (xµ, pµ) 7→ (Qµ,Jµ) will turn out to be useful when
computing the total particle number, energy and angular momentum in the next section.
For the following, we restrict ourselves to gas configurations consisting of identical
particles of positive rest mass m > 0. In this case, the momentum is confined to the
future mass hyperboloid,

P+
x (m) :=

{
p ∈ T ∗xM : g−1

x (p, p) = −m2, the vector dual to p is future directed
}

(5.3.9)
and f is a function on the future mass shell

Γ+
m := {(x, p) : x ∈M, p ∈ P+

x (m)}. (5.3.10)

Due to phase space mixing (see [73, 77] and references therein), it is expected that a
gas configuration consisting of purely bound particles (such that it is described by a DF
supported in Γbound) relaxes in time to a stationary configuration which can be descri-
bed by a one-particle DF f depending only on the integrals of motion, that is, only on
(E,Lx, Ly, Lz). Notice that such a function f automatically satisfies the collisionless
Boltzmann equation (5.3.8) since E,Lx, Ly, Lz Poisson commute with H. In this arti-
cle, we will assume, in addition, that f depends only on E and one components of the
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angular momentum, say Lz, such that

f(x, p) = F (E,Lz), (5.3.11)

for some suitable functionF that we specify further below. In particular, the ansatz (5.3.11)
implies that the gas configuration is stationary and axisymmetric. Provided that f vanis-
hes outside Γbound and other suitable hypotheses hold, it has been shown recently [102,
103] that such configurations can be made self-gravitating, provided their amplitude is
sufficiently small.
To extract the physical content of our gas configurations, we compute the most re-
levant spacetime observables, that is, the particle current density J and the energy-
momentum-stress tensor T . In particular, these quantities contain the information about
the particle density n, mean particle four-velocity, the energy density ε, heat flow, pres-
sure tensor Pij and kinetic temperature. They are defined as follows (see, for instance,
Refs. [4, 12])

Jµ(x) :=
∫

P+
x (m)

f(x, p)pµdvolx(p), Tµν(x) :=
∫

P+
x (m)

f(x, p)pµpνdvolx(p),

(5.3.12)
where dvolx(p) is the Lorentz-invariant volume form, which, in terms of the orthonor-
mal basis (5.3.4) is defined as

dvolx(p) := dp1̂ ∧ dp2̂ ∧ dp3̂√
m2 + p2

1̂ + p2
2̂ + p2

3̂

= dp1̂ ∧ dp2̂ ∧ dp3̂
|p0̂|

. (5.3.13)

Any DF f that satisfies the collisionless Boltzmann equation (5.3.8) and is positive
implies that J is future-directed timelike, that T satisfies the standard energy conditions
(strong, dominated, weak, null) and that J and T are divergence-free:

∇µJµ = 0, ∇µTµν = 0. (5.3.14)

In the next subsection, we rewrite Jµ and Tµν in terms of integrals over the conserved
quantities E, L and Lz, such that these quantities can be evaluated more easily for any
DF of the form (5.3.11).

5.3.3. Explicit representation of the observables in terms of
integrals over the conserved quantities

Re-expressing the fibre integrals in terms of the conserved quantities E, L and Lz in-
volves two steps. The first one is to rewrite the volume form (5.3.13) in terms of these
quantities. The second is to determine the correct integration limits for them.
The first step is straightforward. Using Eqs. (5.3.3,5.3.5) one obtains, fixing m, r and
ϑ,

dvolx(p) = 1
r2 sinϑ

dE LdL dLz√
E2 − Vm,L(r)

√
L2 − L2

z/ sin2 ϑ
. (5.3.15)
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The second step is more involved and has to be analyzed carefully. In order to determine
the correct intervals over which E, L and Lz need to be integrated over, we make the
following observations:

(i) As mentioned above, we restrict ourselves to DFs whose support lies in Γbound,
that is the subset of relativistic phase space corresponding to bound orbits, which
implies that Ems < E < m and Lc(E) < L < Lub(E).

(ii) Given the position r = robs of the observer, one needs that Vm,L(r) ≤ E2 for r to
lie in the classically allowed region. This implies that the total angular momen-
tum must satisfy the additional bound

L ≤ Lmax(E, r) := r

√√√√ E2

N(r) −m
2. (5.3.16)

(iii) A further restriction comes from the requirement that the radius of the observer
r = robs must lie between the turning points r1 < r2 of the bound orbit with
given E and L, that is, r1 ≤ robs ≤ r2.

(iv) When robs > rms = 6M the minimum possible value for the energyE, such that a
bound trajectory satisfying r1 < robs < r2 exists, occurs when robs coincides with
the right turning point r2 of the ISO, see figure 5-1. As shown in Appendix 5.8
(cf. Eq. 5.8.10 and the right panel of figure 5-16) this implies that

E > Ec(r) := m
r + 2M√
r (r + 6M)

, r > 6M. (5.3.17)

For E ∈ (Ec(r),m) the lower bound L = Lc(E) for the total angular momentum
corresponds to the situation for which orbits with the same value ofE but slightly
smaller value for L plunge into the black hole.

(v) When 4M < robs < rms the minimum value for E such that a bound trajectory
satisfying r1 < robs < r2 exists occurs when robs coincides with the position of
the local maximum of the effective potential (see figure 5-1), such that

E > Ec(r) := m
r − 2M√
r (r − 3M)

, 4M < r < 6M. (5.3.18)

For E ∈ (Ec(r),m) the lower bound for L is again given by L = Lc(E).

(vi) For r = robs < rmb = 4M there are not bound orbits.

(vii) Note that in both cases (iv) and (v), one has Lmax(E, robs) ≤ Lub(E). To prove
this, consider a trajectory with L = Lmax(E, robs), such that robs is a turning
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Figure 5-1: Behavior of effective potential vs radius for L =
√

14Mm (gray), L =√
15Mm (red), and L = 4Mm (purple). (r1, r2) are the turning points

and the dashed (red) lines represent the energy level corresponding to the
maximum and minimum values of the potential with L =

√
15Mm.

point, and consider the effective potential Vm,L′ with L′ = Lub(E), such that its
local minimum is equal to E2. Then, clearly, Vm,L′(robs) > E2 which implies
L′ > Lmax(E, robs). The limit L′ = Lmax(E, robs) occurs when robs coincides with
the position of the minimum of Vm,L′ .

(viii) Finally, the range of Lz is restricted by the requirement that L2 ≥ 0, which yields
|Lz| ≤ L sinϑ.

Based on these observations, we conclude that the relevant range of integration for the
conserved quantities (E,L, Lz) is given by

Ec(r) < E < m, Lc(E) < L < Lmax(E, r), and |Lz| < L sinϑ, (5.3.19)

where

Ec(r) =



m
r − 2M√
r(r − 3M)

, 4M ≤ r ≤ 6M,

m
r + 2M√
r (r + 6M)

, r ≥ 6M.

(5.3.20)
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and

Lc(E) = 4
√

2Mm3√
36m2E2 − 8m4 − 27E4 + E (9E2 − 8m2)3/2

. (5.3.21)

Lmax(E, r) = r

√√√√ E2

N(r) −m
2. (5.3.22)

For an alternative derivation of these limits and further details, see Appendix 5.8. The
behavior of the critical minimum energy Ec(r) and the critical angular momentum
Lc(E) are shown in figure 5-2. Note that Ec decreases from m to Ems in the inter-
val [4M, 6M ] and increases from Ems to m in the interval [6M,∞). Furthermore, this
function is continuously differentiable at r = 6M . The function Lc(E) increases mo-
notonously from Lms to Lmb.

4 6 100 500
r/M

2 2

3

1

Ec(r)/m

2 2

3
1

E/m2 3

4

Lc(E)/Mm

Figure 5-2: Behavior of the critical minimum energy Ec vs radius (left) and the critical
angular momentum Lc vs energy (right).

Now that the integration limits are understood, the explicit form for the particle current
density and the energy-momentum-stress tensor in terms of conserved quantities can
be given:

Jµ̂(x) =
∑

εr,εϑ=±1

m∫
Ec(r)

Lmax(E,r)∫
Lc(E)

+L sinϑ∫
−L sinϑ

1
r2 sinϑ

f(x, p)pµ̂(εr, εϑ)dLz LdL dE√
E2 − Vm,L(r)

√
L2 − L2

z/ sin2 ϑ
,(5.3.23)

Tµ̂ν̂(x) =
∑

εr,εϑ=±1

m∫
Ec(r)

Lmax(E,r)∫
Lc(E)

+L sinϑ∫
−L sinϑ

f(x, p)pµ̂(εr, εϑ)pν̂(εr, εϑ)dLzLdLdE

r2 sinϑ
√
E2 − Vm,L(r)

√
L2 − L2

z/ sin2 ϑ
, (5.3.24)

where the functions pµ̂(εr, εϑ) are given by Eq. (5.3.5) and the effective potential Vm,L
is defined in Eq. (5.3.6). The expressions (5.3.23,5.3.24) are valid for any DF f which
decays sufficiently fast in the momentum space such that these integrals converge. In the
following section, we further reduce these integrals under the assumption that f(x, p)
has the form (5.3.11).
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5.4. Stationary, axisymmetric models

In this section, we further reduce the expressions (5.3.23,5.3.24) for the current density
and energy-momentum-stress tensor for the case that the DF has the form (5.3.11),
where we assume that F (E,Lz) is given by a generalized polytropic ansatz as in
Refs. [83, 84]. Furthermore, we compute the total particle number, energy and angular
momentum for these configurations and compare them with the analogous Newtonian
models in paper I. For a related model in which the DF depends only on E and Lz/L,
see Ref. [48].

5.4.1. The relativistic (E,Lz)-models

For the following, we assume that the function F in Eq. (5.3.11) has the product form

F (E,Lz) := F0(E)× I(Lz), (5.4.1)

with F0 given by the polytropic ansatz

F0(E) := α
(

1− E

E0

)k− 3
2

+
. (5.4.2)

Here, α, E0 are positive parameters, k > 1/2, and the notation F+ refers to the positive
part of the quantity F , that is F+ = F if F > 0 and F+ = 0 otherwise. The cut-
off parameter E0 provides an upper bound for the energy. For E0 < m, the resulting
configurations have finite extend. However, in the results shown below we shall choose
the limiting case E0 = m in which the configurations extend to infinity, similar to
the Newtonian configurations constructed in paper I. In turn, the function I(Lz) =
I

(even,rot)
poly (Lz) is given by one of the following two functions:

I(even)(Lz) :=
(
|Lz|
L0
− 1

)l
+

(5.4.3)

or

I(rot)(Lz) := 2
(
Lz
L0
− 1

)l
+
, (5.4.4)

with parameters L0 and l = 0, 1, 2, . . .. Here, the superscript “evenrefers to the fact that
I(Lz) is an even function of Lz, meaning that for any particle orbiting in the positive
sense around the black hole, there is a corresponding particle moving in the opposi-
te direction with the same absolute value of Lz. As a consequence, the corresponding
configurations are static and have vanishing total angular momentum. In contrast, the
configurations denoted by the superscript “rotçonsist of particles with positive values
of Lz, and hence they rotate. The cut-off parameter L0 provides a lower bound for the



90 Axisymmetric, stationary collisionless gas configurations surrounding black holes

absolute value of the azimuthal angular momentum; hence when L0 > 0 the gas con-
figuration vanishes in the vicinity of the z-axis. As follows from the analysis in paper
I, the total particle number, energy and angular momentum for the infinitely extended
configurations E0 = m are finite provided 2k > l + 7.

5.4.2. Spacetime observables

Since the DF is independent of L, it is convenient to interchange the order of integration
of L and Lz in Eq. (5.3.23), which yields

Jµ̂(x) =
∑

εr,εϑ=±1

m∫
Ec(r)

dEF0(E)
Lmax(E,r) sinϑ∫
−Lmax(E,r) sinϑ

dLzI(Lz)

×
Lmax(E,r)∫

máx{Lc(E), |Lz |sinϑ}

dLL√
E2 − Vm,L(r)

√
L2 − L2

z/ sin2 ϑ

pµ̂(εr, εϑ)
r2 sinϑ . (5.4.5)

Using the identity E2 − Vm,L(r) = N(r)[Lmax(E, r)2 − L2]/r2, Eq. (5.3.5) and the
formulae in Appendix 5.9, the integral over L can be performed analytically, obtaining

J0̂

J3̂

 (x) = 2π√
Nr sinϑ

m∫
Ec(r)

dEF0(E)
+Lmax(E,r) sinϑ∫
−Lmax(E,r) sinϑ

dLzI(Lz)


− E√

N

Lz
r sinϑ


− 4√

Nr sinϑ

m∫
Ec(r)

dEF0(E)

×
+Lc(E) sinϑ∫
−Lc(E) sinϑ

dLzI(Lz) arctan

√√√√ Lc(E)2 − L2
z/ sin2 ϑ

Lmax(E, r)2 − Lc(E)2


− E√

N

Lz
r sinϑ

 ,(5.4.6)

while the remaining components are zero: J1̂ = J2̂ = 0. Note that the contribution to
J0̂ and J3̂ corresponding to the integrals in the first line are independent of Lc(E) and
very similar to the corresponding expression for the particle density n in the Newtonian
case (see Eq. (38) in paper I). In contrast, the integrals on the second line depend on the
critical angular momentum Lc(E) which is related to the maximum of the potential,
and thus they are due to relativistic effects. Similar expressions for Tµ̂ν̂(x) are obtained
following the same steps, starting from Eq. (5.3.24).
The next step consists in computing the integrals over Lz for the specific models (5.4.3,
5.4.4). The integrals on the right-hand side of the first line of Eq. (5.4.6) are easily eva-
luated. For the corresponding integrals on the second line, it is convenient to introduce
the shorthand notation

a = a(E, ϑ) := Lc(E) sinϑ
L0

, b = b(E, r) := Lc(E)
Lmax(E, r)

, Lz := aL0λz.

(5.4.7)
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Using integration by parts one finds, for instance,

+Lc(E) sinϑ∫
−Lc(E) sinϑ

dLzI(Lz) arctan

√√√√ Lc(E)2 − L2
z/ sin2 ϑ

Lmax(E, r)2 − Lc(E)2

= 2L0

l + 1b
√

1− b2
1∫

1/a

dλzλz√
1− λ2

z

(aλz − 1)l+1
+

1− b2λ2
z

, (5.4.8)

for both models (5.4.3,5.4.4). To write down the final result, it is convenient to introduce
the functions

K̃l(a, b) := 2
π

√
1− b2

1∫
1/a

dλzλz√
1− λ2

z

(aλz − 1)l+1
+

1− b2λ2
z

, a > 0, 0 < b < 1, (5.4.9)

and

Kl(a, b) := 1
l + 1

[(
a

b
− 1

)l+1

+
− bK̃l(a, b)

]
, a > 0, 0 < b < 1. (5.4.10)

As shown in Appendix 5.10, these functions are continuous in (a, b) with K̃l(a, b)
satisfying the bound 0 ≤ K̃l(a, b) ≤ (a − 1)l+1

+ for all a > 0 and 0 < b < 1,
which implies Kl(a, b) ≥ 0. In particular, K̃l(a, b) vanishes if 0 < a ≤ 1, that is, if
Lc(E) sinϑ ≤ L0, which is always the case if L0 ≥ Lmb = 4Mm, see figure 5-2.
Consequently, Kl(a, b) = 0 if a ≤ b ≤ 1, that is, if Lmax(E, r) sinϑ ≤ L0. Although we
have not found a closed-form expression for the functions Kl(a, b) for generic values
of l, it is possible to obtain explicit expressions at least for l = 0, 1, 2 using a symbolic
integration package such as MAPLE or Wolfram Mathematica, see Appendix 5.10 for
more details.
Gathering the results, one obtains

J
(even)
0̂ (x) = J

(rot)
0̂ (x) = − 4πL0

N(r)R

m∫
Ec(r)

dEEF0(E)Kl(a, b), (5.4.11)

J
(rot)
3̂ (x) = 4πL2

0√
N(r)R2

m∫
Ec(r)

dEF0(E) [Kl+1(a, b) + Kl(a, b)] , (5.4.12)

while J (even)
3̂ (x) = 0, and the remaining orthonormal components of Jµ̂ are identically

zero. Here, and in the following, R := r sinϑ refers to the cylindrical radius, and we
recall the definitions of the quantities a and b in Eq. (5.4.7). The orthonormal com-
ponents of the particle current density in Eqs. (5.4.11,5.4.12) determine the invariant
particle density and four-velocity of the gas:

n :=
√
−J µ̂Jµ̂ =

√
J2

0̂ − J
2
3̂ , uµ̂ = 1

n
J µ̂. (5.4.13)
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Repeating the calculations for the energy-momentum-stress tensor (see Appendix 5.9
for further details) one obtains



T0̂0̂

T0̂3̂

T3̂3̂

 (x) = 4√
N(r)R


π

2

m∫
Ec(r)

dEF0(E)
+Lmax(E,r) sinϑ∫
−Lmax(E,r) sinϑ

dLzI(Lz)



E2

N(r)

−ELz√
N(r)R

L2
z

R2



−
m∫

Ec(r)

dEF0(E)
+Lc(E) sinϑ∫
−Lc(E) sinϑ

dLzI(Lz)

× arctan

√√√√ Lc(E)2 − L2
z/ sin2 ϑ

Lmax(E, r)2 − Lc(E)2



E2

N(r)

−ELz√
N(r)R

L2
z

R2




, (5.4.14)

and T1̂1̂ = A−B, T2̂2̂ = A+B with

A = 2√
Nr2R

π2
m∫

Ec(r)

dEF0(E)
+Lmax(E,r) sinϑ∫
−Lmax(E,r) sinϑ

dLzI(Lz)
[
Lmax(E, r)2 − L2

z

sin2 ϑ

]

−
m∫

Ec(r)

dEF0(E)
+Lc(E) sinϑ∫
−Lc(E) sinϑ

dLzI(Lz)
[
Lmax(E, r)2 − L2

z

sin2 ϑ

]

× arctan

√√√√ Lc(E)2 − L2
z/ sin2 ϑ

Lmax(E, r)2 − Lc(E)2

 , (5.4.15)

B = 2√
Nr2R

m∫
Ec(r)

dEF0(E)
+Lc(E) sinϑ∫
−Lc(E) sinϑ

dLzI(Lz)

×
√
Lmax(E, r)2 − Lc(E)2

√
Lc(E)2 − L2

z

sin2 ϑ
. (5.4.16)

For the specific model (5.4.4) one obtains, recalling the definitions of a, b, Kl(a, b) and
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K̃l(a, b) in Eqs. (5.4.7,5.4.9,5.4.10):

T
(rot)
0̂0̂ (x) = 4πL0√

N(r)3R

m∫
Ec(r)

dEF0(E)E2Kl(a, b), (5.4.17)

T
(rot)
0̂3̂ (x) =− 4πL2

0
N(r)R2

m∫
Ec(r)

dEF0(E)E [Kl(a, b) + Kl+1(a, b)] , (5.4.18)

T
(rot)
3̂3̂ (x) = 4πL3

0√
N(r)R3

m∫
Ec(r)

dEF0(E) [Kl(a, b) + 2Kl+1(a, b) + Kl+2(a, b)] ,(5.4.19)

T
(rot)
1̂1̂ (x) = 2πL3

0√
N(r)R3

m∫
Ec(r)

dEF0(E)
[(
a2

b2 − 1
)

Kl(a, b)− 2Kl+1(a, b)

−Kl+2(a, b)− a2

b

√
1− b2

l + 1 K̃l(a, 0)
]
, (5.4.20)

T
(rot)
2̂2̂ (x) = 2πL3

0√
N(r)R3

m∫
Ec(r)

dEF0(E)
[(
a2

b2 − 1
)

Kl(a, b)− 2Kl+1(a, b)

−Kl+2(a, b) + a2

b

√
1− b2

l + 1 K̃l(a, 0)
]
. (5.4.21)

Here, the function K̃l(a, 0) can be expressed in terms of hypergeometric functions
2F1(a, b; c; z), see Appendix 5.10 for the explicit form. For the even model (5.4.3) one
finds T (even)

µ̂ν̂ = T
(rot)
µ̂ν̂ for the diagonal elements (µ̂ν̂) = (0̂0̂, 1̂1̂, 2̂2̂, 3̂3̂), whereas all non-

diagonal components (including (µ̂ν̂) = (03)) are zero. The orthonormal components
of the energy-momentum-stress tensor allow one to construct the energy density ε and
principal pressures Pr̂, Pϑ̂, Pϕ̂, which can be determined by diagonalizing T µ̂ν̂ [9, 64].
More specifically, −ε is the eigenvalue of T µ̂ν̂ corresponding to the timelike eigenvec-
tor, and Pr̂, Pϑ̂, Pϕ̂ are the eigenvalues belonging to the spacelike ones. Explicitly, this
yields

ε = 1
2

[
T0̂0̂ − T3̂3̂ +

√
(T3̂3̂ + T0̂0̂)2 − 4T 2

0̂3̂

]
, (5.4.22)

Pr̂ = T1̂1̂, (5.4.23)

Pϑ̂ = T2̂2̂, (5.4.24)

Pϕ̂ = 1
2

[
−T0̂0̂ + T3̂3̂ +

√
(T3̂3̂ + T0̂0̂)2 − 4T 2

0̂3̂

]
. (5.4.25)

For the even model (5.4.3) one has T (even)
0̂3̂ = 0 and the expressions above simplify to

ε = T0̂0̂ and Pϕ̂ = T3̂3̂, as expected since in this case the energy-momentum-stress
tensor is diagonal.
We end this subsection by observing that the support of the configuration is determined
by those values of (r, ϑ) for which Lmax(E, r) sinϑ ≥ L0 for some E ∈ [Ec(r),m] in
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the allowed range (see the comments below Eq. (5.4.10)). Since for fixed r, Lmax(E, r)
is an increasing function of E, we conclude that the support of the configuration is
delimited by

Lmax(m, r) sinϑ ≥ L0, r ≥ 4M, (5.4.26)

or
1

N(r) − 1− L2
0

m2r2 sin2 ϑ
≥ 0, r ≥ 4M, (5.4.27)

which, in the Newtonian limit, reduces to the expression in Eq. (51) of paper I with
the dimensionless Kepler potential ψ(r) = Mm/(E0r). However, in stark contrast to
the nonrelativistic case, the inner boundary of the configuration cannot lie arbitrarily
close to the central object even if L0 is small. The minimal value r = 4M is due to the
presence of the ISOs which are absent in the Newtonian case.

5.4.3. Total particle number, energy and angular
momentum of the kinetic gas cloud

In this subsection we derive expressions for the total particle number, energy and angu-
lar momentum of the gas configuration. These are the conserved quantities associated
with the divergence-free currents Jµ, JµE := −T µνkν and JµL := T µνv

ν , respectively,
with k = ∂t and v = ∂ϕ the timelike and azimuthal Killing vector fields of the Schwarz-
schild metric. Denoting by S a spacelike Cauchy surface and by n̂ the associated future-
directed unit normal, the corresponding conserved quantities are

Ngas = −
∫
S

Jµn̂µηS, Egas = −
∫
S

JµEn̂µηS, Jgas = −
∫
S

JµLn̂µηS, (5.4.28)

with ηS the induced volume form on S. Choosing without loss of generality S to be a
hypersurface of constant (Schwarzschild) time t with spatial coordinates (x1, x2, x3),
the first integral can be rewritten as [12]

Ngas =
∫
R6

f(x, pµdxµ)dx1dx2dx3dp1dp2dp3, (5.4.29)

where x is the manifold point with local coordinates (t, x1, x2, x3) and pµdxµ ∈ P+
x (m)

is the momentum covector on the future mass shell with spatial coordinates (p1, p2, p3).
To make further progress, it is very useful to transform the spatial phase space coor-
dinates (xi, pi) to action-angle variables (Qi,Ji), see for example [73]. Since the the
transformation (xi, pi) 7→ (Qi,Ji) is symplectic, the volume form transforms trivially,
and one obtains

Ngas =
∫

ΩJ

∫
T3

f(x, p)dQ1dQ2dQ3dJ1dJ2dJ3, (5.4.30)
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with ΩJ ⊂ R3 the range of the action variables Ji. In the models considered in this
article the DF f only depends on the integrals of motion and hence only on Ji. The-
refore, the integral over the angle variables Qi is trivial and yields the simple factor
(2π)3 corresponding to the volume of the three-torus T3. On the other hand, the action
variables can be expressed in terms of the conserved quantities (E,L, Lz), and one can
show that

dJ1dJ2dJ3 = 1
2πTr(E,L)dEdLdLz, (5.4.31)

where Tr(E,L) denotes the period function for the radial motion (see [73] for details).
This yields

Ngas = 4π2
∫
Ω

F (E,Lz)Tr(E,L)dEdLdLz, (5.4.32)

where Ω is the range for (E,L, Lz) corresponding to ΩJ . Similarly, one obtains the
following expressions for the total energy and angular momentum:

Egas = 4π2
∫
Ω

EF (E,Lz)Tr(E,L)dEdLdLz,

Jgas = 4π2
∫
Ω

LzF (E,Lz)Tr(E,L)dEdLdLz. (5.4.33)

The period function can be expressed analytically in terms of Legendre’s elliptic inte-
grals and the roots r0 < r1 < r2 of the cubic equation r3(E2 − Vm,L(r)) = 0, with r1

and r2 the turning points (see Appendix 5.7 for more details). In terms of the dimen-
sionless quantities

ε := E

m
, ε0 := E0

m
, λ := L

Mm
, λ0 := L0

Mm
, ξ := r

M
, (5.4.34)

the period function has the form (cf. Appendix in [77])

Tr(ε, λ) = 2Mε [H2 −H0] , (5.4.35)

where

H0 :=−
√

ξ012

2ξ1(ξ2 − ξ0)
×
[
(ξ0ξ012 − ξ1ξ2)F(κ) + ξ1(ξ2 − ξ0)E(κ) + ξ012(ξ1 − ξ0)Π

(
b2, κ

)]
,(5.4.36)

H2 :=
√

8ξ012

ξ1(ξ2 − ξ0)

×
[

ξ2
0

ξ0 − 2F(κ) + (ξ1 − ξ0)Π
(
b2, κ

)
− 4(ξ1 − ξ0)

(ξ1 − 2)(ξ0 − 2)Π
(
β2, κ

)]
. (5.4.37)

Here, F(κ), E(κ), and Π(b2, κ) are Legendre’s complete elliptic integrals of the first,
second and third kind, respectively, as defined in [92]. Further, we have abbreviated
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ξ012 := ξ0 + ξ1 + ξ2 and have defined

b :=
√
ξ2 − ξ1

ξ2 − ξ0
, κ :=

√
ξ0

ξ1
b, β :=

√
ξ0 − 2
ξ1 − 2b. (5.4.38)

Using the DF (5.4.1) for the models (5.4.2-5.4.4) and taking into account that Tr(E,L)
is independent of Lz, the integral over Lz in Eq. (5.4.32) can be computed explicitly,
and one obtains for both the (rot) and (even) models

Ngas

M3m3α
= 4(2π)2 λ0

l + 1

1∫
εmin

dε ε
(

1− ε

ε0

)k− 3
2

+

λub(ε)∫
λc(ε)

dλ (H2 −H0)
(
λ

λ0
− 1

)l+1

+
.

(5.4.39)
The remaining two integrals on the right-hand side of Eq. (5.4.39) are computed nume-
rically. For this, it is very useful to perform a further change of variables from (ε, λ)
to (p, e) which generalize the ”semi-latus rectum.and eccentricity to the Schwarzschild
case (see [105, 106]). These new variables are related to the turning points through

ξ1 = p

1 + e
, ξ2 = p

1− e. (5.4.40)

The main advantage of this transformation is the fact that it maps the region of integra-
tion to the simpler region 0 < e < 1 and p > 6 + 2e. Furthermore, the third root ξ0 and
the dimensionless energy and angular momentum can be expressed explicitly in terms
of (p, e) as

ξ0 = 2p
p− 4 , ε =

√√√√(p− 2)2 − 4e2

p (p− e2 − 3) , λ = p√
p− e2 − 3

, p > 6 + 2e, (5.4.41)

see Eqs. (5.7.3,5.7.4) in Appendix 5.7. Further, using Eqs. (5.7.4,5.7.5) one obtains

εdεdλ = e [(p− 6)2 − 4e2]
2p
√

(p− e2 − 3)5
dedp. (5.4.42)

Gathering these results yields the final expression for the total particle number:

Ngas

M3m3α
= 8π2λ0

l + 1

1∫
0

dee

∞∫
6+2e

dp
(p− 6)2 − 4e2

p
√

(p− e2 − 3)5

(
1− ε

ε0

)k− 3
2

+

(
λ

λ0
− 1

)l+1

+
(H2−H0).

(5.4.43)
The corresponding expression for the total energy Egas is obtained from this by adding
the factor E = mε in the integrand on the right-hand side of Eq. (5.4.43). The total
angular momentum is obtained from a similar calculation, starting from Eq. (5.4.33),
and yields

J (rot)
gas

M4m4α
= 8π2λ2

0
l + 1

1∫
0

dee

∞∫
6+2e

dp
(p− 6)2 − 4e2

p
√

(p− e2 − 3)5

(
1− ε

ε0

)k− 3
2

+

×

( λ
λ0
− 1

)l+1

+
+ l + 1
l + 2

(
λ

λ0
− 1

)l+2

+

 (H2 −H0), (5.4.44)
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whereas J (even)
gas = 0.

These expressions simplify considerably in the Newtonian limit, in which λ0 � 1.
Since λ ∼ √p for large values of λ, this implies that p � 1, and using the asymptotic
expressions

ξ0 = 2 + 8
p

+O(p−2), (5.4.45)

b =
√

2e
1 + e

[
1 +O(p−1)

]
, κ = 2

√
e

p

[
1 +O(p−1)

]
,

β = 4
√
e

p

[
1 +O(p−1)

]
, (5.4.46)

ε = 1− 1− e2

2p +O(p−2), H2 −H0 = π
(

p

1− e2

)3/2 [
1 +O(p−1)

]
,(5.4.47)

one finds, choosing ε0 = E0/m = 1,

Ngas

M3m3α
' π3

2k− 9
2

1
(l + 1)λl0

1∫
0

de e(1− e2)k−3
∞∫
λ2

0

dp

pk−
3
2

(√p− λ0)l+1
+

= π3

2k− 11
2

Γ(l + 1)Γ(2k − l − 6)
Γ(2k − 3)

1
λ2k−6

0
. (5.4.48)

This agrees with the corresponding expression for the total rest mass of the Newtonian
model, see Eq. (C7) in paper I with χ = 0, E0 = mc2 and taking into account that
in natural units M should be replaced with the gravitational radius rg := GM/c2 and
m with mc in the left-hand side of Eq. (5.4.48). Likewise, the internal energy, Egas −
mNgas, reduces to the corresponding expression in the Newtonian limit for large values
of λ0,

Egas −mNgas

M3m4α
' − π3

2k− 9
2

Γ(l + 1)Γ(2k − l − 4)
Γ(2k − 1)

1
λ2k−4

0
, (5.4.49)

see Eq. (C8) in paper I.
In order to analyze the differences between the relativistic and non-relativistic cases,
we evaluate numerically the expression in Eq. (5.4.43) for the total particle number
and compare it with the analogous expression from Eq. (C7) in paper I with E0 =
mc2 for the Newtonian model in the Kepler and isochrone potentials (the latter being
regular at the center). This comparison is shown in figure 5-3 for different values of
the parameters (k, l) and the parameter values κ = 0 (corresponding to the Kepler
potential) and κ = 1 characterizing the isochrone potential. For large values of λ0,
the three descriptions show the same behavior, as expected. However, the relativistic
configurations have a smaller total rest mass than their non-relativistic counterparts for
λ0 . 1 while their mass is slightly larger for some intermediate values of λ0 lying in
a small interval between 1 and 10. Similarly, in figure 5-4 we provide a comparison
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Figure 5-3: Comparison between the total mass in the Newtonian case with the Kepler
(κ = 0) and isochrone (κ = 1) potentials and the total rest mass mNgas

in the relativistic case as a function of λ0 for different values of (k, l). In
all cases, the total mass is normalized by the factor αr3

gm
4c3. Left panel:

(k, l) = (5, 0). Right panel: (k, l) = (7, 2).

between the internal energy Egas − mNgas in the relativistic and Newtonian cases. As
in the total mass case, we note that the three descriptions agree with each other when
λ0 is large, while for small values of λ0 the relativistic internal energy has the smallest
absolute value.
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Figure 5-4: Comparison between the (absolute value of the) internal energy for the
same configurations as in the previous figure. In all cases, the energy is
normalized by the factor αr3

gm
4c5.

In the next section we discuss the properties of the spacetime observables associated
with the relativistic gas configurations, keeping fixed the total particle number compu-
ted from Eq. (5.4.43).

5.5. Properties of the spacetime observables

In this section we discuss the properties of the spacetime observables derived from
the particle current density vector and the energy-momentum-stress tensor. For defi-
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niteness, we focus our attention on the particle density, the kinetic temperature, the
pressure anisotropy, and we compare their properties with those of the corresponding
Newtonian model in paper I. Recall that these quantities depend on the amplitude α of
the DF and the dimensionless parameters ε0, λ0 (see Eq. (5.4.34)), k and l. As explained
previously, we choose the maximum value ε0 = 1 in all the results shown, which leads
to an infinitely extended cloud. The cut-off value λ0 for the azimuthal angular momen-
tum is an arbitrary positive parameter, while l ≥ 0 and k > 7/2 + l/2 is necessary in
order to guarantee a finite total particle number, energy and angular momentum. In the
following, we compare configurations of equal total particle number Ngas, which fixes
the amplitude α. At the end of this section we also compare our kinetic configurations
with the well-known ”polish doughnuts”based on a perfect fluid model.

5.5.1. Normalized particle density and morphology of the
gas cloud

In this subsection we discuss the properties of the normalized particle density

n̄(ξ, ϑ) := M3n(ξ, ϑ)
Ngas

, (5.5.1)

which can be computed from Eqs. (5.4.13) and (5.4.43) for both the even and rotating
models. Although both models have the same total particle number Ngas, their particle
densities differ from each other, n(even) 6= n(rot), which is due to the fact that n depends
on the 3̂-component of J . After fixing ε0 = 1 the quantity n̄(ξ, ϑ) depends only on
λ0, k and l, as discussed above. In figures 5-5 and 5-6 we show the profiles of n̄ and
n̄ξ2 on the equatorial plane (ϑ = π/2) for different values of the free parameters for the
rotating model. As is visible from these plots, the configurations become more compact
as l decreases or k increases. This is the same qualitative behavior as in the Newtonian
case, see paper I.
The morphology of the particle density for configurations with (k, l) = (5, 1) and λ0 =
4 and λ0 = 1 is shown in figure 5-7 for the rotating case and reveals the toroidal-like
structure of the configuration. As can also be seen from this plot, the particle density
is everywhere regular, has a maximum at some circle lying in the equatorial plane, and
decays for large radii. Note also the difference in the shape of the disk near the black
hole in the two cases. For λ0 = 1 the inner boundary has a spherical part (with radius
equal to 4M , i.e. the radius of the marginally bound orbits) delimited by two cusps,
whereas for λ0 = 4 the inner part of the disk is wedge-like. This is related to the fact
that when λ0 ≤ 4, the ISOs become occupied, which yields a change of behavior in the
minimum radius.
The differences in the profiles of the particle density between the even and rotating
cases is small in all cases we have examined. As an example, we show in figure 5-9
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Figure 5-5: Normalized particle density n̄(rot) (left panel) and n̄(rot) times the square
radius (right panel) as a function of the dimensionless radius ξ in the equa-
torial plane for k = 5, l = 0, 1, 2, λ0 = 4. As l increases, the location of
the maximum moves outwards, as expected. Although configurations with
smaller values of l have a higher maximum of n̄(rot), we see that they even-
tually intersect the curves belonging to higher values of l and they decay
faster for large ξ, as is visible from the plot in the right panel.
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Figure 5-6: Same as previous plot for the parameter values l = 1, k = 5, 6, 7 and
λ0 = 4.

the relative difference n(even)/n(rot) − 1 between the two models for different values of
(k, l) and λ0 = 4. The maximum relative difference is about 0.414 and occurs at the
inner radius of the disk.

Finally, in figure 5-8 we compare the particle density profiles and compare them with
the corresponding profiles of the nonrelativistic models with the Kepler (κ = 0) and
isochrone potentials (κ = 1). As expected, these profiles agree with each other for
large values of ξ. However, the nonrelativistic configurations have an inner radius that
is larger than their relativistic counterparts, and hence the relativistic and nonrelativistic
profiles are considerably different from each other for smaller values of ξ.
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Figure 5-7: Contour plot of the normalized particle density n̄(rot) in the xz-plane for
(k, l) = (5, 1). In the left panel λ0 = 1 and the scale is 1 × 10−5 while
in the right panel λ0 = 4 and the scale is 1 × 10−6. The dashed red line,
computed using Eq. (5.4.27), denotes the boundary of the corresponding
kinetic gas cloud, while the black region represents the black hole.
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Figure 5-8: Comparison of the particle density between the even (blue) and rotating
(red) models and the corresponding nonrelativistic models for (k, l) =
(5, 1) and λ0 = 4. The difference between the first two models is not visi-
ble in this plot. The relative difference is shown in the next plot.

5.5.2. Kinetic temperature

As in paper I, we define the kinetic temperature T through the ideal gas equation
nkBT = P with the average pressure P := (Pr̂ + Pϑ̂ + Pϕ̂)/3 and the particle density
n. We show the equatorial temperature profile in figure 5-10 for the cases λ0 = 4 and
(k, l) = (4, 0) and (k, l) = (5, 1) and the rotating model, along with the corresponding
results in the Newtonian cases. The behavior is qualitatively similar to the profile of the
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Figure 5-9: Relative difference n(even)/n(rot) − 1 between the even and rotating models
for (k, l) = (4, 0) (red), (k, l) = (5, 1) (blue), (k, l) = (6, 2) (green), and
λ0 = 4.
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Figure 5-10: Equatorial kinetic temperature profiles for the model with parameter va-
lues (k, l) = (4, 0) and (5, 1) and λ0 = 4.

5.5.3. Pressure anisotropy

Figures 5-12 and 5-13 show the principal pressures as a function of the dimensionless
areal coordinate ξ = r/M on the equatorial plane for the rotating model. Note that for
λ0 = 1 these pressures are different from each other, while for λ0 ≥ 4 the principle
pressures Pr̂ and Pϑ̂ corresponding to the radial and polar directions are always equal
to each other. This can be understood by realizing that the expressions (5.4.20,5.4.21)
differ from each other only in the sign of the last term in the integrand. However, this
term is proportional to K̃l(a, 0) which vanishes if λ0 ≥ 4. As expected, for large values
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Figure 5-11: Equatorial kinetic temperature profile for the model with parameter va-
lues k = 5, l = 1 and λ0 = 4 in the relativistic and Newtonian cases.

of ξ, the results agree with the corresponding results from the Newtonian models dis-
cussed in paper I. As seen from the plots in figure 5-13, as r increases from its value at
the inner edge of the configuration to large values, the radial pressure decays while the
azimuthal pressure increases monotonically.
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Figure 5-12: Log-log plot showing the behavior of the principal pressures (normali-
zed by the average pressure P ) as a function of the areal radius r in the
equatorial plane for the parameter values k = 5, l = 1, ε0 = 1 and the
rotating model. Left panel: λ0 = 1. Note that in this case the three pres-
sures are different from each other, with Pr̂ converging to Pϑ̂ for large r.
Right panel: λ0 = 4. In this case, Pr̂ = Pϑ̂ everywhere.

5.5.4. Comparison with fluid model

We end this section by comparing our kinetic configurations to the well-known ”po-
lish doughnuts”hydrodynamics configurations whose construction is briefly reviewed



104 Axisymmetric, stationary collisionless gas configurations surrounding black holes

Relativistic radial pressure

Radial pressure for Kepler potential

Radial pressure for isochrone potential

10 100 1000 104 ξ

1.3

1.4

1.5

Relativistic azimuthal pressure

Azimuthal pressure for Kepler potential

Azimuthal pressure for isochrone potential

10 100 1000 104 ξ

10-4

0.001

0.010

0.100

Figure 5-13: Behavior of the principal pressures Pr̂ and Pϕ̂ (normalized by the average
pressure P ) as a function of the areal radius r in the equatorial plane (note
that we use a logarithmic scale in r) for the parameter values k = 5, l = 1,
ε0 = 1, λ0 = 4 and the rotating model. For comparison, we also show the
corresponding results from the Newtonian case with the Kepler (κ = 0)
and the isochrone (κ = 1) potentials. Left panel: The principal pressure
Pr̂ corresponding to the radial direction. Right panel: Principal pressure
Pϕ̂ corresponding to the azimuthal direction. Note that the inner radius
of the Newtonian configurations is located at ξ = 8 (for the Kepler case)
and ξ = 4

√
5 ' 8.94 (for the isochrone potential with κ = 1) while

the relativistic configurations have their inner edge located at ξ = 4. As
this inner radius is approached, Pϕ̂/P converges to zero in all cases. As
expected, for large values of r, the relativistic and Newtonian profiles
agree with each other.

in Appendix 5.11. We start with the comparison of the boundary surface delimiting the
support of the gas. In the kinetic case, this boundary is determined by Eq. (5.4.27).
Written in terms of the dimensionless quantities introduced in Eq. (5.4.34) this gives

2
ξ − 2 −

λ2
0

ξ2 sin2 ϑ
≥ 0, ξ ≥ 4, (5.5.2)

which is equivalent to the condition ξ ≥ ξmin(ϑ) with

ξmin(ϑ) :=


λ2

0
4 sin2 ϑ

1 +

√√√√1− 16 sin2 ϑ

λ2
0

 if 4 sinϑ ≤ λ0,

4 if 4 sinϑ > λ0.

(5.5.3)

In the fluid case, restricting ourselves to the region r > 4M , the boundary surface is
determined by the level one set of the enthalpy function h. According to Eq. (5.11.15),
this yields precisely the same condition ξ ≥ ξmin(ϑ) where now λ0 stands for the (cons-
tant) azimuthal angular momentum per energy of the fluid elements divided by M .
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As explained in paper I, this coincidence is due to the fact that as one approaches the
boundary surface from the inside of the fluid configuration, the pressure’s gradient con-
verges to zero implying that the fluid elements follow timelike geodesics with specific
azimuthal angular momentum Mλ0, as in the kinetic case.
Although the boundary surface in the kinetic and fluid models coincide exactly with
each other, the structure of the interior cloud cannot be identical in both models. Indeed,
in the fluid model, the pressure is enforced to be isotropic and each fluid element has
constant azimuthal angular momentum per energy along the stream lines, whereas in
the kinetic model, the pressure is anisotropic and the gas particles’ azimuthal angular
momenta obey the distributions I(even) or I(rot), see Eqs. (5.4.3,5.4.4).
In order to compare both model’s morphology with each other, for the following we use
the particle density n and the temperature T . In the fluid case, we assume a polytropic
equation of state P = Knγ with K a constant and γ the adiabatic index subject to
1 < γ ≤ 2, and obeying the ideal gas equation P = nkBT . Integrating the first
law one obtains the following relation between the specific enthalpy h, n and T (see
Appendix 5.11 for details):

h− 1 = γ

γ − 1
K

m̄
nγ−1 = γ

γ − 1
kB
m̄
T, (5.5.4)

with m̄ the averaged rest mass per particle. Figure 5-14 shows the normalized (with
respect to its maximum value) density and temperature profiles for the fluid and the
kinetic models with different values of (k, l) and λ0 = 4. As in the Newtonian case, the
fluid configurations are more compact and slightly hotter than the kinetic ones. Nevert-
heless, remarkably, the equatorial temperature profile of the fluid configuration (which
is independent of the adiabatic index γ) agrees very well with the corresponding profile
of the kinetic model with (k, l) = (4, 0) or (k, l) = (5, 1). A quantitative comparison
between the locations and values of the maximum temperature in both models are given
in table 5-1. These values should be compared with the corresponding values reported
in Table III of paper I.

5.6. Conclusions

In this work we derived analytic solutions describing relativistic stationary and axisym-
metric collisionless kinetic gas clouds consisting of identical massive neutral particles
surrounding a non-rotating black hole. Based on the assumption that the gravitational
field is dominated by the black hole, the self-gravity of the gas is neglected, such that
the gas particles follow bound geodesic orbits in the Schwarzschild exterior spacetime.
As we have shown, our gas configurations agree with their non-relativistic counterparts
constructed in paper I [47] in the limit in which the angular momentum cut-off para-
meter L0 tends to infinity. The one-particle DF in our models depends on the energy
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Figure 5-14: Normalized profiles between the kinetic and fluid descriptions. The left
panel shows the profile of the particle density for the fluid model in the
extreme cases with adiabatic indices γ = 1.01 (dashed red) and γ = 2
(dotted dashed blue) and the corresponding particle density for the rota-
ting kinetic models with (k, l) = (4, 0) (black) and (k, l) = (5, 1) (gray).
The right panel shows the normalized profile for the fluid (dashed blue)
and kinetic temperature with (k, l) = (4, 0) (red). The temperature profile
for the kinetic model with (k, l) = (5, 1) lies almost on the top of the pro-
file for the (k, l) = (4, 0) model, and thus it is not plotted. In both panels
the normalization is chosen such that the maximum is one.

E and the azimuthal component of the angular momentum Lz of the particles through
the generalized polytropic ansätze (5.4.1,5.4.2,5.4.3,5.4.4) describing both rotating and
nonrotating stationary and axisymmetric configurations. In the rotating case all parti-
cles have positive values of Lz larger than some cut-off value L0, giving rise to a net
angular momentum while in the nonrotating case the DF is an even function of Lz.
We have derived explicit expressions for the spacetime observables in terms of a sin-
gle integral over a function depending solely on the energy. This has been achieved by
rewriting the fibre integrals over the particles’ momenta as integrals over the constants
of motion E, L and Lz. A challenging problem in this change of variables is the deter-
mination of the correct range of integration over which E, L and Lz vary, as this range
depends on the observer’s radius r. The result which was derived in section 5.3.3 and
Appendix 5.8 is summarized in Eqs. (5.3.19, 5.3.20,5.3.21,5.3.22), and it should have
applications extending beyond the ones given in the current work.
By choosing the polytropic index k sufficiently large, it follows from the asymptotic
analysis in paper I that our configurations have finite total particle number, energy and
angular momentum. By introducing action-angle variables we have been able to reduce
the expressions for these total quantities to a triple integrals which involve the period
function Tr(E,L) describing the period of the radial motion for an orbit with energy E
and total angular momentum L. For our models, the integral over Lz can be performed
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Table 5-1: Top row: Ratio between the radii corresponding to the maxima of the fluid
and kinetic temperature profiles. Bottom row: Ratio between the correspon-
ding maxima of the temperature. Here we choose (k, l) = (5, 1), and in the
fluid case the adiabatic index is determined as in Paper I, i.e. γ = γ(kinetic)

which fits the asymptotic decay of the kinetic configuration. Three signifi-
cant figures are shown.

λ0 = 4 λ0 = 7 λ0 = 10

r(fluid)
max

r
(kinetic)
max

0.970 0.970 0.968

m

m̄

T (fluid)
max

T
(kinetic)
max

1.31 1.30 1.30

analytically, which leaves a double integral over E and L. To perform this integral, we
used the fact that for the case of a Schwarzschild spacetime, Tr(E,L) can be expressed
in terms of Legendre’s elliptic integrals whose arguments depend on the eccentricity
and the “semi-latus rectum”, and one ends up with a numerical integral over these
new variables. The behavior of the total quantities was compared with those of the
corresponding non-relativistic quantities, and we have verified that they agree with each
other in the limit L0 →∞, see figures 5-3 and 5-4.

In addition to the aforementioned total quantities, we have computed and analyzed the
behavior of the particle density, the principal pressures, and the kinetic temperature as a
function of the free parameters k, l, E0, L0 in our models (the first two corresponding to
the polytropic indices and the last two describing the cut-off parameters associated with
the energy and angular momentum). We have shown that these quantities agree with
their non-relativistic counterparts computed in paper I in the limit in which L0 tends
to infinity. However, when L0/(Mm) is of the order one or smaller, several relativistic
effects become visible. The most important difference consists in the morphology of
the inner part of the torus. In the Newtonian case the boundary surface is completely
smooth and its minimum radius shrinks continuously to zero as L0 → 0. However, in
the relativistic case, there are no bound orbits at all in the region r < 4M . This is due
to the presence of the maximum of the effective potential Vm,L which drops below the
asymptotic value m2 of Vm,L when L0/(Mm) < 4. Hence, in this case, the minimum
inner radius is given by the location of the turning point of the orbit with maximum
energy E = m for orbits with L > 4Mm, while for L < 4Mm this inner radius is de-
termined by the ISOs. This transition leads to the two cusps which are visible in the left
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panel of figure 5-7. Another relativistic effect that appears when L0 drops below 4Mm

can be seen from the pressure anisotropies: in this case the three principal pressures
are different from each other (see figures 5-12) while for L0 ≥ 4Mm the radial and
polar principal pressures are always equal to each other, like in the Newtonian case. As
explained in the article, this is again related to the presence of the ISOs. Finally, though
less dramatic, a further relativistic effect is related to the difference between the particle
density in the even and rotating models. In the Newtonian case the density is exactly
equal in both models. In contrast, in the relativistic case the, this density is slightly
larger in the even model as shown in the figure 5-9. This is due to the fact that the re-
lativistic invariant particle density n depends on all components of the current density
four-vector, see Eq. (5.4.13). Therefore, even though the orthonormal component J0̂
in the time direction coincides exactly in both models, the presence of the azimuthal
component in the rotating case diminishes the invariant particle density n.

Finally, we have compared our kinetic configurations with their hydrodynamic analo-
gues, namely the well-known “polish doughnutsçonfigurations. This comparison re-
vealed the following properties: (i) by matching the value of the cut-off parameter
L0/(Mm) with the (constant) fluid angular momentum `, we have shown that both
configurations are delimited by exactly the same boundary surface. (ii) The normali-
zed equatorial radial profile of the particle density has its maximum lying closer to the
black hole in the fluid case, meaning that the fluid configurations are generally more
compact than the kinetic ones. (iii) Surprisingly however, the normalized equatorial ra-
dial profile of the temperature, which is independent of the adiabatic index in the fluid
case and largely insensitive to the polytropic indices (k, l) in the kinetic case, is very
similar in both cases (see the right panel of figure 5-14). This correspondence was al-
so found in the nonrelativistic configurations of paper I. Like in the Newtonian case,
choosing the adiabatic index such that it fits the asymptotic temperature decay of the
kinetic configuration, it was found that the fluid configurations are slightly hotter than
the kinetic ones as can be inferred from table 5-1.

We close this article by emphasizing that, although they have finite total rest mass,
energy and angular momentum, the configurations we have considered in this article
extend all the way to infinity. A related model in which the function I(Lz) is replaced
by a function of Lz/L in Eq. (5.4.1) was studied in [48]. Solutions with finite support
could also have been considered by choosing E0 < m instead of E0 = m in the
ansatz (5.4.2). The recent work by Jabiri [102, 103] suggests that the effects from the
self-gravity can be included for such finite configurations, provided the amplitude of the
DF is sufficiently small. It should also be interesting to generalize the models studied
here to a rotating (Kerr) black hole or to include effects from binary collisions or an
electromagnetic field. We leave these generalizations to future work.
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5.7. Appendix A: Parametrization of bound
trajectories in terms of the variables (p, e)

In this appendix we recollect some useful formulae that can be used to parametrize the
spatially bound timelike geodesics in the Schwarzschild exterior. In the body of the
article these orbits have mainly been parametrized in terms of the conserved quantities
(E,L), corresponding to the energy and total angular momentum of the particle. Here
we show that these orbits can also be parametrized in terms of their turning points
(r1, r2) or the associated dimensionless “semi-latus rectum”p and eccentricity e defined
by r1 = Mp/(1 + e), r2 = Mp/(1 − e). For more details and generalizations to the
Kerr spacetime, see Refs. [77, 105, 106].
The turning points are determined by the equation Vm,L(r) = E2, which, in terms of the
dimensionless variables introduced in Eq. (5.4.34) yields the following quartic equation
for ξ = r/M :

R(ξ) := ξ
[(
ε2 − 1

)
ξ3 + 2ξ2 − λ2ξ + 2λ2

]
= 0. (5.7.1)

For bound orbits, there are four real roots 0, ξ0, ξ1, and ξ2 of R(ξ) satisfying 0 <

ξ0 < ξ1 < ξ2, the largest two ones corresponding to the turning points. Comparing
Eq. (5.7.1) with R(ξ) = (ε2 − 1)ξ(ξ − ξ0)(ξ − ξ1)(ξ − ξ2) one obtains the following
relations between the conserved quantities (ε, λ) and the roots ξ0, ξ1 and ξ2:

ε2 = 1− 2
ξ0 + ξ1 + ξ2

, λ2 = ξ0ξ1ξ2

ξ0 + ξ1 + ξ2
, 2 = ξ0ξ1ξ2

ξ0ξ1 + ξ0ξ2 + ξ1ξ2
. (5.7.2)

The last relation allows one to express the roots explicitly in terms of (p, e):

ξ0 = 2p
p− 4 , ξ1 := p

1 + e
, ξ2 := p

1− e, (5.7.3)

where 0 < e < 1 and the condition ξ1 > ξ0 leads to the restriction p > pISO(e) :=
6 + 2e. Note that the limits e = 0 and p = pISO(e) correspond to stable circular and
ISOs, respectively. Inserting this into the first two relations in Eq. (5.7.2), one obtains

ε2 = (p− 2)2 − 4e2

p (p− e2 − 3) , λ2 = p2

p− e2 − 3 . (5.7.4)

This yields the following relation between the elements λdλdε and dedp (cf. Eq. (14)
in Ref. [77]):

λdλdε =
e
√
p [(p− 6)2 − 4e2]

2
√

(p− e2 − 3)5 [(p− 2)2 − 4e2]
dedp. (5.7.5)

For illustrative purpose, we show in figure 5-15 the image of the domain p > 6 + 2e,
0 < e < 1 under the transformation (5.7.4).
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stable circular orbits

highly eccentric orbits
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Figure 5-15: Image of the domain p > 6 + 2e, 0 < e < 1 under the transforma-
tion (5.7.4). Its boundary consists of the dashed line, corresponding to
highly eccentric orbits (e = 1), the blue line representing the ISOs and
the purple line corresponding to the stable circular orbits.

5.8. Appendix B: Limits of integration for the
fiber integrals defining the spacetime
observables

In this appendix we provide an alternative derivation for the integration limits for E
and L in Eq. (5.3.19), given an observer located at a certain radius robs. As in the
previous appendix, for simplicity we work with the dimensionless variables introduced
in Eq. (5.4.34).
The first key observation is that the observer must lie between the turning points of the
orbits, in order to perceive it; that is one must have ξ1 < ξobs < ξ2. Using Eq. (5.7.3)
and the restriction p > 6 + 2e this yields the following restrictions for p:

p
(1)
min(ξobs, e), p(2)

min(ξobs, e) < p < pmax(ξobs, e), (5.8.1)

where

pmax(ξobs, e) := (1 + e)ξobs, (5.8.2)

p
(1)
min(ξobs, e) := pISO(e) = 6 + 2e, p

(2)
min(ξobs, e) := (1− e)ξobs. (5.8.3)

To determine this range more explicitly, we first note that the equations p(1)
min(ξobs, e) =

pmax(ξobs, e) and p(1)
min(ξobs, e) = p

(2)
min(ξobs, e) are satisfied if and only if e = e(1)

c (ξobs) and
e = e(2)

c (ξobs), respectively, with

e(1)
c (ξobs) = ξobs − 6

2− ξobs
, e(2)

c (ξobs) = ξobs − 6
2 + ξobs

, (5.8.4)
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where the first function lies in the required range 0 ≤ e < 1 if 4 < ξobs ≤ 6 and the
second one if ξobs ≥ 6. These observations allow one to conclude that the permitted
values of (p, e) are given by:

4 < ξobs ≤ 6 : p(1)
min(ξobs, e) < p < pmax(ξobs, e) and e(1)

c (ξobs) < e < 1. (5.8.5)

ξobs > 6 : p(2)
min(ξobs, e) < p < pmax(ξobs, e) for 0 < e < e(2)

c (ξobs),
p

(1)
min(ξobs, e) < p < pmax(ξobs, e) for e(2)

c (ξobs) < e < 1.(5.8.6)

We illustrate two representative examples of the resulting domain in the (p, e)-plane in
figure 5-16. Note that e cannot approach zero when ξobs < 6, which is compatible with
the fact that there are no stable circular orbits in this region.

pmax(5,ℯ)

pmin
(1) (5,ℯ)

ℯ
c

(1)(5)=1/3

6 8 10
p

1
3

1
ℯ

pmax(8,ℯ)

pmin
(1) (8,ℯ)

pmin
(2) (8,ℯ)

ℯ
c

(2)(8)=1/5

6 8 10 12 14 16
p

1
5

1
ℯ

Figure 5-16: Illustration for the allowed region of integration in the (p, e)-plane. Left
panel: the observer is located at ξobs = 5 and the domain is delimited by
a triangle. Right panel: the observer is located at ξobs = 8. In this case the
domain is delimited by a quadrilateral.

Now that we have determined the correct domain of integration in terms of the variables
(p, e), we translate the results to the variables (E,L) by means of the transformation
(p, e) 7→ (ε, λ) defined in Eq. (5.7.4). To understand the resulting region, it is sufficient
to map the boundary of the allowed region in the (p, e) plane, which consists of straight
line segments. First, note that the line segment with e = 1 is mapped to ε = 1. Next,
consider the line p = p

(1)
min(ξobs, e) corresponding to the ISOs. Its image under the the

transformation (p, e) 7→ (ε, λ) yields

ε2
ISO = 8

9− e2 , λ2
ISO = 4(3 + e)2

(1 + e)(3− e) , 0 < e < 1. (5.8.7)

Eliminating e from these expression one obtains λ = λc(ε) with

λc(ε) := 4
√

2√
36ε2 − 8− 27ε4 + ε

√
[9ε2 − 8]3

,
8
9 < ε2 < 1, (5.8.8)
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which is precisely the critical angular momentumLc/(Mm) introduced below Eq. (5.3.6).
Finally, by noticing that p = p

(2)
min(ξobs, e) and p = pmax(ξobs, e) correspond to the turning

points, where the effective potential Vm,L(r) is equal to E2, one obtains λ = λmax(ε, ξ)
with

λmax(ε, ξ) := ξ

√√√√ ε2

1− 2
ξ

− 1. (5.8.9)

In fact, this expression can also be obtained by substituting either p = (1 + e)ξobs or
p = (1−e)ξobs into Eq. (5.7.4) and eliminating e. At first sight, it seems curious that the
wedge-like portion of the boundary consisting of the two line segments p = (1± e)ξobs

is transformed into the smooth curve λ = λmax(ε, ξ). The reason for this relies in the
factor e in Eq. (5.7.5), which implies that the transformation (p, e) 7→ (ε, λ) is singular
at e = 0, which is the location where the two line segments cross each other. The point
corresponding to the minimum value of p corresponds to the point of minimal energy
ε. It can be obtained by substituting Eq. (5.8.4) into the expression for the energy in
Eq. (5.8.7), which yields

εc(ξ) :=



ξ − 2√
ξ(ξ − 3)

for 4 ≤ ξ ≤ 6,

ξ + 2√
ξ (ξ + 6)

for ξ ≥ 6.

(5.8.10)

We conclude that the allowed region for bound trajectories which intersect an observer
located at ξ = ξobs is given by

λc(ε) < λ < λmax(ε, ξ) and εc(ξ) < ε < 1. (5.8.11)

This coincides with the result in Eq. (5.3.19) which is derived in section 5.3.3 by dif-
ferent means. Figure 5-17 shows the behavior of the curves λ = λc(ε), λ = λub(ε) and
λ = λmax(ε, ξ) for two representative values of ξ.

5.9. Appendix C: Integrals over angular
momentum

In this appendix we list the relevant integrals that are used in subsection 5.4.2 in or-
der to compute the spacetime observables. For the integrals over the total angular mo-
mentum L, we first introduce the notation L1 := |Lz|/ sinϑ, L2 := Lmax(E, r), and
L3 := máx{Lc(E), |Lz|/ sinϑ}. By virtue of Eq. (5.3.19) these quantities satisfy the
inequality L1 ≤ L3 ≤ L2. By means of the variable substitution

sin2 φ = L2 − L2
1

L2
2 − L2

1
, 0 ≤ φ ≤ π

2 , (5.9.1)
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λ
c
(ε)

λub(ε)

λmax(ε,4.5)
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(ε)
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λmax(ε,12)
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Figure 5-17: The curves λ = λc(ε), λ = λup(ε) and λ = λmax(ε, ξ) which are rele-
vant for computing the integration domain corresponding to a spacetime
observable at ξ. Left panel: ξ = 4.5. Note that the curves λ = λc(ε) and
λ = λmax(ε, ξ) “touch each other” at mε = Ec(r). Right panel: ξ = 12.
In this case, it is the curves λ = λup(ε) and λ = λmax(ε, ξ) that touch
each other. In both cases the relevant domain is delimited by the curves
λ = λc(ε) and λ = λmax(ε, ξ).

one finds

L2∫
L3

LdL√
L2 − L2

1

√
L2

2 − L2
= π

2 − arcsin

√√√√L2
3 − L2

1
L2

2 − L2
1

= π

2 − arctan

√√√√L2
3 − L2

1
L2

2 − L2
3
, (5.9.2)

L2∫
L3

√
L2

2 − L2√
L2 − L2

1

LdL = 1
2
(
L2

2 − L2
1

)π
2 − arctan

√√√√L2
3 − L2

1
L2

2 − L2
3


−1

2

√
L2

3 − L2
1

√
L2

2 − L2
3, (5.9.3)

L2∫
L3

√
L2 − L2

1√
L2

2 − L2
LdL = 1

2
(
L2

2 − L2
1

)π
2 − arctan

√√√√L2
3 − L2

1
L2

2 − L2
3


+1

2

√
L2

3 − L2
1

√
L2

2 − L2
3. (5.9.4)

Note that the contributions from the arctan on the right-hand side of these equations
vanish when L3 = L1, that is, when |Lz|/ sinϑ ≥ Lc(E).

In order to treat the integrals over the azimuthal angular momentum for the models (5.4.3,5.4.4)
which appear in equations (5.4.6, 5.4.14, 5.4.15, 5.4.16) we use the following equations
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for a > b > 0 which can be obtained using integration by parts,

a

1∫
1/a

dλz
√

1− λ2
z (aλz − 1)l+ = 1

l + 1

1∫
1/a

dλzλz√
1− λ2

z

(aλz − 1)l+1
+ ,(5.9.5)

a

1∫
1/a

dλz (aλz − 1)l+ arctan

√√√√ 1− λ2
z

(1/b2)− 1 = b
√

1− b2

l + 1

1∫
1/a

λzdλz√
1− λ2

z

(aλz − 1)l+1
+

(1− b2λ2
z)

= π

2
b

l + 1K̃l(a, b), (5.9.6)

a2
1∫

1/a

dλzλz (aλz − 1)l+ arctan

√√√√ 1− λ2
z

(1/b2)− 1 =
1∫

1/a

λzdλz√
1− λ2

z

b
√

1− b2

(1− b2λ2
z)

×
[

(aλz − 1)l+1
+

l + 1 + (aλz − 1)l+2
+

l + 2

]

= π

2 b
[ 1
l + 1K̃l(a, b) + 1

l + 2K̃l+1(a, b)
]
,(5.9.7)

a3
1∫

1/a

dλzλ
2
z (aλz − 1)l+ arctan

√√√√ 1− λ2
z

(1/b2)− 1 = π

2 b
[ 1
l + 1K̃l(a, b)

+ 2
l + 2K̃l+1(a, b) + 1

l + 3K̃l+2(a, b)
]
,(5.9.8)

where we recall the definition of the function K̃l(a, b) defined in Eq. (5.4.9).

5.10. Appendix D: Properties of the integral
kernels K̃l(a, b)

In this appendix we summarize some elementary properties of the integral

K̃l(a, b) := 2
π

√
1− b2

1∫
1/a

dλλ√
1− λ2

(aλ− 1)l+1

1− b2λ2 , a > 1, 0 < b < 1, (5.10.1)

which was defined in Eq. (5.4.9). First, observe that K̃l(a, b) is continuous in (a, b) and
that

ĺım
a→1

K̃l(a, b) = 0. (5.10.2)

In order to analyze the behavior for large a and the limits b → 0 and b → 1 it is con-
venient to perform the variable substitution µ :=

√
1− λ2/

√
1− b2, which transforms

the integral into

K̃l(a, b) := 2
π

1
a

√
a2−1
1−b2∫

0

dµ

1 + b2µ2

[
a
√

1− (1− b2)µ2 − 1
]l+1

. (5.10.3)
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From this, we see that for all a > 1,

ĺım
b→1

K̃l(a, b) = 2
π

∞∫
0

dµ

1 + µ2 (a− 1)l+1 = (a− 1)l+1. (5.10.4)

Furthermore, using the fact that
√
a2 − 1/a ≤ 1, one obtains the estimate

0 ≤ K̃l(a, b) ≤
2
πb

arctan
(

b√
1− b2

)
(a− 1)l+1 ≤ (a− 1)l+1, a > 1, 0 < b < 1.

(5.10.5)
From Eq. (5.10.1) and the variable substitution λ = (1− 1/a)t+ 1/a one also obtains
the limit

K̃l(a, 0) := ĺım
b→0

K̃l(a, b)

= 1√
π

Γ(l + 2)
Γ
(
l + 5

2

)√1− 1
a2 (a− 1)l+1

2F1

(
−1

2 , l + 1, l + 5
2 ,−

a− 1
a+ 1

)
,(5.10.6)

with 2F1(a, b; c; z) the Gauss hypergeometric function as defined, for instance, in Eq. (9.111)
of [95].

Although we have not found an explicit expression for K̃l(a, b) which is valid for ge-
neric values of l, the integral can be computed explicitly for the specific values of
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l = 0, 1, 2:

K̃0(a, b) = a

b2

[
1−
√

1− b2
(

1− 2
π

arcsin 1
a

)]
+a− b
πb2 arctan ab− 1√

(a2 − 1)(1− b2)

−a+ b

πb2 arctan ab+ 1√
(a2 − 1)(1− b2)

, (5.10.7)

K̃1(a, b) = −2a
b2

[ 1
π

√
(a2 − 1)(1− b2) + 1−

√
1− b2

(
1− 2

π
arcsin 1

a

)]
+(a− b)2

πb3 arctan ab− 1√
(a2 − 1)(1− b2)

+(a+ b)2

πb3 arctan ab+ 1√
(a2 − 1)(1− b2)

, (5.10.8)

K̃2(a, b) = a3

b4

[
1−
√

1− b2

(
1 + b2

2

)(
1− 2

π
arcsin 1

a

)]

+3a
b2

[ 5
3π
√

(a2 − 1)(1− b2) + 1−
√

1− b2
(

1− 2
π

arcsin 1
a

)]
+ (a− b)3

πb4 arctan ab− 1√
(a2 − 1)(1− b2)

−(a+ b)3

πb4 arctan ab+ 1√
(a2 − 1)(1− b2)

. (5.10.9)

We show corresponding plots of these functions in figure 5-18.

Figure 5-18: Behavior of the integrals K̃l(a, b) for l = 0, 1, 2. Left l = 0, center l = 1,
right l = 2.
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5.11. Appendix E: Short review of polish
doughnuts configurations

In this appendix we briefly review the “polish doughnutsçonfigurations describing sta-
tionary and axisymmetric hydrodynamic thick disks surrounding black holes (for more
details see Refs. [56, 107–113]). To describe these configurations, we assume that the
spacetime is stationary, axisymmetric and circular (the Kerr spacetime satisfies the-
se properties; however for the moment we may assume a metric more general than
Kerr). It can be shown (see for instance [59]) that such a spacetime admits local coor-
dinates (t, r, ϑ, ϕ) in which the metric coefficients depend neither on the time coor-
dinate t (stationarity) nor the azimuthal coordinate ϕ (axisymmetry), and such that
gtr = gtϑ = gϕr = gϕϑ = 0 (circularity), that is,

g = gttdt
2 + 2gtϕdtdϕ+ grrdr

2 + gϑϑdϑ
2 + gϕϕdϕ

2. (5.11.1)

The Killing vector fields associated with this spacetime are k = ∂t and v = ∂ϕ.

Next, consider a perfect fluid flow in circular motion, which means that its four-velocity
u is a linear combination of k and v, such that

u = A (k + Ωv) , (5.11.2)

for some normalization constantA > 0 and a function Ω describing the angular velocity
of the flow. Denoting by ρ = nm, h and P the rest mass density, specific enthalpy and
pressure, the relativistic Euler equations can be written as

aν = − 1
ρh

(∇νP + uν∇uP ), (5.11.3)

with aν = (∇uu)ν = uµ∇µuν the acceleration of the fluid elements.

For the following, we impose the Killing symmetries on the fluid quantities, such that
ρ, h, p and u are invariant with respect to the flows generated by k and v. Assuming
an adiabatic fluid in local thermodynamic equilibrium, such that dh = dp/ρ, one can
show that the Bernoulli-type quantities

B := −huµkµ = −hut, L := huµv
µ = huϕ, (5.11.4)

are constant along the flow lines. For the following, it is convenient to introduce the
“fluid angular momentum”(the angular momentum per energy of a fluid element), de-
fined as

` := L
B

= −uϕ
ut
. (5.11.5)
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Combining this definition with the equation Ω = uϕ/ut and the normalization condition
uµu

µ = −1 yields

utu
t = − 1

1− Ω`, (5.11.6)

which allows one to express the components ut, uϕ = Ωut, uϕ = −`ut in terms of ut,
Ω and `. Computing the normalization constant A = ut and using Eq. (5.11.6) one also
finds

ut = − 1
1− Ω`

√
−gtt − 2Ωgtϕ − Ω2gϕϕ. (5.11.7)

Using Eq. (5.11.6), the formula aν = uµ(∂µuν − ∂νuµ), and taking into account the
Killing symmetries, one obtains4

aν = ∂ν log |ut| −
(

Ω
1− Ω`

)
∂ν`. (5.11.8)

Euler’s equation (5.11.3) together with∇uP = 0 and the first law lead to

− d log[h] = d log |ut| −
(

Ω
1− Ω`

)
d`. (5.11.9)

Taking the exterior derivative on both sides yields dΩ ∧ d` = 0, implying that dΩ is
proportional to d`. This in turn implies that the angular velocity Ω only depends on the
specific angular momentum (or vice-versa) [114]. On the other hand, using uµ = gµνu

ν

one finds the following relation between ` and Ω:

gtt`+ gtϕ (1 + Ω`) + gϕϕΩ = 0. (5.11.10)

The surfaces of constant ` and Ω describe the “von Zeipel cylinders”.

After these remarks, stationary, axisymmetric perfect fluid configuration in circular mo-
tion can be described as follows. One possibility is to specify a function Ω0(`) of `, such
that Eq. (5.11.9) can be integrated to yield

log(h) = − log |ut|+
`∫ Ω0(`′)d`′

1− Ω0(`′)`′ . (5.11.11)

Here, ut is given by Eq. (5.11.7) with Ω replaced by Ω0(`) and ` is the function of (r, ϑ)
which is determined from Eq. (5.11.10) by setting Ω = Ω0(`). The support of the fluid

4An elegant way of deriving Eq. (5.11.8) makes use of the calculus for differential forms. Denoting by
u = uµdx

µ the one-form associated with the four-velocity, one obtains from Eq. (5.11.2)

a = iudu = A(ikdu+ Ωivdu) = −A(diku+ Ωdivu) = −A [dut − Ωd(`ut)]

where we have used the Cartan formula £ku = ikdu + diku in the third step. Taking into account
that A = ut and using Eq. (5.11.6) yields the desired result.
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configuration is determined by the region for which the right-hand side of Eq. (5.11.11)
is positive, such that h > 1. Note that the location of the boundary surface h = 1 de-
pends on a free integration constant. By construction, the quantity h|ut| is constant on
the von Zeipel cylinders.

Alternatively, one can fix ` = `0 to be constant throughout the fluid configuration, such
that

log(h) = − log |ut|+ const, (5.11.12)

with ut given again by Eq. (5.11.7) where now Ω is the function of (r, ϑ) determined
by Eq. (5.11.10), which yields

Ω(r, ϑ) = − gtϕ + gtt`0

gϕϕ + gtϕ`0
. (5.11.13)

Like in the previous case, the support of the fluid configuration corresponds to the
region for which the right-hand side of Eq. (5.11.12) is positive. For a Schwarzschild
black hole, these expressions simplify considerably and one obtains

log h(r, ϑ) = Win −W`0(r, ϑ) (5.11.14)

with an integration constant Win and the “effective potential”

W`0(r, ϑ) := log |ut| = −
1
2 log

(
r

r − 2M −
`2

0
r2 sin2 ϑ

)
,

r > 2M, sin2 ϑ > `2
0
r − 2M
r3 . (5.11.15)

As can easily be verified, the critical points of W`0(r, ϑ) are located on the equatorial
plane ϑ = π/2 at radii determined by the equation

`2
0(r − 2M)2 = Mr3, (5.11.16)

whereW`0(r, π/2) = − log[
√
r(r − 3M)/(r−2M)]. There are no critical points when

`0 < `c =
√

27/2M ≈ 3.67M . For `0 > `c, there are two critical points with radii
2M < rsaddle < rmin, the first one describing a saddle and the second one a minimum.
As `0 increases from `c to

√
27M , rsaddle decreases monotonously from 6M to 3M

and W`0(rsaddle, π/2) increases from log
√

8/9 to∞ while rmin increases monotonously

from 6M to 6(2 +
√

3)M and W`0(rmin, π/2) from log
√

8/9 to − log[3
√

2
√

3− 3/2].

From these observations, we see that as long as `0 > `c, there are bound fluid confi-
gurations whose maximum specific enthalpy is located at rmin and is constant on the
closed level sets surrounding rmin (see figure 5-19). The surface of the configuration
can be chosen as any of these closed level sets, setting Win equal to the value of W at
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this level set, such that h = 1 at the surface and h > 1 inside it. The most extended
surface that can be chosen is the one that approaches the separatrix through the saddle
point.

The maximum of W`0 lies below its asymptotic value 0 if `c < `0 < `mb = 4M . The
upper limit `0 = `mb corresponds to rsaddle = 4M which is the radius of the margi-
nally bound circular trajectory. For `0 > `mb the saddle lies above 0 and hence bound
fluid configurations cannot spill over the saddle and fall into the black hole. Therefore,
the range `c < `0 < `mb = 4M is the one that is relevant for accretion disk models.
Note also that at the minimum of W`0 the fluid elements follow circular geodesics due
to the fact that the gradient of the pressure vanishes there. Recalling that ` represents
the angular momentum per energy of the particles and making use of the formulae
L(r) = mM1/2r3/2/

√
r(r − 3M) and E(r) = m(r − 2M)/

√
r(r − 3M) for the an-

gular momentum and energy of the circular timelike geodesics (see Eq. (5.7.4) with
e = 0), one obtains `0 = L(r)/E(r) = M1/2r3/2/(r − 2M) which satisfies equa-
tion (5.11.16).

Figure 5-19: Contour plots for the effective potential defined in Eq. (5.11.15) in the
xz-plane for the values for the fluid angular momentum given by `0 =√

31/2M,
√

32/2M,
√

33/2M as shown in the left, center and right pa-
nels, respectively. In all plots the continuous red line represents the boun-
dary surface where W`0 = 0 and the black region represents the Schwarz-
schild black hole region.



6 Accretion of a Vlasov gas onto a
black hole from a sphere of finite
radius and the role of angular
momentum

This chapter is a loyal reproduction (with some minor changes due to the format) of the
free arXiv:2107.04830 version. However, the numbers of the equations and references
could differ from the ones in the original version. The references are collected at the end
of this thesis work. The content of this chapter has been published in Physical Review
D [40].

6.1. Abstract

The accretion of a spherically symmetric, collisionless kinetic gas cloud onto a Schwarz-
schild black hole is analyzed. Whereas previous studies have treated this problem by
specifying boundary conditions at infinity, here the properties of the gas are given at
a sphere of finite radius. The corresponding steady-state solutions are computed using
four different models with an increasing level of sophistication, starting with the purely
radial infall of Newtonian particles and culminating with a fully general relativistic
calculation in which individual particles have angular momentum. The resulting mass
accretion rates are analyzed and compared with previous models, including the stan-
dard Bondi model for a hydrodynamic flow. We apply our models to the supermassive
black holes Sgr A* and M87*, and we discuss how their low luminosity could be par-
tially explained by a kinetic description involving angular momentum. Furthermore,
we get results consistent with previous model-dependent bounds for the accretion rate
imposed by rotation measures of the polarized light coming from Sgr A* and with esti-
mations of the accretion rate of M87* from the Event Horizon Telescope collaboration.
Our methods and results could serve as a first approximation for more realistic black
hole accretion models in various astrophysical scenarios in which the accreted material
is expected to be nearly collisionless.
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6.2. Introduction

Accretion of matter is one of the most important processes in astrophysical systems
due to its fundamental role in the formation and evolution of galaxies, stars and com-
pact objects. The fact that different types of matter (e.g. kinetic gases, fluids or scalar
fields) have distinctive features in their corresponding dynamics, makes essential to ta-
ke into account the nature of the infalling matter for a physically correct description
of the accretion process (the features of some of these types of matter can be seen
e.g. in [115] where the dynamics of a collisionless kinetic gas in a dark matter halo is
studied; in [116] for accretion studies based on fluid dynamics; or in [117] where the
peculiar distribution of a scalar field surrounding a black hole (BH) is described).

The first studies on the phenomenon of accretion were developed in [118, 119] for a
star moving at a steady speed through an infinite pressureless gas cloud. Later on, [120]
studied the hydrodynamical steady spherical accretion of a gas at rest at infinity onto
a Newtonian star. In these models, effects such as viscosity, turbulence, self-gravity or
magnetic fields are neglected.

Further studies have been undertaken for different scenarios in which matter accretion
was shown to be astrophysically relevant, for example in X-ray binaries (e.g. [121]), in
gamma-ray bursts (e.g. [122]), in protoplanetary disks (e.g. [123]) or in active galactic
nuclei (e.g. [124]). A great part of these scenarios involve BHs, because they naturally
appear in the life cycle of massive stars ( [125,126]) and in the core of medium-to-large
galaxies ( [127, 128]). The radiation emanated from these powerful sources originates
from a region close to the BH’s event horizon, and therefore the corresponding accre-
tion requires a fully general-relativistic modeling.

Substantial theoretical and numerical work has been done on the fluid or hydrodyna-
mical approximation of the accreting flow onto BHs. In this context, the first general
relativistic extension of the Bondi model was given by [129] who studied the steady sp-
herical accretion flow of simple polytropic gases onto a Schwarzschild BH. Additional
generalizations of these hydrodynamic solutions have been worked out over the years
(see [130] and references therein for recent work providing a review of the Bondi and
Michel solutions and their generalization to rotating BHs). In particular, recent nume-
rical works make use of general relativistic magnetohydrodynamic (GRMHD) simula-
tions to study different accretion models (see e.g. [131]). The fluid approximation in
these models considers that the effective mean free path for the particles is sufficiently
short with respect to the length over which macroscopic quantities, such as the parti-
cle number density, the bulk velocity or the temperature vary in a significant way, so
that thermal equilibrium is attained locally. However, there are some cases in which the
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hydrodynamical approximation does not correspond to the nature of the infalling mat-
ter. This is the situation, e.g. for underluminous sources (with respect to the Eddington
luminosity) such as Sgr A*, the supermassive black hole (SMBH) in the center of our
galaxy [132–134], and M87*, the SMBH in the galactic center of Messier 87 [75,135],
whose accreting plasmas are in a low-density, high-temperature regime which makes
them effectively collisionless [135–138].

A further important example is the accretion of dark matter (an exotic entity which is
expected to be collisionless), which has been suggested to play a prominent role in the
formation of SMBHs (see e.g. [139–141]). The low collisionality of these kind of flows
makes necessary to take into account the kinetic approximation in order to correctly
describe the dynamics of the accreting matter.

Analytically, the problem of accretion of kinetic gases onto BHs is studied using the
formalism of the relativistic Boltzmann equation (see e.g. [4]. In particular, the colli-
sionless approximation (also known as a Vlasov gas) in which the component parti-
cles do not interact directly with each other, has been studied both in the Newtonian
(e.g. [142, 143] and in the general relativistic regimes (e.g. [36, 37, 144, 145]. Numeri-
cally, models of collisionless (or weakly collisional) plasmas which include some kine-
tic effects into the equations of GRMHD flows, have been developed ( [146–148]). No-
netheless, modelling a fully 3D kinetic simulation has been a complex subject due to the
high computational effort of calculating the evolution of the 6D distribution functions
of ions and electrons in the accreting plasma (see e.g. [149] where a local shearing-box
model of a collisionless accretion disk is used, and references therein).1

The analytical hydrodynamic and kinetic models with spherical symmetry mentioned
so far, assume that the boundary conditions determining the properties of the gas (tem-
perature and density) are specified at infinity. However, in practice such properties are
measured at a finite distance from the black hole. Therefore, analytical modeling should
take into account the finite nature of the accretion phenomenon in order to produce mo-
re realistic models. In the hydrodynamic case, such finite models have recently been
proposed in the context of the ‘choked’ accretion mechanism (see [150–152] and re-
ferences therein) in which the gas is injected from a sphere of finite radius, named
the ‘injection sphere’, with a slight equatorial to polar density contrast, resulting in an
inflow-outflow configuration.

In this article we present a series of illustrative and simplified analytic finite models
which aim to solve the BH accretion problem from a kinetic and relativistic standpoint.

1For recent analytic work analyzing the dynamics of a collisionless gas in the equatorial plane of a
(rotating) Kerr black hole and the phase space mixing phenomenon, see [77].
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To this purpose, we analyze the steady, spherical accretion flow of a collisionless kine-
tic gas with negligible self-gravity from an injection sphere of finite radius R. We study
the case of purely radial infall, in which none of the particles have angular momentum,
as well as the case where individual particles have arbitrary angular momentum but the
gas as a whole (averaged over the momentum space) moves in the pure radial direction.
In the latter case, we obtain a general formula for the mass accretion rate which reduces
to previous known results for R → ∞ (see [36, 143]), while for fixed R one obtains
new solutions.

Despite the simplicity of our models, we get reasonable results when applied to the
flows onto Sgr A* and M87*. A smaller mass accretion rate for these BHs is predic-
ted by our kinetic approach, which may contribute to the understanding of their low
luminosity [138, 153] and the presence of polarized light at 230 GHz coming from re-
gions near to the BH horizon [154–157]. The presence of this polarization would not
be possible for an accretion rate similar to the predicted from the Bondi model, because
larger mass accretion rates would depolarize the light through extreme Faraday rotation
gradients (see e.g. [158,159]). The conventional solutions to these problems involve ra-
diatively inefficient accretion flow (RIAF) models [160–162]. In these models the low
luminosity is explained by an inefficiency in the process of energy exchange between
protons and electrons causing the advection of most of the viscously released energy
into the BH’s horizon. On the other hand, the presence of linearly polarized light at
230 GHz is explained by allowing a loss of mass in the inner regions of the flow th-
rough convection and/or outflows, reducing effectively the mass accretion rate via a
dependence of the accretion rate with radius (see [163] for a comprehensive review of
accretion flow models).

In this work, we derive the kinetic gas mass accretion formula analogous to the sphe-
rical Bondi fluid model. In the examples provided, we show that the accretion rate in a
fluid model can be similar to the corresponding kinetic gas one, closing in this way the
gap that existed in previous analysis of both models. This issue is discussed for instance
in [143] where there is a huge difference between the fluid and kinetic accretion rates.
We also derive the generalizations of the accretion rate predicted in [142] for a finite
radius and show, in the examples presented, that the value of the accretion rate strongly
depends on that radius and the environment. The expressions obtained in our manus-
cript should be ideally suited to be applied also in dark matter studies in which case the
dynamic is expected to be described by a totally non-interacting matter. Furthermore,
the obtained equations could be useful for studying the accretion of hot, low-density
matter which is trapped inside the gravitational potential of a Schwarzschild BH. The
developed formalism and our ideal solutions could serve as a starting point for more
complex scenarios, such as the non-spherical accretion onto a Kerr BH, and/or the ad-
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dition of magnetic fields.

This manuscript is organized as follows: in Section 6.3, we present an overview of the
formalism of the general relativistic Vlasov equation and the definitions of the physical
quantities relevant for the accretion flow; in Section 6.4, we treat the purely radial
spherical infall of particles, both in the non-relativistic and relativistic limits, and we
apply the resulting equations to particles obeying mono-energetic and Maxwell-Jüttner
distribution functions; in Section 6.5, we analyze the spherical accretion in which the
assumption of zero angular momentum for the individual particles is relaxed and we
also apply the results to mono-energetic and Maxwell-Jüttner distribution functions;
in Section 6.6, we summarize our results in a concise form suitable for its immediate
application; in Section 6.7, we apply our results to the accretion flows onto Sgr A*
and M87*; finally, in Section 6.8 we give final comments and suggestions for future
research. An additional model which considers a distribution of particles with fixed
angular momentum which is useful for the interpretation of some of our results is given
in an appendix. Throughout this work, we use the signature convention (−,+,+,+)
for the space-time metric.

6.3. Review of the general relativistic Vlasov
equation

The study of a collisionless kinetic gas interacting with a central object is based on the
one-particle distribution function. In Newtonian theory, the distribution function f is a
function of time and coordinates (x,p) of the six-dimensional phase-space, such that
f(t,x,p) d3x d3p represents the expected number of particles in the phase-space volu-
me element d3x d3p at time t. In general relativity, the distribution function can be defi-
ned, a priori, on the eight-dimensional cotangent bundle T ∗M associated with the cur-
ved space-time manifold (M, g), that is, the set consisting of pairs (x, p) where x ∈M
is a space-time event and p is a momentum co-vector at x. Thus, locally the distribu-
tion function can be regarded as a function of the coordinates (xµ, pµ), µ = 0, 1, 2, 3,
parametrizing the cotangent bundle.2

For a relativistic, collisionless gas, the distribution function f is required to solve the
Vlasov (or collisionless Boltzmann) equation which can be conveniently written as:

{H, f} ≡ ∂H
∂pµ

∂f

∂xµ
− ∂H
∂xµ

∂f

∂pµ
= 0, (6.3.1)

2Alternatively, one can work on the tangent bundle TM with local coordinates (xµ, pµ). Both for-
mulations are equivalent since the space-time metric provides a natural way to identify TM with
T ∗M.
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where hereH denotes the free particle Hamiltonian

H(x, p) := 1
2g

µν(x)pµpν , (6.3.2)

with gµν(x) the components of the inverse metric at x. It follows immediately from
Eq. (6.3.1), that any distribution function f which is only a function of integrals of mo-
tion satisfies the Vlasov equation.

Note that the Hamiltonian itself is an integral of motion; the corresponding conser-
ved quantity is −(mc)2/2 with m the rest mass of the particle. For the following, we
consider a collisionless gas of identical particles of positive mass m > 0, such that f
can be restricted on the future mass shell, the seven-dimensional submanifold of T ∗M
consisting of those points (xµ, pµ) for which

pµpµ = −(mc)2, (6.3.3)

and pµ is future-directed. The future mass shell can be parametrized in terms of the
coordinates (xµ, pi), with i = 1, 2, 3, where the time component of the momentum
does not appear as an independent coordinate since it can be reconstructed from the
mass-shell constraint (6.3.3). For further details on the geometry of the relativistic pha-
se we refer the reader to [12, 164, 165].

Among the space-time observables, the central quantity in our work describing the most
relevant physical properties of the solution is the particle current density vector field,
defined as (see for instance equation (12.35) in [4]):

Jµ(x) := c
∫

P+
x (m)

pµf(x, p) dvolx(p), (6.3.4)

where P+
x (m) is the future mass hyperboloid consisting of those future-directed timeli-

ke vectors pµ for which (6.3.3) is satisfied and dvolx(p) is the Lorentz-invariant volume
element on P+

x (m), defined as:

dvolx(p) := 1√
−g

d3p∗
p0 , (6.3.5)

where
√
−g is the square root of the metric’s determinant and p∗ = (pi) (with i =

1, 2, 3) refer to the covariant spatial components of the linear momentum [164].3

3The covariant and contravariant momentum volume elements can be related through 1√
−g

d3p∗
p0 =

√
−g d

3p
|p0| .
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The corresponding invariant particle number density and mean four-velocity at x are
given by:

n(x) := 1
c

√
−Jµ(x)Jµ(x), (6.3.6)

uµ(x) := Jµ(x)
n(x) . (6.3.7)

For the following, we assume that the gravitational potential is dominated by the BH
such that the self-gravity of the gas can be neglected. Omitting the rotation of the BH
for simplicity, we thus consider a spherically symmetric static background described
by the metric:

ds2 = gab(r) dxadxb + r2
(
dϑ2 + sin2 ϑdϕ2

)
, (6.3.8)

with (xa) = (ct, r), where c denotes the speed of light in vacuum, t is the time coor-
dinate, r is the areal radius and (ϑ, ϕ) denote the usual angular coordinates on the
two-sphere. The integrals of motion in this case consist of the rest mass m =

√
−2H,

the energy E and the angular momentum vector L associated with the spherical sym-
metry.

It can be shown (e.g. [4]) that for a distribution function f satisfying the Vlasov equa-
tion, Jµ automatically satisfies the continuity equation ∇µJ

µ = 0, which allows us to
define the conserved (rest) mass accretion rate for the metric in Eq. (6.3.8):

Ṁ := 4πr2mJr(x). (6.3.9)

Note that this definition is coordinate-independent, since it is defined in terms of the
areal radius r and the contravariant r-component of the current density vector field,
which can be written as Jr = dr(J) = Jµ∇µr.
Finally, it is straightforward to show that in the non-relativistic limit (|ui| � c and
p0 = mc), the well-known expressions for the particle number density, the mean radial
velocity and the mass accretion rate are recovered:

n(x) =
∫
f(x, p) d3p∗, (6.3.10)

ur(x) = 1
n(x)

∫ pr

m
f(x, p) d3p∗, (6.3.11)

Ṁ = 4πr2mn(x)ur(x) = 4πr2
∫
pr f(x, p) d3p∗. (6.3.12)

In the results presented in this article, the distribution function f is assumed to depend
on (x, p) only through the integrals of motion, E and L. Due to dispersion and mixing,
it is in fact expected that any gas configuration relaxes in time to one described by such
a distribution function [36,73], provided the boundary conditions specified at the injec-
tion sphere are compatible with it. In addition, we focus on purely spherical accretion
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for which the distribution function depends only on the energy E and the total angular
momentum L = |L| of each particle. We shall use F to denote the distribution function
expressed in terms of E and L.

6.4. Purely radial infall from a finite radius

In this section, we focus on the spherically symmetric steady radial infall of a Vlasov
gas into a central object, assuming that each individual particle has zero angular mo-
mentum. We assume that the particles are being accreted from an injection sphere at
finite radius with specific density and energy or temperature which are the boundary
conditions for the problem. The distribution function describing this scenario depends
only on the radial coordinate r and its momentum pr, and the corresponding observa-
bles only on r. We treat both the non-relativistic and relativistic limits. The definitions
given in the previous section are specialized in order to describe adequately the radial
accretion process.

6.4.1. Non-relativistic limit

In this limit, the particles are under the effect of a gravitational central potential Φ(r)
generated by a mass M (e.g. Φ(r) = −GMm/r), and the injection sphere of the parti-
cles is at radiusR, where we specify the particle number density. We ignore interactions
with the surface of the central object since we are interested in a scenario analogous to
a Schwarzschild BH, where there is no physical surface. For spherical coordinates and
under the assumption that the particles have zero angular momentum, the volume ele-
ment (6.3.5) in momentum space can be replaced by [115]:4

d3p∗√
−g
→ 1

r2 dpr, (6.4.1)

Thus, from Eqs. (6.3.10-6.3.12), we find that

n(r) = 1
r2

∫ pm(r,R)

−∞
f(r, pr) dpr, (6.4.2)

ur(r) = 1
r2mn(r)

∫ pm(r,R)

−∞
pr f(r, pr) dpr, (6.4.3)

Ṁ = 4πr2mn(r)ur(r) = 4π
∫ pm(r,R)

−∞
pr f(r, pr) dpr, (6.4.4)

where pr = pr. Here, the upper integration limit pm(r, R) := −
√

2m[Φ(R)− Φ(r)]
incorporates the physical requirement that all the particles in the system are falling

4There is a 2π difference with the result shown in [115] due to a change of variable in the momentum
space done in that work.
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radially from a radius R into the central mass, with E = Φ(R) being the minimum
possible energy for the particles. Note that, if R → ∞, then n(r → ∞) = 0 (which
is consistent with the fact that the distribution function vanishes at infinite radius), and
thus we cannot apply the boundary condition n(R) = nR.

A specific scenario, which is directly related with the analyzed case by [143], is the
radial infall of mono-energetic particles with energy E0 ≥ Φ(R). The distribution fun-
ction in this case is:

F (E) = f0 δ(E − E0) = f0 δ

(
p2
r

2m + Φ(r)− E0

)
, (6.4.5)

where f0 is a constant with units of time−1 (because the radial distribution function,
f = f(r, pr), has units of length × momentum−1) and it is related with nR. Next, we
can use the properties of the Dirac delta distribution5 to rewrite the distribution function
as:

f(r, pr) = f0

√
m

2
δ
(
pr +

√
2m[E0 − Φ(r)]

)
√
E0 − Φ(r)

, (6.4.6)

where we have used the fact that all particles are falling and hence they can only have
negative momentum. According to Eqs. (6.4.2-6.4.4) and the boundary condition nR,
the particle density, the average radial velocity and the accretion rate are, respectively:

n(r) = f0

r2

√
m

2[E0 − Φ(r)] , (6.4.7)

ur(r) = −
√

2[E0 − Φ(r)]
m

, (6.4.8)

|Ṁ | = 4πr2mn(r)|ur(r)| = 4πmf0, (6.4.9)

where

f0 = R2nR

√
2[E0 − Φ(R)]

m
, (6.4.10)

which yields
|Ṁ |
mnR

= 4πR2

√
2 [E0 − Φ(R)]

m
, (6.4.11)

valid for r ≤ R. If E0 = 0 and the gravitational potential is due to a central mass such
that Φ(r) ∼ 1/r, Eq. (6.4.8) is easily recognized as the free-fall velocity. Furthermore,
we see from Eqs. (6.4.7) and (6.4.8) that the particle number density and velocity are
proportional to r−3/2 and r−1/2, respectively, which is the expected behaviour for the
fluid limit ( [143]). If we set E0 = Φ(R) + 1

2mv
2
R, where vR = ur(R) is the speed of

5Namely, the composition of the Dirac delta distribution with a smooth function g(x), is given by
δ(g(x)) =

∑
i
δ(x−xi)
|g′(xi)| , where the sum goes over all the different roots xi of g.
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the particles at the injection radius with respect to the central object, then Eq. (6.4.11)
can be written as the well-known expression:

|Ṁ |
mnRvR

= 4πR2. (6.4.12)

Another scenario, similar to the Bondi case, consists of a stationary cloud of parti-
cles with mass m described by a Maxwell-Boltzmann distribution function (e.g. [35]),
falling radially into a central object according to the gravitational potential Φ(r) gene-
rated by M . This has the form:

f(r, pr) = A exp
[
−β

(
p2
r

2m + Φ(r)
)]

, (6.4.13)

where as usual β = 1/kBT , with kB the Boltzmann constant, kB = 1.38 × 10−23 m2

kg K−1 s−2, T the temperature of the cloud and A is a constant with units of [length
× momentum]−1. In this case, following Eqs. (6.4.2-6.4.4) and the boundary condition
nR, the particle number density, the average radial velocity and the accretion rate for
r ≤ R are, respectively:

n(r) = A

r2

√
mπ

2 β e−βΦ(r)

×
[
1− Erf

(√
β[Φ(R)− Φ(r)]

)]
, (6.4.14)

ur(r) = −
√

2
βmπ

e−β[Φ(R)− Φ(r)]

×
[
1− Erf

(√
β[Φ(R)− Φ(r)]

)]−1
, (6.4.15)

|Ṁ | = 4πr2mn(r)|ur(r)| = 4πmA

β
e−βΦ(R), (6.4.16)

where Erf(x) denotes the error function, and

A = nRR
2

√
2β
mπ

e βΦ(R), (6.4.17)

corresponding to the injection sphere at a radius R, which yields

|Ṁ |
mnR

= 4πR2
√

2
πmβ

= 4πR2

√
2
π

kBT

m
. (6.4.18)
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6.4.2. Relativistic case

In the relativistic case one considers a Vlasov gas on a Schwarzschild background, with
metric components −g00 = 1/grr = α(r)2 and g0r = 0 in Eq. (6.3.8), where

α(r)2 := 1− rS

r
, (6.4.19)

with rS the Schwarzschild radius defined by rS := 2GM/c2. The volume element in
momentum space, Eq. (6.3.5), takes the form:

dvolx(p) = 1
r2
dpr
p0 , (6.4.20)

with p0 related to the relativistic energy E through

E = α(r)2c p0. (6.4.21)

With Eqs. (6.3.4, 6.3.6) we find:

J0(r) = c

r2

∫ pm(r,R)

−∞
f(r, pr) dpr , (6.4.22)

Jr(r) = c

r2

∫ pm(r,R)

−∞
f(r, pr)

pr

p0 dpr, (6.4.23)

n(r) = 1
c

√
[α(r)J0(r)]2 − [Jr(r)/α(r)]2, (6.4.24)

where pm(r, R) := − mc
α(r)2

√
α(R)2 − α(r)2 (whose definition reduces to the one used

in Eqs. (6.4.2-6.4.4) in the non-relativistic limit) originates from the requirement that
all the particles are infalling and have minimum possible energy equal to E = α(r)mc2

[see Eq. (6.4.26)]. The boundary conditions are given by the particle number density at
the injection sphere nR, and the energy or temperature as before.

As an example, we reconsider the Vlasov gas of mono-energetic particles of mass m,
now with relativistic energy E0 ≥ α(R)mc2. The expected distribution function is:

F (E) = f0 δ(E − E0), (6.4.25)

where, again, f0 is a constant with units of [time]−1 related to nR. From the general
relation (6.3.3), we obtain:

E =
√

[α(r)2 pr c]2 + α(r)2m2c4, (6.4.26)

so that the distribution function is written as:

f(r, pr) = f0 δ
(√

[α(r)2 pr c]2 + α(r)2m2c4 − E0

)

=
f0 δ

(
pr + mc

α(r)2

√(
E0
mc2

)2
− α(r)2

)

c α(r)2
√

1− α(r)2
(
mc2

E0

)2
, (6.4.27)
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where we have used the fact that all the particles have negative radial momentum. The
invariant particle number density, the average radial velocity and the mass accretion
rate computed from Eqs. (6.3.9, 6.4.22-6.4.24) and the boundary condition nR, yield

n(r) = f0

r2c

[(
E0

mc2

)2
− α(r)2

]−1/2

, (6.4.28)

ur(r) = −c
[(

E0

mc2

)2
− α(r)2

]1/2

, (6.4.29)

|Ṁ | = 4πmf0, (6.4.30)

valid for r ≤ R, and with f0 given by:

f0 = nR cR
2

√(
E0

mc2

)2
− α(R)2, (6.4.31)

which yields

|Ṁ |
mcnR

= 4πR2

√(
E0

mc2

)2
− α(R)2. (6.4.32)

Using Eq. (6.4.29), we get the familiar result

|Ṁ |
mnRur(R) = 4πR2, (6.4.33)

as follows directly from integrating the continuity equation for radially infalling dust
in which case ρ = mn. Nevertheless, for our purposes it is convenient to express the
accretion rate in terms of the 3-velocity vR of the gas particles calculated by a static
observer at the shell r = R, because the injection sphere is static with respect to the
black hole. The relation between vR and ur(R) is given by (see e.g. [166])

ur(R) = α(R) vR γ, (6.4.34)

where γ := (1 − v2
R/c

2)−1/2 is the Lorentz factor associated with vR, which implies
that

|Ṁ |
mnRvR

= 4πR2α(R)γ. (6.4.35)

In the non-relativistic limit, with vR � c and rS � R, the previous equations reduce to
Eqs. (6.4.7-6.4.12), as expected.

We now consider a distribution function of the Maxwell-Jüttner-type [13],

F (E) = Ae−βE, (6.4.36)
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where β = 1/kBT , A is a constant with units of [length × momentum]−1, the energy
is given by Eq. (6.4.26), and T is the temperature of the gas at the injection sphere.6

The resulting expressions from Eqs. (6.4.22-6.4.24) have no analytical closed form.
Nevertheless, we can make a change of integration variable from pr to the relativistic
energy E through Eq. (6.4.26). In this way, for the Schwarzschild metric we get:

J0(r) = 1
α(r)2r2

∫ ∞
α(R)mc2

F (E) E√
E2 − α(r)2m2c4

dE, (6.4.37)

Jr(r) = 1
r2

∫ ∞
α(R)mc2

F (E) dE. (6.4.38)

This set of equations can also be applied to the distribution function in Eq. (6.4.25) and
the resulting expressions are again Eqs. (6.4.28-6.4.32). For the distribution function in
Eq. (6.4.36), we obtain:

nR = Amc

R2

√
K1(z)2e2z − z−2

ez
, (6.4.39)

ur(R) = − 1
βmc

1√
K1(z)2e2z − z−2

, (6.4.40)

|Ṁ | = 4πmA

β
e−z, (6.4.41)

where z := mc2α(R)β and K1(z) is the modified Bessel function of the second kind
and first order (see e.g. [92]). Note that the previous expressions are evaluated at r = R;
this was necessary to get an analytical closed form. EliminatingA, we get an expression
for the accretion rate:

|Ṁ |
mcnR

= 4πR2α(R)√
[K1(z)zez]2 − 1

. (6.4.42)

Finally, considering the non-relativistic limit mc2 � kBT , so that z � 1, we obtain:

|Ṁ |
mcnR

≈ 4πR2α(R)
√

2
πz

= 4πR2

√
2α(R)
π

kBT

mc2 , (6.4.43)

which reduces to the expression in Eq. (6.4.18) when R� rS.

6.5. Spherical accretion with angular momentum
from a finite radius

In this section, we generalise the calculations of the previous section to the case in
which individual gas particles are allowed to have angular momentum; however, we

6Strictly speaking, the distribution function described by (6.4.36) does not describe a configuration in
thermodynamical equilibrium since in this section we restrict all the particles to have zero angular
momentum.
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assume that the averaged quantities describing the gas (i.e. the space-time observables)
are still spherical. For simplicity, we shall assume a uniform distribution in the total
angular momentum L, and take the same mono-energetic or Maxwell-Jüttner-like dis-
tribution in the energy as considered in the previous section. The analysis in this section
is performed directly in the relativistic case with the Schwarzschild BH with mass M
as an accretor.
We assume that the injection sphere is located at a radius R > rISCO = 6GM/c2 larger
than the radius of the innermost stable circular orbit (ISCO) (it will become clear in
a moment why the restriction R > rISCO is required). As in the previous section, we
impose the particle number density nR on the injection sphere, and we compute the
solution satisfying this boundary condition and the corresponding accretion rate.
For the following, it is convenient to express the momentum in terms of orthonormal
components (p0, p1, p2, p3) such that

pµ
∂

∂xµ
= p0 1

α(r)
∂

∂(ct) + p1α(r) ∂
∂r

+ p2 1
r

∂

∂ϑ
+ p3 1

r sinϑ
∂

∂ϕ
(6.5.1)

where as before, α(r)2 = 1− rS

r
. In terms of these orthonormal components the volume

element (6.3.5) reads

dvolx(p) = dp1dp2dp3√
m2c2 + (p1)2 + (p2)2 + (p3)2

. (6.5.2)

Expressed in terms of the integrals of motion (E,L) and the angle χ defined by Lz/L =
sinϑ sinχ, one obtains

(pσ±) =
 E

cα(r) ,±

√
E2 − VL(r)
c α(r) ,

L cosχ
r

,
L sinχ
r

 , (6.5.3)

dvolx(p) = dE LdL dχ

r2
√
E2 − VL(r)

, (6.5.4)

where the ± sign in p1 determines whether the particle is infalling or outgoing and
VL(r) is the effective potential describing the radial motion, defined as

VL(r) := c2α(r)2
(
m2c2 + L2

r2

)
. (6.5.5)

The behavior of the effective potential VL is well-known but critical for what follows,
so we briefly review its main features (see e.g. Appendix A in [36] for more details).
For L ≤ LISCO :=

√
12GMm/c the function VL is monotonously increasing, which

means that any infalling particle released from r = R whose total angular momen-
tum lies in this range inevitably falls into the black hole within a finite amount of
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its proper time. For L > LISCO the function VL has a local maximum inside the in-
terval (3GM/c2, 6GM/c2), which is due to the presence of the centrifugal term and
which gives rise to a potential well with corresponding minimum lying in the inter-
val (6GM/c2,∞). Whether or not an infalling particle released from r = R with
L > LISCO falls into the black hole depends on its energy (see Fig. 6-1). If E2 is
larger than the maximum of the potential, the particle is absorbed by the black hole;
otherwise it bounces off the centrifugal barrier and is reflected towards r = R.

Therefore, given L ≥ 0, the relevant energy range for describing the aforementioned
accretion scenario is

√
VL(R) ≤ E < ∞, with particles being absorbed or reflected

depending on whether or not E2 is larger than the centrifugal barrier of VL. (We do
not consider particles with energies lower than

√
VL(R) since they correspond to either

bound trajectories whose turning points ri satisfy rS < r1 < r2 < R, and hence do not
affect the value of nR nor the accretion rate, or to particles emanating at a radius r < R

which are absorbed by the black hole in finite proper time.
When computing the current density (6.3.4) with the volume form expressed in terms of
E, L and χ as in Eq. (6.5.3), the appropriate limits of integration for each variable have
to be taken into account. The range for χ is obviously (0, 2π), while 0 ≤ L < ∞ and√
VL(R) ≤ E <∞, as we have just described, where values of E2 exceeding the local

maximum of VL give rise only to incoming particles with momentum pσ− and values of
E2 less than this maximum giving rise to both incoming and outgoing particles with
momenta pσ±.
Since the distribution functions considered in this work depend only on E, one can
perform the integrals over L explicitly, as shown below. For this, it is necessary to fix
the energy level first and determine the correct limits for L as a function of E. Thus,
the energy range is now

√
VL=0(R) = mc2α(R) ≤ E < ∞, while the value of the

total angular momentum L is limited by the requirement that VL(R) ≤ E2, which
translates into an upper bound L ≤ Lmax(E,R) for L. Furthermore, there is a critical
value L = Lc(E), corresponding to the value of L for which the effective potential has
a local maximum equal to E2, such that particles with L < Lc(E) are absorbed and
particles with L > Lc(E) are reflected.
By analyzing the behavior of the two limits Lmax(E,R) and Lc(E) as functions of
E, one finds that there is a critical energy E = Ec(R) for which they are equal,
Lmax(Ec(R), R) = Lc(Ec). Furthermore, we haveLmax(E,R) < Lc(E) formc2α(R) ≤
E < Ec(R), and Lmax(E,R) > Lc(E) when E > Ec(R). This leads to the following
characterizations in the parameter space (E,L):

1. Absorbed particles mc2α(R) ≤ E < Ec(R) and 0 ≤ L ≤ Lmax(E,R),
Ec(R) < E <∞ and 0 ≤ L < Lc(E).
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2. Scattered particles

Ec(R) ≤ E <∞ and Lc(E) < L < Lmax(E,R). (6.5.6)

The explicit expressions for Ec, Lmax and Lc are derived in Gabarrete and Sarbach
(paper in preparation) and [36] and they are:

Ec(R) = mc2 R + rS√
R(R + 3rS)

, (6.5.7)

Lmax(E,R) = mcR

√√√√ E2

m2c4α(R)2 − 1, (6.5.8)

Lc(E) = 4
√

2GMm3c3√
36m2c4E2 − 8m4c8 − 27E4 + E(9E2 − 8m2c4)3/2

, (6.5.9)

where Eq. (6.5.9) is defined for E ≥ EISCO = 2
√

2mc2/3, which is the energy co-
rresponding to the ISCO.7 After these comments, it is straightforward to compute the
mass accretion rate Ṁ and the particle number density nR at the injection sphere. Using
Eqs. (6.3.4, 6.5.3), we obtain

Jσabs|r=R = c

Ec(R)∫
mc2α(R)

Lmax(E,R)∫
0

2π∫
0

pσ−F (E)dELdLdχ
R2
√
E2 − VL(R)

+c
+∞∫

Ec(R)

Lc(E)∫
0

2π∫
0

pσ−F (E)dELdLdχ
R2
√
E2 − VL(R)

, (6.5.10)

Jσsca|r=R = c
∑
±

+∞∫
Ec(R)

Lmax(E,R)∫
Lc(E)

2π∫
0

pσ±F (E)dELdLdχ
R2
√
E2 − VL(R)

, (6.5.11)

with pσ± given by Eq. (6.5.3). We note from these expressions, that only the absor-
bed trajectories contribute to the mass accretion rate Ṁ , since the terms p1

+ and p1
− in

Eq. (6.5.11) cancel each other out. In contrast to this, all the trajectories (absorbed and
scattered) contribute to the particle number density nR. The non-vanishing orthonormal
components yield:

J0
abs

∣∣∣
r=R

=


+∞∫

mc2α(R)

E
√
E2 −m2c4α(R)2F (E)dE

−
+∞∫

Ec(R)

E
√
E2 − Vc(E,R)F (E)dE

 2π
α(R)3c2 , (6.5.12)

7As E increases from EISCO to ∞, Lc(E) increases from LISCO to ∞, with Lc(E) = 4GMm/c for
E = mc2.
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Figure 6-1: Plot of the Schwarzschild effective potential VL(r) vs r (with r in units of
rS) and L = 4.5GMm/c. We have identified for the absorbed trajectories
the incoming moments by pσ−, while for the scattered trajectories the inco-
ming moments are pσ− and the outgoing moments are pσ+. Here, the ± sign
in pσ± refers to the same sign appearing in the p1 component of Eq. (6.5.3).
For more details on the effective potential see [52, 56] and Appendix A
of [36].
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J1
abs

∣∣∣
r=R

= −


Ec(R)∫

mc2α(R)

Lmax(E,R)2F (E)dE

+
+∞∫

Ec(R)

Lc(E)2F (E)dE

 π

R2α(R) , (6.5.13)

J0
sca

∣∣∣
r=R

= 4π
α(R)3c2

+∞∫
Ec(R)

E
√
E2 − Vc(E,R)F (E)dE, (6.5.14)

where we have introduced the shorthand notation Vc(E,R) := VLc(E)(R). Note that by
definition, Ec(R)2 ≥ Vc(E,R) for all R ≥ rISCO and VLc(E)(R) → m2c4 for R → ∞;
hence only the scattered particles yield a non-vanishing contribution to Jα|r=R when
R → ∞. Using Eqs. (6.3.9, 6.5.12, 6.5.13, 6.5.14), and Jr = αJ1

abs, one obtains the
mass accretion rate

Ṁ := 4πmR2 Jr|r=R = −4π2m


+∞∫

Ec(R)

Lc(E)2F (E)dE

+
Ec(R)∫

mc2α(R)

Lmax(E,R)2F (E)dE

 , (6.5.15)

and the particle number density at r = R,

nR = 1
c

√
[J0

abs(R) + J0
sca(R)]2 − [J1

abs(R)]2. (6.5.16)

In the following, we further analyze these results for the mono-energetic and Maxwell-
Jüttner-type distributions in the energy.

6.5.1. Mono-energetic model

For the mono-energetic model F (E) = f0 δ(E − E0), one obtains

|Ṁ |
mcnR

= 4πR2α(R)
√
γ2 − 1
3γ2 + 1 ,

for 1 < γ < γc(R), (6.5.17)
|Ṁ |
mcnR

= 4πR2α(R)h(R, γ)[
4γ2

(√
γ2 − 1 +

√
γ2 − 1− h(R, γ)

)2
− h(R, γ)2

]1/2 ,

for γ > γc(R), (6.5.18)

where we recall that γ = (1 − v2
R/c

2)−1/2 is the Lorentz factor associated with the
3-velocity of the gas particles measured by a static observer at the injection sphere (see
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Section 6.4.2), such that the energy E0 is given by8

E0 = mc2α(R)γ. (6.5.19)

Further, γc(R) := Ec(R)/(mc2α(R)) and h denotes the function

h(R, γ) :=
[
Lc(E0)
mcR

]2

= 8r2
S

R2
1

36α2γ2 − 8− 27α4γ4 + αγ[9α2γ2 − 8]3/2 . (6.5.20)

The formulae (6.5.17, 6.5.18) generalize the Bondi-type formula that can be found, for
instance in [143, Chapter 14, Section 2], to the accretion of a mono-energetic gas of
arbitrary energy E0 > mc2α(R) accreting from a sphere of finite radius R > rISCO.
Using the fact that for E = Ec(R) one has Lc(E) = Lmax(E,R), it is simple to verify
that |Ṁ | is continuous at the transition point γ = γc(R), where it has the value

|Ṁ |
mcnR

= 4πrSRα(R)√
1 + 2rS

R

. (6.5.21)

In fact, for fixed R, |Ṁ | is a monotonically increasing function of γ in the interval
1 < γ < γc(R), while it decreases monotonically for γ > γc(R). Thus, Eq. (6.5.21) is
the maximum accretion rate for the mono-energetic model with angular momentum. In
the limit R → ∞ it follows that Ec(R) → mc2 [see Eq. (6.5.7)] such that γc(R) → 1
and Eq. (6.5.18) reduces to

|Ṁ |
mcn∞

= πL2
c(mc2γ∞)

m2c2γ∞
√
γ2
∞ − 1

= 16πG2M2

c3v∞

[
1 + v2

∞
c2 −

v4
∞
c4 +O

(
v6
∞
c6

)]
, (6.5.22)

where n∞ := ĺım
R→∞

nR, v∞ := ĺım
R→∞

vR, and γ∞ := ĺım
R→∞

γR. The leading-order term in

v∞/c agrees with Eq. (14.2.20) in [143].
Comparing Eq. (6.5.17) with the corresponding expression for the mass accretion ra-
te in the absence of angular momentum [see Eq. (6.4.32)], the difference relies in the
factor (3γ2 + 1)−1/2 ≤ 1 which implies that for γ < γc(R) the accretion rate is sma-
ller when the angular momentum is considered. This is expected since the tangential
movement of particles with angular momentum reduces the net infall of particles. Note
that in the non-relativistic limit γ → 1 and fixed R one obtains half the value given in

8The relation between the energy E0 and the speed vR in Eq. (6.5.19) can be computed using the

formula
|~vR|2

c2 = |~p|2

(p0)2 , with |~p|2 ≡ (p1)2+(p2)2+(p3)2, where pi are the orthonormal components

defined in Eq. (6.5.3).
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Eq. (6.4.35) computed for the purely radial infall. As further analyzed in Appendix 6.9,
this is due to the fact that when angular momentum is present, the three-velocity con-
tains non-trivial angular components.
A simplified form of Eqs. (6.5.17, 6.5.18) can be obtained in the limit when the injection
sphere is far from the horizon: R � rS and for non-relativistic energies, such that
vR � c. For this, one notices that

γc(R)− 1 = 2
(
rS

R

)2
+O

(
rS

R

)3
, (6.5.23)

and that the denominator of the second factor on the right-hand side of (6.5.20) conver-
ges to 2 when α(R)→ 1 and γ → 1. Using this, one finds to leading order,

|Ṁ |
mcnR

= 4πR2 ×



vR
2c ,

vR
2c <

rS

R
,

2c
vR

(
rS

R

)2 1

1 +
√

1−
(

2c
vR

rS
R

)2
,

vR
2c >

rS

R
,

(6.5.24)

which is valid for R� rS and vR � c.

In Fig. 6-2 we show the behaviour of the dimensionless quantity Γ = |Ṁ |
4πR2α(R)mcnR

as a function of γ for different values ofR. As can be observed from this figure, |Ṁ | in-
creases with γ for small velocities vR, the quantity Γ being independent ofR, as follows
from Eq. (6.5.17). Hence, in this regime the qualitative behaviour of the accretion rate
as a function of vR is similar to the case of purely radial infall (the only difference con-
sisting of the factor (3γ2 + 1)−1/2, as explained above). However, as soon as γ reaches
the critical value γc(R), |Ṁ | starts decreasing, converging to a finite (R-dependent va-
lue) in the limit γ → ∞. This can be understood as follows: when γ < γc(R), all
the particles have their energy below the critical value Ec(R) and thus all of them are
absorbed by the black hole. This leads to an accretion rate which increases with vR.
However, when γ > γc(R), the particles have their energy lying above Ec(R) and hen-
ce a fraction of them (namely, those with angular momentum larger than Lc(E)) are
scattered off the effective potential, leading to a smaller accretion rate. As vR increases
this fraction becomes larger which leads to a smaller mass accretion rate (see [37] for
a more extended discussion regarding this effect for a similar model with R→∞).

6.5.2. Maxwell-Jüttner-type distribution function

Next, we analyze the Maxwell-Jüttner-type distribution (6.4.36) which was also consi-
dered in [36,37].9 To understand this limit, it is convenient to perform the variable subs-

9Again, one should be careful with associating T with temperature. Although in this section the gas
particles are not restricted to zero angular momentum, the gas is still not in strict thermodynamic
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Figure 6-2: The dimensionless quantity Γ = |Ṁ |/(4πR2α(R)mcnR) vs the Lorentz
factor γ = (1− v2

R/c
2)−1/2 for some fixed values of the injection sphere’s

radius R. The solid lines are computed from Eqs. (6.5.17,6.5.18) for diffe-
rent values of R. The black dashed line shows the same quantity Γ for the
case R = 10rS, using the approximation from Eqs. (6.5.24, 6.5.24) which
is valid for R� rS and non-relativistic velocities vR � c.
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titutionsE = mc2α(R)(1+x/z) andE = Ec(R)(1+y/z) in the integrals Eqs. (6.5.12,
6.5.13, 6.5.14), where we set z(R, T ) := z = mc2βα(R). This yields

J0 :=
(
J0

abs + J0
sca

)∣∣∣
r=R

= 2πAm3c4

z3/2 e−zI1(R, z), (6.5.25)

J1 := J1
abs

∣∣∣
r=R

= −πAm
3c4

z2 e−zI2(R, z), (6.5.26)

with the integrals I1(R, z) and I2(R, z) given by

I1(R, z) =
∞∫
0

(
1 + x

z

)√
2x+ x2

z
e−xdx

+γc(R)3e−Λ(R,z)
∞∫
0

(
1 + y

z

)
e−γc(R)y

×

√√√√√z
1−

Vc

[
Ec(R)

(
1 + y

z

)
, R
]

Ec(R)2

+ 2y + y2

z
dy, (6.5.27)

I2(R, z) =
Λ(R,z)∫

0

(
2x+ x2

z

)
e−xdx+ γc(R)

R2 ze−Λ(R,z)

×
∞∫
0

Lc

[
Ec(R)

(
1 + y

z

)]2
m2c2 e−γc(R)ydy, (6.5.28)

where we recall the shorthand notation γc(R) := Ec(R)/(mc2α(R)) and where we
have set Λ(R, z) := (γc(R)−1)z. From Eqs. (6.5.25, 6.5.26), one obtains the following
expression for the mass accretion rate:

|Ṁ |
mcnR

= 4πR2α(R)√
4z
[
I1(R,z)
I2(R,z)

]2
− 1

. (6.5.29)

Eq. (6.5.29), together with the integrals defined in Eqs. (6.5.27, 6.5.28), provides an
exact expression for the mass accretion rate as a function of the injection radius R and
the temperature T . Unfortunately, the integrals involved are rather complicated, and for
this reason it is advantageous to obtain simplified expressions for certain limits. One
such expression can be obtained assuming that the gas temperature is low, such that
kBT � mc2, and that R � rS is much larger than the Schwarzschild radius of the
accreting black hole. In order to discuss this limit, we first note that

1−
Vc

[
Ec(R)

(
1 + y

z

)
, R
]

E2
c (R) = − 16r2

S

R2 − r2
S

y

z
+O

(
y2

z2

)
, (6.5.30)

equilibrium at finite R because we are not considering hypothetical incoming particles emanating
from the white hole. See the discussion in Section 4 of [37].
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and hence for z � 1 one obtains

I1(R, z) ≈
∞∫
0

√
2xe−xdx

+ γc(R)3e−Λ(R,z)
∞∫
0

√√√√2y1− (3rS/R)2

1− (rS/R)2 e
−γc(R)ydy. (6.5.31)

Now the integrals can be evaluated explicitly which yields, for z � 1,

I1(R, z) ≈
√
π

2

1 + γc(R)3/2e−Λ(R,z)

√√√√1− (3rS/R)2

1− (rS/R)2

 . (6.5.32)

Similarly,

I2(R, z) ≈ 2− 2[1 + Λ(R, z)]e−Λ(R,z)

+ 4r2
S

R2[γc(R)− 1]
Λ(R, z)e−Λ(R,z)

α(R)2 (1 + 3rS/R) , (6.5.33)

for z � 1, where we have used that Lc [Ec(R)]2 /(mc)2 = 4r2
S/[α(R)2 (1 + 3rS/R)].

The expressions (6.5.32, 6.5.33) are valid when z is much larger than one, independent
of the value of R. When R � rS one can use the expansion (6.5.23) to show that
Λ(R, z) ≈ 2(rS/R)2z. Therefore, Λ(R, z) depends on the ratio between the two large
quantities z and R2, implying that it varies over the whole range (0,∞). Assuming that
R� rS in Eqs. (6.5.32, 6.5.33) leads to a further simplification,

I1(R, z) ≈
√
π

2
[
1 + e−Λ(R,z)

]
, (6.5.34)

I2(R, z) ≈ 2
[
1− e−Λ(R,z)

]
, (6.5.35)

and introduced into Eq. (6.5.29) one obtains the simple expression

|Ṁ |
mcnR

≈ R2α(R) tanh
(
r2

S

R2 z

)√
32π
z
, (6.5.36)

which is valid for arbitrary values of R � rS and z = mc2/(kBT ) � 1. In the limit
R→∞ one obtains, setting z∞ := ĺım

R→∞
z,

|Ṁ |
mcn∞

≈
√

32πz∞r2
S, (6.5.37)

which agrees with Eq. (87) in [36].
In Fig. 6-3 we show the dimensionless quantity Γ = |Ṁ |/(4πR2α(R)mcnR) as a fun-
ction of the temperature T for different values of R. The behaviour is very similar to
the one of the mono-energetic model, except that the function is smooth at the maxi-
mum value of the accretion rate, which is due to the non-trivial velocity dispersion in
the distribution function.
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Figure 6-3: The dimensionless quantity Γ = |Ṁ |/(4πR2α(R)mcnR) vs z−1 =
kBT/(mc2α(R)) for some fixed values of the radius R of the injection
sphere. The solid lines are computed from Eq. (6.5.29) for different va-
lues of R. The black dashed line shows the same quantity Γ for the case
R = 10rS, using the approximation from Eq. (6.5.36) which is valid for
R� rS and non-relativistic temperatures z−1 � 1.
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6.6. Summary of analytic models

In this section we provide a summary of the expressions we have obtained for the mass
accretion rate in the different models presented in Sections 6.4 and 6.5. We restrict our-
selves to the relativistic models which describe the spherical accretion of a collisionless
kinetic gas onto a Schwarzschild BH. In all these models, the mass accretion rate can
be written in the following general form:

|Ṁ | = 4πR2α(R)mcnRΓ, (6.6.1)

where R is the areal radius of the injection sphere, α(R) =
√

1− rS/R, with rS =
2GM/c2 the Schwarzschild radius of the black hole,m the mass of the particles and nR
the particle density at the injection sphere. Here, Γ is a model-dependent dimensionless
factor which is defined as follows.

1. Purely radial mono-energetic model:

Γ = vR
c

1√
1− v2

R

c2

, (6.6.2)

where vR is the magnitude of the three-velocity measured by static observers at
the injection sphere.

2. Purely radial Maxwell-Jüttner model:

Γ = 1√
[K1(z)zez]2 − 1

, (6.6.3)

where z = mc2α(R)/kBT with T the gas temperature at the injection sphere and
where K1(z) is the modified Bessel function of the second kind of first order. In
the low-temperature limit z � 1 this factor reduces to Γ ≈

√
2/(πz).

3. Mono-energetic model with angular momentum: In this case, Γ can be read off
from Eqs. (6.5.17, 6.5.18). However, in the limit R � rS and vR � c this
simplifies to

Γ ≈



vR
2c ,

vR
2c <

rS
R
,

2c
vR

(
rS
R

)2

1 +
√

1−
(

2c
vR

rS
R

)2
, vR

2c >
rS
R
.

(6.6.4)
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4. Maxwell-Jüttner model with angular momentum:

Γ = 1√
4z
[
I1(R,z)
I2(R,z)

]2
− 1

, (6.6.5)

where the integrals I1 and I2 are defined in Eqs. (6.5.27, 6.5.28). In the limit
R� rS and z � 1 this simplifies to

Γ ≈
√

2
πz

tanh
(
r2

S

R2 z

)
. (6.6.6)

Note that in the limit z � R2/r2
S one obtains precisely the same result as the low-

temperature limit of the purely radial Maxwell-Jüttner model. This shows that at
very low temperatures the angular momentum is unimportant which is expected,
since at low temperature most of the particles have low energy and hence must
have low angular momentum as well.10

6.7. Applications

In this section, we discuss a couple of astrophysical scenarios which allow us to point
out some important quantitative differences between the mass accretion rates predicted
by our and previous models.

6.7.1. Accretion onto Sgr A* from matter located near the
Bondi radius

In most scenarios, the Bondi accretion can be considered as a reliable first approxima-
tion.11 For a polytropic transonic accretion flow, the Bondi mass accretion rate ṀB is
defined through the following expression ( [120, 167]):

|ṀB|
c∞ρ∞

= 4πλr2
B, (6.7.1)

where c∞ is the sound speed of the fluid at infinity, ρ∞ is the fluid density at infinity,
and λ is a function of the adiabatic index of the fluid γa (e.g. [120]). For a monoatomic
adiabatic process, one has γa = 5/3 and λ = 1/4. Note that we have written Eq. (6.7.1)

10See Eq. (6.5.8): Lmax is small if E is close to its minimum value α(R)mc2.
11Strictly speaking, the mass accretion rate for the case the central object is a black hole should be com-

puted by means of a general relativistic calculation. However, when γa ≤ 5/3 and for low tempera-
tures (such that kBT∞/(mpc

2) � 1), the Newtonian calculation yields a very good approximation
to the general relativistic case even if the central black hole is rotating [130].



Applications 147

as a ratio in order to keep the same format that we followed in the previous sections.
The Bondi radius rB in Eq. (6.7.1) is defined as

rB = GM

c2
∞
. (6.7.2)

Note that the adiabatic speed of sound of the fluid is defined as

cs =
(
∂P

∂ρ

)1/2

=
(
γa
P

ρ

)1/2

=
(
γakBT

µmp

)1/2

, (6.7.3)

where the ideal gas equation of state is assumed, P = ρkBT
µmp

, and µ = 〈m〉/mp is the
mean molecular weight which depends on the ionisation state of the gas. The relation
between the particle number density n and mass density is ρ = n〈m〉, and the former
has a contribution from the electrons and ions. Therefore it is common to consider the
mean molecular weight separately. In the case of electrons, the mean molecular weight
per electron is µe ≈ 2/(1 + X), where X is the hydrogen mass fraction. For example,
a fully ionised purely hydrogen gas has µ = 0.5 and µe = 1.
In practice, one substitutes the values of the particle number density and temperatu-
re obtained from X-ray observations at a finite radius from the SMBH in the Bondi
accretion rate model given by Eq. (6.7.1). In this way, considering the characteristic
parameters for Sgr A*: a mass of∼ 4.3×106 M� ( [132,133]), a flow with temperature
of 2.2× 107 K (1.9 keV), a sound speed of 550 km s−1 and an electron number density
of 160 cm−3 measured at R ∼ 0.06 pc (e.g. [138, 168]), the Bondi accretion rate yields

|ṀB| ∼ 10−4 M�yr−1
(

M
4.3× 106M�

)2 (
ne

160 cm−3

)

×
(

kBT

1.9 keV

)− 3
2

, (6.7.4)

where an adiabatic index γa = 5/3, ρ = µempne and µ = 1 and µe = 1 was assumed
as in [134]. In this case, it is implicit that one assumes the selected finite radius to be a
good approximation for the values n∞ and T∞. Nevertheless, this assumption can lead
to an overestimate of the actual mass accretion rate (see e.g. [167]. In the past years,
accretion models based on numerical hydrodynamical simulations have estimated a
mass accretion rate of order ∼ 10−6M� yr−1 at the Bondi radius scales (e.g. [169–
171]).
Another plausible way to estimate the mass accretion rate in these systems is through
rotation measures (RM) derived from the observed polarized emission as has been pre-
viously done with Sgr A*. The RM is proportional to the integrated electron density
and the parallel component of the magnetic field to the line of sight.12 Therefore, the

12RM = 0.81
∫
neB‖ dl rad m−2, with ne in units of cm−3, B in µG and dl in pc.
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interpretation of the RM relies on a radial model for both the density and the magnetic
field. On the other hand, the radial dependency changes according to the assumed ac-
cretion model (e.g. Bondi or the various RIAF models). These model-dependent radial
profiles are used in combination with certain assumptions on the magnetic field, such as
equipartition between the magnetic and gravitational energy, in order to get upper and
lower limits on the mass accretion rate in the vicinity of the BH horizon ( [172–174]).

In these polarimetry observations, a low mass accretion rate near Sgr A*’s horizon
is inferred from the RM of a few ×105 rad m−2 at 230 GHz ( [173, 175]). The inferred
mass accretion rate lies in the range of 10−9–10−7 M�yr−1, or even lower depending on
the assumed inner and outer radii enclosing the polarized emission (see fig. 4 in [173],
and [174]). The polarized emission is variable in time and as a consequence, there is
variability on the RM. This RM variability can then be translated into a specific radius
from which one takes the RM to originate, i.e. the observed RM comes from a wide
range of radii. At very large radii, the RM inferred and extrapolated mass accretion rate
is at least one order of magnitude smaller than the∼ 10−5–10−4 M�yr−1 rate estimated
from X-ray measurements at a few ×105 rS (see [172]). At such radii and assuming
a magnetic field strength of ∼ 1 mG, the RM should be of the order of ∼ 103 rad
m−2, which is two orders of magnitude smaller than what is obtained in observations.
In principle this suggests that the observed RM is produced at distances much smaller
than 105 rS. Nevertheless, [175] more recently carried out a careful study on the RM
variability of Sgr A* where they found that the variability remains consistent with the
average long-term RM value. Based on this long-term variability result, the authors
suggest that the magnetic configuration at large radii could be stable and therefore,
they support the interpretation of the observed Faraday Rotation to arise mainly from
∼ 103–105 rS (see more details in [175]). This means that overall, RM observations
favor models predicting low mass accretion rates in the vicinities of Sgr A*’s horizon.

In the following, we estimate the mass accretion rate of Sgr A* for our different models.
One variable needed for our estimates is the velocity of the particles at the injection ra-
dius, vR. Although this velocity is not known a priori, it is reasonable to suppose that
it is of the order of the fluid sound speed or to assume that its value is of the order of
the wind velocity from known massive stars (O-type stars and/or WolfâC“Rayet (WR)
stars) that are embedded within the dilute accretion flow towards Sgr A*. These wind
velocities are of the order of ∼ 450–3000 km s−1 depending if they are O-type stars
(e.g. [176–178]), or WR stars ( [179, 180]). The accretion flow of Sgr A* from ste-
llar winds has been extensively studied using hydrodynamical numerical simulations.
For example, results from simulations of wind-fed accretion from WR stars have been
shown to be consistent with observational constraints such as X-ray luminosities and
RM ( [169, 170, 181–183]). Knowing that these stellar winds could be the main con-
tributors of the accretion towards Sgr A*, we will assume an infall velocity that lies
within the aforementioned velocity range.
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In our models, we use the same temperature for the cases described by a Maxwell-
Boltzmann or Maxwell-Jüttner distribution, whereas in the mono-energetic cases we
convert this temperature to a velocity by choosing vR such that mpv

2
R matches 2kBT in

a first approximation. This yields vR = 600 km s−1, which lies within the velocity range
of stellar winds. Furthermore, we also use this vR to compute the mass accretion rate
for the Shapiro-Teukolsky model for mono-energetic particles (Eq. (14.2.20) in [143])
and the same temperature for the Rioseco-Sarbach model (Eq. (87) in [36]). We show
the comparisons in Table 6-1. The mass accretion rates are obtained at the fixed finite
radius R = 0.06 pc for the different models studied in this work. Note that in this
case we have considered the observational approach and assumed that the values of
n∞ or nR correspond to the measured electron number density ne at R = 0.06 pc as is
regularly done when applying the Bondi model.
We see from Table 6-1 that our models predict significantly different mass accretion
rates depending on whether or not the infalling particles have angular momentum. The
results from the purely radial infall in the kinetic description, both in the relativistic
and non-relativistic cases, agree in order of magnitude with those of the hydrodyna-
mical Bondi model. In contrast to this, the models with angular momentum predict a
significantly lower mass accretion rate (by about ∼ 4–5 orders of magnitude) than the
Bondi formula, and have rates similar to the ones from the Zeldovich-Novikov model
( [142,143]), where the infall is assumed to start from infinity, clearly indicating that the
angular momentum is a decisive parameter in determining the magnitude of the mass
accretion rate.
To shed some light on these results, we first note that in the scenario considered in
Table 6-1, the parameter z ≈ mc2/kBT ≈ 0.5 × 106 is still smaller than the ratio(
R
rS

)2
≈ 2.1 × 1010, and thus the results for Maxwell-Jüttner model with or without

angular momentum differ significantly.13 Next, we note that the ratio between the Bondi
radius and the radius of the injection sphere is about rB/R ≈ 1.02. Furthermore, we
observe that the models describing a pure radial infall can be written in the form (taking
into account the aforementioned relation 2kBT = mv2

R which yields vR/c ≈
√

2/z):

|Ṁ |
mnRvR

= 4πλL=0R
2, (6.7.5)

with the factor λL=0 = α(R)Γc/vR being of order unity. This has the same form as the
Bondi formula (6.7.1) with the Bondi radius rB replaced with R and the sound speed
c∞ replaced with vR. Since in our example R ≈ rB and vR is comparable with c∞, it
follows that the mass accretion rates yield similar results. In contrast, the models with

13The only way the role of the angular momentum could be neglected is to have z �
(
R
rS

)2
. This means

that only at very low temperatures (of the order of the Cosmic Microwave background, T ∼ 2.73 K
or lower), the models with and without angular momentum yield comparable mass accretion rates
for the ratio between R and rS considered in our example.
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Table 6-1: Mass accretion rate inferred for Sgr A* at R = 0.06 pc for the models
studied in this work and results from the literature. We assume m =
mp = 1.67 × 10−27 kg, the characteristic values of M = 4.3 × 106 M�,
T = 2.2 × 107 K and nR = 160 cm−3 as mentioned in the text. We consider
an infall velocity of vR = 600 km s−1 at the radius R for the mono-energetic
models. The Bondi model result is taken from Eq. (6.7.4). In the mono-
energetic models we have used E0 = 1

2mpv
2
R − GMmp/R for the non-

relativistic case and E0 = mc2α(R)γ for the relativistic case. Note that in
the latter case with angular momentum it turns out that γ > γc(R), and since
both conditions R� rS and vR � c are met, one can use the corresponding
approximation (6.5.24). Non-rel and rel stand for the non-relativistic and
relativistic cases, respectively.

Accretion model Approximation Distribution function |Ṁ | [M� yr−1] Reference

Bondi non-rel (Perfect fluid) ∼ 10−4 [134]
Zeldovich-Novikov non-rel Mono-energetic ∼ 1.29× 10−9 [142]

Rioseco-Sarbach rel Maxwell-Jüttner ∼ 1.48× 10−9 [36]
Radial infall non-rel Mono-energetic ∼ 1.09× 10−4 This work, Eq. (6.4.12)
Radial infall non-rel Maxwell-Boltzmann ∼ 6.22× 10−5 This work, Eq. (6.4.18)
Radial infall rel Mono-energetic ∼ 1.09× 10−4 This work, Eq. (6.4.32)
Radial infall rel Maxwell-Jüttner ∼ 6.22× 10−5 This work, Eq. (6.4.43)

Infall with angular momentum rel Mono-energetic ∼ 1.23 × 10−9 This work, Eq. (6.5.24)
Infall with angular momentum rel Maxwell-Jüttner ∼ 1.38× 10−9 This work, Eq. (6.5.36)

angular momentum in the limit z � (R/rS)2 relevant for our example have

|Ṁ |
mnRvR

= 4πλL>0r
2
Sz, (6.7.6)

with λL>0 = R2α(R)Γc/(vRr2
Sz) a numerical factor of order one. Accordingly, the

mass accretion rate is suppressed by a factor of (rS/rB)2z ∼ 2.4 × 10−5 compared to
the Bondi rate. As mentioned in the introduction, a long standing problem is that the
measured luminosity of Sgr A* (and other underluminous sources such as M87*) is
way lower than that expected from the Eddington luminosity. Since the luminosity of
the accreting flow of BHs is proportional to the mass accretion rate, there have been
mainly two proposed solutions to explain the observed low luminosity: 1) a Bondi
accretion rate with a very low radiative efficiency or 2) a much lower mass accretion
rate than the Bondi rate. In the literature, various RIAF models have been proposed to
solve this problem by taking into account one or both of these solutions.
Comparing the results from Table 6-1, we conclude that part of the solution to the low
luminosity problem of Sgr A* could be that the mass accretion rate should be inferred
from the accretion of a kinetic gas at a finite radius, taking into account the angular
momentum of the individual particles. In this case, our mass accretion rate estimates
for the models with angular momentum are of the order of the mass accretion rates
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bounds inferred from RM. Note, however, that these bounds are supposed to be for the
vicinity of the BH horizon. Therefore, there is a significant difference in the results of
the hydrodynamical and kinetic approaches for the wind accretion at R ∼ 0.06 pc, at
least for our simplified models with angular momentum. A more complete theoretical
kinetic treatment and future kinetic simulations of this accretion scenario could explain
this difference, by confirming the important disparity between the accretion rates, or by
endowing the kinetic flow with an accretion rate-reduction mechanism as a consequen-
ce of the more complex modelling of the problem. We note that our explanation of the
low luminosity problem relies solely in the assumption that the luminosity is propor-
tional to the accretion rate, not in the mechanism of radiation of a collisionless kinetic
gas, which we do not study here.

6.7.2. Accretion in the vicinity of Sgr A* and M87*

As a second example, we also cautiously apply our models to the vicinity of Sgr A*’s
event horizon. The values of temperatures and densities near the BH are estimated from
the results of GRMHD simulations for a two-temperature plasma of electrons and ions
(e.g. [184, 185]). The accretion in these simulations proceeds through a geometrically
thick, optically thin hydrodynamical flow, coming initially from a weakly magnetized
torus in hydrodynamic equilibrium, orbiting a Kerr BH. Despite the significant physical
differences with the more realistic case studied in the GRMHD simulations, we apply
our models of the Maxwell-Jüttner distribution function as an illustrative first approxi-
mation for the kinetic scenario.14 In particular, we take the values of density and tempe-
rature of a two-temperature radial inflow-outflow hydrodynamical model near Sgr A*
with self-consistent feeding and conduction presented in [186]; we assume a fully ioni-
zed plasma so that there is an equality between electron and proton densities, ne = np,
and we take R = 5 rS, nR = ne = 2× 106 cm−3 and T = Tp = 30Te = 1.2× 1012 K.
Furthermore, since the proton mass is much greater than the electron mass, we assume
m = mp. The accretion rates calculated are shown in Table 6-2. We found consistency
with the values of the RM constraints for the vicinity of Sgr A*. Moreover, the radial
infall in our models produces a greater mass accretion rate by a factor of∼ 3. Thus, the
role of angular momentum is not significant close to the BH horizon. This is consis-
tent with the well-known fact that particles fall almost radially as they approach to the
ISCO (see e.g. [187, 188]). It is important to note that we took values of temperature
and densities from hydrodynamical models as a first approximation, due to the lack of
model-independent estimations of the conditions near the SMBHs.
Finally, another interesting scenario to study with our models (with the same caveats as
in the Sgr A* case), is the vicinity of the galactic centre of M87*. Recently, the Event
Horizon Telescope Collaboration (EHTC) has provided results for the mass accretion

14In this case, we do not consider the mono-energetic models due to their more idealized nature.



152
Accretion of a Vlasov gas onto a black hole from a sphere of finite radius and the role of angular

momentum

Table 6-2: Mass accretion rate inferred for Sgr A* atR = 5 rS, for the Maxwell-Jüttner
models. We have used m = mp, M = 4.3× 106 M�, T = 1.2× 1012 K and
nR = 2× 106 cm−3 (see [186]).

Accretion model Distribution function |Ṁ |
[
M� yr−1

]
Reference

Radial infall Maxwell-Jüttner ∼ 1.92× 10−7 This work, Eq. (6.4.42)
Infall with angular momentum Maxwell-Jüttner ∼ 5.77× 10−8 This work, Eq. (6.5.29)

Table 6-3: Mass accretion rate inferred for M87* at R = 5 rS, for the Maxwell-Jüttner
models. We have used m = mp, M = 6.5 × 109 M�, T = 6.25 × 1010 K
and nR = 2.9× 104 cm−3 (see [157, 189]).

Accretion model Distribution function |Ṁ |
[
M� yr−1

]
Reference

Radial infall Maxwell-Jüttner ∼ 1.526× 10−3 This work, Eq. (6.4.42)
Infall with angular momentum Maxwell-Jüttner ∼ 1.521× 10−3 This work, Eq. (6.5.29)

rate due to the plasma around this SMBH. They report an estimated average number
density of ne ∼ 2.9× 104−−7 cm−3, an electron temperature Te ∼ (1–12) ×1010 K, and
an inferred mass accretion rate for M87* of (3 – 20)×10−4 M� yr−1 from a simple one-
zone emission model ( [135, 156, 157]). For the specific isothermal sphere model, they
estimate the plasma number density ne ' 2.9× 104 cm−3 and the electron temperature
Te ' 6.25 × 1010 K, for an emission radius assumed to be r ' 5rS/2. In Table 6-3 we
present the mass accretion rates obtained from these values, assuming a fully ionized
hydrogen plasma (nions = ne) and assuming thermal equilibrium between the ions and
electrons (Tions = Te) as a first approximation. Furthermore, we impose these values
at radius R ∼ 5rS, as in the example of Sgr A*.15 In this case, we got similar mass
accretion rates for the models with and without angular momentum. Therefore, angular
momentum does not play an important role, just like the case of the vicinity of Sgr A*’s
event horizon. Despite our crude approximation for the accretion flow of M87*, the
inferred mass accretion rates are consistent with the reported bounds by the [157].

6.8. Summary and conclusions

Low collisionality is a general property expected in underluminous flows near BHs
due to the conditions of high temperatures and low densities. Thus, a kinetic approach
is needed in order to explain correctly the accretion process onto these BHs. Addi-
tionally, most previous analytic studies treat the problem of spherical mass accretion
specifying boundary conditions at infinity, both in the fluid and the kinetic approxima-

15The reason for not choosingR = 5rS/2 is that this value is smaller than the ISCO radius of a Schwarz-
schild BH assumed in our model.
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tions, whereas in many situations of interest the gas is accreted from a region of finite
radius.

In this work, we presented several analytic models and their corresponding steady-state
solutions for the mass accretion of a spherically symmetric, collisionless kinetic gas
cloud onto a Schwarzschild BH. The novelty of this article consists in specifying the
properties of the kinetic gas (its particle density nR and mean velocity or temperature)
at an injection sphere of finite radiusR. The models we have discussed include the sim-
ple case of purely radial infall, in which all the particles have zero angular momentum
(both in the Newtonian and relativistic regimes) and the case of a kinetic gas with a
uniform distribution in the angular momentum, such that individual gas particles may
rotate about the BH, yet the gas configuration as a whole is spherically symmetric.
Regarding the energy distribution, we considered the mono-energetic case in which
all particles have the same energy E (or associated three-velocity vR at the injection
sphere) as well as the Maxwell-Boltzmann (non-relativistic case) and Maxwell-Jüttner
distribution with corresponding temperature T , assuming that the gas is accreted from a
reservoir of particles in thermodynamic equilibrium. In each model, the mass accretion
rate depends linearly on nR which is a direct consequence of our test field approxima-
tion (we have neglected the self gravity of the kinetic gas) while its dependency on R
and vR or T is more intricate and is summarized in Section 6.6.

We have checked that for fixed positive values of nR, vR and T , our models with angular
momentum have the property that their mass accretion rates converge to the correspon-
ding expressions of previously known results ( [36, 142, 143]) in the limit R → ∞,
while the models with purely radial infall have associated to them a mass accretion rate
which diverges as R → ∞. This means the latter do not possess well-defined Bondi-
type formulae which relate the mass accretion rate to the properties of the gas at infinity.
This is analogous to the case of accretion of pure dust in spherical symmetry, in which
the only steady-state solution has vanishing mass density at infinity ( [190]). In fact,
our mono-energetic model with purely radial infall does correspond precisely to this
simple dust model, since its velocity dispersion is exactly zero.

However, for the more realistic case of an injection sphere of finite radius R it turns
out that the purely radial infall models may lead to similar accretion rates than those
predicted from the well-known Bondi model for a hydrodynamic flow. In particular, we
have shown that for boundary conditions corresponding to non-relativistic velocities or
temperatures, the mass accretion rates in both models yield comparable results, pro-
vided R is of the same order as the Bondi radius. Regarding our models with angular
momentum, their mass accretion rate behaves qualitatively similarly to the purely radial
infall models, and it increases with increasing values of vR or T as long as they lie be-
low a critical value. However, above this critical value the mass accretion rate reverses
its behaviour and decreases with increasing vR or T until it reaches a finite value. As
we have explained, this reversal is due to the fact that as the particle’s energy increases
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above a certain threshold, not all the particles are absorbed by the BH, and the fraction
of absorbed particles becomes smaller as the energy increases, leading to a diminishing
mass accretion rate.

Finally, we calculated the mass accretion rate onto the SMBHs Sgr A* and M87* with
our models, estimating the condition of the gas at different radii based on recent ob-
servations. Our results, which are summarized in Tables 6-1, 6-2 and 6-3, are of the
order of the model-dependent RM bounds for the mass accretion rate of Sgr A* and the
bounds estimated for M87* by the Event Horizon Telescope collaboration. We found
that our kinetic models can overall predict lower mass accretion rates than the Bon-
di fluid model. The above suggests that a complete kinetic treatment to the accretion
problem could explain some of the current questions associated with underluminous
sources such as Sgr A* or M87*.

There are several ingredients which, for simplicity, we did not take into account in
our models. In particular, we restricted ourselves to spherical steady accretion onto a
Schwarzschild BH, instead of the more realistic non-spherical and unsteady accretion
onto a (rotating) Kerr BH. Furthermore, we did not included the effects of radiative
processes, magnetic fields, the consequences of outflows, convection currents or jets
nor the effects due to net angular momentum of the gas. We intend to generalize our
models to include some of these effects in future work.

Despite its simplicity, the presented models could serve as reference for more generic
kinetic models, and they could be useful as a starting point to describe other physi-
cal scenarios where the assumptions of very low collisionality or quasi-spherical sym-
metry are approximately satisfied. This is the case, for example, in the BH accretion
of dark matter, which is expected to be very weakly interactive, or in the accretion of
low-luminosity active galactic nuclei whose corresponding flows are in a hot and low-
density state. Thus, future generalizations of the presented formalism could be a key
step in understanding accretion processes.

6.9. Appendix: Fixed-L-models

To shed some light on the factor 2 difference between Eq. (6.4.35) and Eq. (6.5.17) in
the non-relativistic limit γ → 1 we consider the following model:

F (E,L) = f(E)δ(L− L0)
L0

(6.9.1)

with a constant L0 > 0 and a function f(E) which we specify later. Assuming that L0

is small enough such that L0 < Lc(E) for all E > mc2α(R) (which is guaranteed to
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be the case if L0 < LISCO), one obtains from Eqs. (6.5.10, 6.5.11) the expressions

Jσabs|r=R = c

∞∫
√
VL0 (R)

2π∫
0

pσ−f(E)dEdχ
R2
√
E2 − VL0(R)

, (6.9.2)

Jσsca|r=R = 0, (6.9.3)

from which one immediately obtains

J0
abs

∣∣∣
r=R

= 2π
α(R)R2

∞∫
√
VL0 (R)

f(E)EdE√
E2 − VL0(R)

, (6.9.4)

J1
abs

∣∣∣
r=R

= − 2π
α(R)R2

∞∫
√
VL0 (R)

f(E)dE, (6.9.5)

and J2
abs|r=R = J3

abs|r=R = 0, where we have introduced the shorthand notation VL0(r) := VL(r)|L→L0
.

For the mono-energetic model with f(E) = f0δ(E −E0) and E0 = mc2αγ this yields
(assuming VL0(R) < E2

0 or, equivalently, L0 < Lmax(E0, R))

|Ṁ |
mcnR

= 4πR2α(R)
√

γ2

1 + κ2 − 1, (6.9.6)

where we have defined κ := L0/(Rmc). In the limit L0 → 0 one recovers the result
from Eq. (6.4.35) which has been derived directly with the assumption that all the gas
particles have vanishing angular momentum. If instead of L0 → 0 one sets L0 = R|v⊥|
with v⊥ the angular components of the velocity, one obtains in the limit |vR| � c,

|Ṁ |
mcnR

≈ 4πR2α(R)vrad

c
, (6.9.7)

where vrad =
√
v2
R − |v⊥|2 denotes the radial component of the three-velocity of the par-

ticles. For purely radial infall vrad = vR and this result agrees precisely with Eq. (6.4.12).
However, when angular momentum is present, the accretion rate is suppressed by a fac-
tor of vrad/vR.
It is also a simple task to reproduce the results for the purely radial infall and the
Maxwell-Jüttner-type distribution function by inserting f(E) = Ae−βE into Eqs. (6.9.4,
6.9.5) and taking the limit L0 → 0. This yields the following non-vanish components
of the current density

J0
abs

∣∣∣
r=R

= 2πAmc2

R2 K1(z), (6.9.8)

J1
abs

∣∣∣
r=R

= 2πA
α(R)R2β

e−z (6.9.9)
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with z := mc2α(R)β. This in turn leads to the mass accretion rate

|Ṁ |
mcnR

= 4πα(R)R2√
[K1(z)zez]2 − 1

, (6.9.10)

in concordance with Eq. (6.4.42).



7 Conclusions and future work

We have started this thesis work by providing a review of the relativistic kinetic gas
theory on a curved spacetime manifold (M, g), based on the cotangent bundle formula-
tion which is naturally adapted to the Hamiltonian framework. In chapter one, we have
reviewed the most important geometric structures of the theory, including the four-
dimensional spacetime manifold (M, g) and the associated cotangent bundle T ∗M.
Our geometric point of view has the advantage of naturally incorporating the covarian-
ce of the theory by formulating the laws of physics in a coordinate-independent way.
Regarding (M, g), we surveyed the concepts of tangent vectors, tensor fields, affine
connections, geodesics, metric tensor and its associated Levi-Civita connection, para-
llel transport, covariant derivative, the Riemann curvature tensor, and the most relevant
field equations in general relativity, the Einstein equations. The geometric structures on
the cotangent bundle that have been reviewed are: the Poincaré one-form, the symplec-
tic form, the Liouville vector field, the future mass shell, the future mass hyperboloid,
and the volume form. We also provided the principal properties regarding the geodesic
motion of a massive gas particle propagating in the exterior Schwarzschild spacetime.
We focused our attention on the properties of the radial effective potential and the con-
served quantities. The qualitative behavior of the trajectories with this potential depends
on the parameter space (E,L), where E and L are the energy and the total angular mo-
mentum of the particles, respectively. We have classified the phase space in regions
corresponding to bound, scattered, and absorbed orbits.

Next, in chapter two we have summarized the principal concepts of relativistic kinetic
theory. We highlighted the role of the one-particle distribution function as one of the
key concepts of the theory, discussed its covariant interpretation through a flux integral,
and provided a bridge with the familiar non-relativistic interpretation. We also derived
the collisionless Boltzmann equation which describes the dynamics of a relativistic co-
llisionless kinetic gas. As we showed, the physical spacetime observables constructed
from the one-particle distribution function are obtained by suitable fibre integrals over
the momenta. Further, the invariant particle, energy and entropy densities, principal
pressures, and the mean particle, mean energy, and mean entropy velocities have been
introduced. We defined these quantities solely in terms of the particle current vector
field, energy-momentum-stress tensor, and entropy flux vector field, without introdu-
cing any fiducial observer.
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Next, in chapter three we provided a brief overview of the relativistic integro-differential
Boltzmann equation in which the individual gas particles are subject to elastic binary
collisions. We also derived the relativistic version of the H-theorem. The conditions gi-
ving rise to global and local thermodynamical equilibrium were reviewed for a system
with zero entropy production. As we explained, such states are characterized by a single
four-velocity vector field, the macroscopic quantities behaving like a perfect fluid. Furt-
her, we showed that the kinetic temperature of these states satisfies the Gibbs relation,
such that they can be considered to describe thermal states. As we have seen, the exis-
tence of global thermodynamical equilibrium is very restrictive, requiring spacetime to
be globally stationary. For the situation in which spacetime is not globally stationary,
the solutions of the Boltzmann equation can be analyzed through two typical length
scales associated to them. This study provided two limits: one in which the Boltzmann
equation is dominated by the collision term and the other one in which it is dominated
by the transport term. For the case in which collisions between the gas particles can be
completely neglected one obtains the collisionless Boltzmann equation, and we have
briefly summarized a method for solving it under the assumption that the underlying
geodesic flow is integrable.

Based on relativistic kinetic theory, we described in chapters four and five collision-
less gas configurations trapped by the potential of a central object. In this scenario
the gas particles follow spatially bound future-directed timelike geodesics trajectories
in the vicinity of the central object. We discussed the properties of an axisymmetric,
stationary gas cloud surrounding a massive central object in which several models for
the one-particle distribution function were considered, both in the relativistic and non-
relativistic regimes. The resulting configurations and the properties of the relevant ma-
croscopical observables were analyzed in detail. We also specified configurations with
finite total mass, energy and (zero or non-zero) angular momentum. In particular, for
the relativistic case in chapter five, we have derived explicit expressions for the space-
time observables in terms of a single integral over a function depending solely on the
energy. This has been achieved by rewriting the fibre integrals over the particles’ mo-
menta as integrals over the constants of motion E, L and Lz. A challenging problem
in this change of variables is the determination of the correct range of integration over
which E, L and Lz vary, as this range depends on the observer’s radius r. Finally, each
configurations (relativistic and non-relativistic) were compared to their hydrodynamic
analogs.

In chapter six, we investigated steady-state solutions for the mass accretion of a sp-
herically symmetric, collisionless kinetic gas cloud onto a Schwarzschild black hole.
In this scenario the accreted gas particles were examined using different ansätze. One
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of the novel features was the specification of boundary conditions of the kinetic gas
(such as the particle density and mean velocity or temperature) at an injection sphere of
finite radius R. We calculated the mass accretion rate onto the supermassive black ho-
les Sgr A* and M87* with our models, estimating the condition of the gas at different
radii based on recent observations. The resulting mass accretion rates were analyzed
and compared to the ones predicted by previous models. We discussed how the low
luminosities of Sgr A* and M87* could be partially explained by a kinetic description
of the accreted gas involving angular momentum.

Potential future work derived from this research project includes the following interes-
ting scenarios. First, a generalization of the models discussed here to include the effects
of binary collisions between the gas particles should be interesting, since in this case
a particle following a bound trajectory can be deflected to an unbound trajectory after
the collision, and hence could be accreted by the black hole. In this scenario, the Vla-
sov limit described in section 3.3.1 should be helpful to understand this behavior, as
long as collisions are sufficiently rare. Second, we intend to generalize our models to
include radiative processes and electromagnetic effects for a gas consisting of charged
particles. In particular, this scenario is of special interest for the recent breakthrough ob-
servations by the Event Horizon Telescope Collaboration [74] showing the first image
of the shadows of the supermassive black holes M87∗ and Sgr A∗, and it could provide
an understanding of the behavior of a hot plasma in the vicinity of a strong gravitational
field beyond the hydrodynamic approximation. Third, the addition of the self-gravity of
the gas needs to be modeled by the Einstein-Vlasov system of equations. Recent pro-
gress in this direction has been achieved by Jabiri [102,103] who proves that the effects
from the self-gravity can be included for stationary, axially symmetric configurations
similar to the ones we have constructed, provided the amplitude of the distribution fun-
ction is sufficiently small. Finally, is should also be interesting to generalize the models
studied here to a Kerr black hole, analyzing the effects of the rotation of the black hole.
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[8] H. Andréasson. The Einstein-Vlasov system/kinetic theory. Living Reviews in
Relativity, 14(4), 2011.

[9] O. Sarbach and T. Zannias. Relativistic kinetic theory: An introduction. AIP
Conf. Proc., 1548:134–155, 2013.

[10] O. Sarbach and T. Zannias. Tangent bundle formulation of a charged gas. AIP
Conf. Proc., 1577:192–207, 2014.

[11] O. Sarbach and T. Zannias. The geometry of the tangent bundle and the relati-
vistic kinetic theory of gases. Class. Quantum Grav., 31:085013, 2014.

[12] R. Acuña-Cárdenas, C. Gabarrete, and O. Sarbach. An introduction to the relati-
vistic kinetic theory on curved spacetimes. General Relativity and Gravitation,
54(23), February 2022.



References 161
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september 2021.

[49] C. Gabarrete and O. Sarbach. Axisymmetric, stationary collisionless gas confi-
gurations surrounding black holes, arXiv:2209.053527. 2022.

[50] K. Yano and S. Ishihara. Tangent and cotangent bundles; differential geometry.
New York, Dekker, New York, 1973.

[51] R.M. Wald. General Relativity. The University of Chicago Press, Chicago,
London, 1984.



164 References

[52] C.W. Misner, K.S. Thorne, and J.A. Wheeler. Gravitation. W. H. Freeman, 1973.

[53] S. Carroll. Spacetime and Geometry: An introduction to General Relativity.
Addison Wesley, San Francisco, USA, 2004.

[54] S. Chandrasekhar. The Mathematical Theory of Black Holes. Oxford University
Press, Great Clarendon Street, Oxford 0X2 6DP, 1992.

[55] S.W. Hawking and G.F.R. Ellis. The Large Scale Structure of Space Time. Cam-
bridge University Press, Cambridge, 1973.

[56] N. Straumann. General Relativity. Springer-Verlag, Berlin, 2013.

[57] R.K. Sachs and H. Wu. General Relativity for Mathematicians. Springer-Verlag,
New York-Heidelberg-Berlin, 1977.

[58] V.I. Arnold. Mathematical Methods of Classical Mechanics. Springer-Verlag,
New York, 1989.

[59] M. Heusler. Black Hole Uniqueness Theorems. Cambridge University Press,
Cambridge, England, 1996.
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