
 

 UNIVERSIDAD MICHOACANA DE SAN 
NICOLÁS DE HIDALGO 

 
 

FACULTAD DE INGENIERÍA ELÉCTRICA 
DIVISIÓN DE ESTUDIOS DE POSGRADO 

 

“INVERSIÓN DE SISTEMAS LINEALES 
MODELADOS EN 

BOND GRAPH UTILIZANDO EL PRINCIPIO 
DE BICAUSALIDAD” 

 

TESIS 
 

QUE PARA OBTENER EL GRADO DE 

MAESTRO EN CIENCIAS EN INGENIERÍA 
ELÉCTRICA 

 

 

PRESENTA 

ING. IGNACIO RODRÍGUEZ ALANIS 
 

 
DIRECTOR DE TESIS 

DR. GILBERTO GONZÁLEZ AVALOS 
  

                   MORELIA, MICHOACÁN            JUNIO DE 2012 
 



 





Agradecimientos 
 

Al Dr. Gilberto González Avalos por su apoyo incondicional como 
Asesor  para la relación de este trabajo y su guía que aparte de hacerme crecer 
profesionalmente lo hizo también en lo personal. 

 

Al Consejo Nacional de Ciencia y Tecnología CONACYT por haberme 
brindado el apoyo para solventar mi manutención y lograr este título de 
maestría. 

 

A la Universidad Michoacana de San Nicolás de Hidalgo por 
permitirme formar parte de las líneas de egresados de esta casa de estudios. 

 

A Rogelio Martínez Hernández  por su apoyo en las dudas que 
surgieron durante este trabajo. 

 

A mis compañeros de generación, así como a los compañeros del 
laboratorio de modelado ya que su compañía siempre grata hizo más sencillo 
el trabajo de investigación. 

 

A Yessica Hernández Zepeda por estar siempre a mi lado de manera 
incondicional y siempre animarme cuando mis ánimos estaban decaídos. 

 

 

 

 



Dedicatoria 
 A mi madre Carmen por haberme inculcado el hábito del estudio y 
soportar vejaciones y carencias en pro de mis estudios.  

 

 A mis hermanos Miguel, Dolores y Rosario que han buscado siempre la 
forma de apoyarme. 

 

 A Gonzalo  Agustín y Ana Karen por estar siempre atentos a mi 
desempeño y animarme. 

 

 A Gonzalo y Marcos que me han apoyado en infinidad de ocasiones. 

 

 A mi padre Saturnino por abrirme puertas a las que no todos tienen 
acceso y ayudarme cuando se lo pedía. 

 

 A Yessica que siempre está ahí para no dejarme caer, para darme 
ánimos y enfrentar conmigo todos los retos que se han surgido. 

   

 















































C



I

p q

f

e



e

f

qp

e
Se Sf

f(t)



MsfMse









:

= =

e
e e

f f f



Se
Se

I I2

R R2R R1

C C2

C C2

I I1

1

1

01

Se
Se

I I2

R R2R R1

C C2

C C2

I I1

1

1

01



C1 L1

R1 R2

+
-V1

A C

G

0

0

00
A

G

CB



0

0

00

G

CB

1
1

1

1 1

A

I IC C

R

R1

R

R

1

1

1

11 000

MSe
MSe

0a) b)

I
I

C
C

R

R1

R

R

1

1

1

11 000MSe
MSe



101MSe
MSe1

I
I

C
C

R

R1

R

R

RR

CC

TF
Tf

0 0 1111
v0 vt w v

b)

I
I1

II

R

CC

TF
Tf

0 0 1111



I
I1

II

R
R

CC

TF
Tf

0 0 1111

Se

I
I1

II

Se
Se

R
R

CC

TF
Tf

0 0 1111

I
I1

II

Se
Se

R
R

CC TF
Tf

01



Mse,Msf

0,1,GY,TF RI,C

D

Elementos activos o fuentes

Uniones

Al
m

ac
en

ad
or

es

Detectores

D
is

ip
ad

or
es









a a

f

a

11Se
Se

R r

I JaI La

GY
k

2

3

4 5

7

1

R b

6





I
I

01

C C1

R
R

C C

1Se
Se

e e e



GY
GY

R
R1

R
R

I

I1

Se
Se

11

I

I

GY
GY

R
R1

R
R

I

I1

Se
Se

11

I

I

a) b)



C:C1

R:R2

R:R1

I:I1

01Se
Se

1

2

3

5

6

+ V1

L1

C1

R2

R1

a) b)

C:C1

R:R2

R:R1

I:I1

01Se
Se

1

2

3

5

6















xi=Axi+Bu

xi’=Axi+By
Onda Senoidal

Escalón unitario

Visor de señales

















Onda senoidal

Escalón unitario
Sistema original Sistema Inverso

xi’=Axi+By
ui=Cxi+Dy













a) b)





a) b) c)



a) b) c)



a) b) c) d)











11Se
Se

R r

I JaI La

GY
k

1

2

3 4

5

0Ei

La R

Ja





Cosine

R
R1

SignalMonitor7

SignalMonitor1

SignalMonitor6

SignalMonitor5 SignalMonitor3

SignalMonitor2

K
Gain5

K
Gain4

d/dt
calc

Differentiate3

d/dt
calc

Differentiate2

K
1

Attenuate

K
Gain3

SignalMonitor4

0

SignalMonitor

K
Gain2

K
Gain1

d/dt
calc

Differentiate1

d/dt
calc

Differentiate

1 K
Gain

GY
GY

R
R

I
I1

I
I

11MSe
MSe



[Figure] [Respuesta a una entrada escalón unitario de la suspensión pasiva]
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Model Inversion of a Two Degrees of Freedom
Linearized PUMA from Bicausal Bond Graphs

Gilberto Gonzalez-A and Ignacio Rodriguez-A
Faculty of Electrical Engineering, University of Michoacan

Mexico
Email:gilmichga@yahoo.com.mx

Abstract— A bond graph model of a two degrees of freedom
PUMA is described. System inversion gives the system input
required to generate a given system output. In order to get the
system inversion of the PUMA manipulator, a linearization of
the nonlinear bond graph is obtained. Hence, the bicausality of
the linearized bond graph of the PUMA manipulator is applied.
Thus, the bicausal bond graph provide a systematic way of
generating the equations of the system inversion. Simulation
results to verify the calculated input for a given output are shown.

Keywords: Bond graph, system inversion, bicausality,
PUMA manipulator.

I. INTRODUCTION

Robotics is a field of modern technology that crosses
traditional engineering boundaries. Understanding the com-
plexity of robots and their applications requires knowledge
of electrical engineering, mechanical engineering, industrial
engineering, computer science and mathematics [1].

One well-known approach designed to deal with multi-
domain engineering problems is the bond graph method elu-
cidated by Henry Paynter. The application of Payter´s bond
graph method began with the works of Karnopp, Rosenberg,
Thoma and others. Over the last 40 years there have been
numerous publications dealing with the theory and application
of bond graphs in different branches of engineering [2].

The bond graph technics are useful and important tools for
physical system modelling [3]. They are based on power rep-
resentation and enables the description of the system through
energy storage and dissipative elements [4], [5].

The robotics modelling using bond graphs has extensively
been developed. In [3] proposes a general methodology to
model mechanical systems with bond graphs. In [6] presents
an interesting procedure to construct bond graphs of two
and three dimensional robotic manipulators. The three-axis
platform simulation using bond graph models and Lagrange´s
equations is compared in [7].

Also, several papers have been published to construct bond
graphs from the manipulators. In [8] gives a library of three-
dimensional joints using bond graph to obtain the multi-body
system. Finally, [9] shows the multi-body approach in bond
graph to write the algebraic constraint equations can be used
to describe mechanical systems.

System inversion is of significant importance in systems
and control theory as it appears explicitly or implicitly in a

variety of problems such as, for example, decoupling, model
matching, perfect output control or parameters sizing [10].

Classical inversion methods based on mathematical models
tend to obscure the structural features and the physical in-
terpretation of inverse systems. In recent years, bond graph
model based inversion has attracted a lot of interest due to the
bicausality concept that provides a convenient way to represent
inverse systems [11].

The main advantage for using bond graphs for such study
is the graphical representation of the physical structure of the
system as well as the possible automated derivation of various
equations (or mathematical) models that can be associated
with a specific problem of interest through the causality
assigment. This bond graph approach therefore enables a
physical interpretation of inverse dynamics based on structural
considerations [12].

Section II describes the basic elements of the bond graph
modelling. Section III summarizes the concept of the bicausal-
ity applied to bond graphs. Bicausality used to get systems
inversion is proposed in section IV. The given methodology
to a two degrees of freedom PUMA manipulator modelled
by a linearized bond graph to determine the control inputs
for proposed outputs via bicausality is applied in section V.
Finally, our conclusions are given in section VI.

II. MODELLING IN BOND GRAPH

The symbolic form of a Bond Graph in Integral causality
assignment (BGI) of a system is shown in Fig. 1 [4], [5].

Fig. 1. Key vectors of a BGI.

In Fig. 1, ( ), ( ) and ( ) denote the source,
the energy storage and the energy dissipation fields, respec-



tively, and (0 1 ) the junction structure with trans-
formers, , and gyrators, .

The state ( ) < and ( ) < are composed
of energy variables ( ) and ( ) associated with and

elements in integral causality and derivative causality,
respectively, ( ) < denotes the plant input, ( ) <
the co-energy vector, ( ) < the derivative co-energy and

( ) < and ( ) < are a mixture of ( ) and
( ) showing the energy exchanges between the dissipation

field and the junction structure [4], [5]. The feedback between
storage field and junction structure shows that or/and

by using an active bond are modulated.
The relations of the storage and dissipation fields are,

( ) = ( ) (1)
( ) = ( ) (2)
( ) = ( ) (3)

The relations of the junction structure are,

( )
( )

( )
( )

=

11 12 13 14

21 22 23 0

31 32 33 0

41 0 0 0

( )
( )

( )
( )

(4)
The entries of take values inside the set

{0 ±1 ± ± } where and are transformer and
gyrator modules; 11 and 22 are square skew-symmetric
matrices and 12 and 21 are matrices each other negative
transpose. The state space equations are [4], [5],

( ) = ( ) ( ) + ( ) ( ) (5)
( ) = ( ) ( ) + ( ) (6)

where

( ) = [ 11 + 12 21+ (7)

14 ( )
1 31

¸
( ) = 13 + 12 23 (8)
( ) = ( 31 + 32 21) (9)
( ) = 33 + 32 23 (10)

being

= ( 22)
1 (11)

= 14 ( )
1

31 (12)

Next section describes bicausal bond graphs to analyze
system inversion.

III. THE CONCEPT OF THE BICAUSAL BOND GRAPH

The acausal bond graph model of a dynamic system repre-
sents the energy transfer and the constraint equations in the
system independently of assignment statements that can be
derived from those equations.

The causality expresses in which way constitutive relations
of elements and relations among variables of the junction

structure should be written for model analysis proposes or
derivation of a simulation model. The causal stroke used in
conventional bond graphs basically supposes that at each bond,
if the effort (resp. flow) is imposed at the other end of the
bond or in other words a variable imposed as input implies its
conjugate variable as output.

From a computational point of view, the above so-called
‘unicausal’ stroke does not determine all forms of assignment
statements that can be derived from the constraint equations
of a bond.

The concept of ‘bicausal’ bond introduced by Gwathrop
[11] overcomes these restrictions and then enlarges the pos-
sibilities of computation models that can be derived from a
bond graph.

The causal stroke in bicausal bond is seen as half strokes
each associated to an effort and a flow variable that can be
imposed independently at each end of the bond. Causal half
strokes indicate the fixed or known variables of the bond and
so determine the right hand side of the assignments form.

For an illustration, Table 1 [12] presents assignment state-
ments associated to unicausal and bicausal strokes for a
bond for which the known acausal constraint equations are:
1 2 = 0; 1 2 = 0.

Table 1. Causality and assignment statements for a bond.

Table 2. Source-sensor causality assignment.

System inversion is an interesting analysis to know an input
considering a given output, this is described in the next section
by using bicausality property of the bond graphs.

IV. THE USE OF THE BICAUSALITY CONCEPT FOR SYSTEM
INVERSION

An inverse model of the system are obtained by applying
differential and algebraic operations to the state equations of
the original system.

The computational capabilities of the bicausality concept
presented above make it be an adequate tool for solving the
problem of inverse systems mentioned in [11]. The bicausality
allows fixing or imposing at the same time a variable and it
s conjugate as bicausal bonds decouple the effort and flow
causalities.



In the context of the inversion problem, imposing the output
variable without modifying the energy structure (or constraint
equations) of the system can be carried out with an element
having a flow source/effort source causality (Table 2). Then,
the output to be imposed plays the role of input variable of
that element while its conjugate is set to a null value
leading to a null power flow on that bond. Similarly, the
input variable of the original system to be determined will
be detected on another element with a flow sensor/effort
sensor causality. Table 3 shows the bicausality propagatgion
carried out throughtout junction structure of the bond graph.

Table 3. Causality stroke and assignment statements for bond graph
element.

Some concepts used to present the bond graph- based
procedure for system inversion are introduced in this section
through the following definitions [12].

Definition 1. The lenght of a causal path from a
variable to a variable of a bond graph is defined as the
number of integrators or storage elements in integral causality
encountered on the causal path when following the causal path
from to .

Proposition 1. (Structural invertibility condition) A linear
system modelled by bond graph is invertible if there is at
least one causal path between the input variable and the output
variable of the system.

In the next section, a bond graph model of a PUMA
manipulator and system inversion are proposed.

V. ANALYSIS OF A TWO DEGREES OF FREEDOM PUMA
WITH A BOND GRAPH APPROACH

A simple two-degrees of freedom (DOF) manipulator but
three-dimensional appears in Fig. 2. This can be regarded
as a simplified PUMA with the elbow and wrist locked at
appropriate angles and zero joint offset.

Fig. 2. Scheme of 2 DOF PUMA.

The second link, although moving in three dimensions,
rotates about a fixed point: joint 2. Its dynamics are therefore
determined by the Euler ring. The first link is a simple one-
dimensional rotating inertia coupled to the second link by a
joint [6]. The angular velocities of the second link about the

and axes and are entirely determined by that of
the first link 1,

= 1 · sin ( 2) (13)
= 1 · cos ( 2) (14)

The corresponding bond graph with integral causality as-
signment of the PUMA manipulator is shown in Fig. 3 with
notation in Table 4.

Fig. 3. Bond graph of the PUMA manipulator.

Note that the bond graph contains four storage element in
an integral causality assignment, that is independent linearly
state variables.



Table 4. Bond graph labels.

The key vectors of the nonlinear bond graph are,

=

2

24

3

23

;
•
=

2

24

3

23

; =

2

24

3

23

=

8

12

13

19

;
•
=

8

12

13

19

; =

8

12

13

19

= 6

21

¸
; = 6

21

¸
= 1

25

¸
; = 3

23

¸
the constitutive relations of the fields are

=

½
1

2

1

1

1

2

1

1

¾
=

½
1 1 1 1

¾
and the junction structure matrices are

11 =

0 1 1 0

1 0 0 1
1 0 0 0
0 1 0 0

; 12 =

1 0
0 1
0 0
0 0

14 =

1 0 0 0
0 sin ( 3) cos ( 3) 1
0 0 0 0
0 0 0 0

13 =
1 0 0 0
0 1 0 0

¸
22 = 23 = 0; 21 = 12; 31 = 14

where 1 = 13 sin ( 3) 12 cos ( 3).
From

=

1 +
2

0 0 0

0 1 + 2 0 0
0 0 1 0
0 0 0 1

where 2 =
1
1

£
cos2 ( 3) + sin2 ( 3) +

¤
.

( ) =

2

2

1

1

1
2

0
1

2

1

1
0 1

1
1
2

0 0 0

0 1
1

0 0

( ) =
1 0 0 0
0 1 0 0

¸
It is an unfortunate fact that most physical systems en-

coutered in practice are not linear. It is almost always the
case that when one encounters a linear model for a physical
system, it is an idealized or simplified version of a more
accurate but much more complicated nonlinear model. In order
to create a linear model of the PUMA manipulator represented
in bond graph from the nonlinear bond graph shown in figure
3, we introduce a linearizated bond graph of the manipulator
in figure 4 [13].

Fig. 4. Linearized bond graph.

In order to verify that linearized bond graph represents
the linearization of the nonlinear manipulator, the junction
structure matrix of the linearized bond graph or causal paths
to obtain the state variables description can be used. The space
state representation of a linearized system is

•
( ) = ( ) + ( )

Hence, the state variables matrices are

=

½
1 +

2
1 +

+

1
1 1

¾

=

2

2

˜
1

1

1

2

˜
3 29 0

˜
1

2

1

1

˜
3 29

1

1
1

2
0 0 0

0
1

1
0 0

; =

1
1
0
0

where ˜1 = 1|˜( ), ˜3 = 3|˜( ) and 3 = 13 cos ( 3) +

12 sin ( 3).



By obtaining the direct paths, i.e., causal paths from input
to output, we have

1 1 : 25 24 24

2 2 : 1 2 2

then these causal paths are of lengh 1and the structural
invertibility condition is verified.

Now, bicausality to the linearized bond graph of the PUMA
manipulator is applied to get a system inversion. Fig. 5 shows
the bicausal bond graph of the PUMA manipulator.

Fig. 5. Bicausal bond graph of the manipulator.

The generalized state equations of the inverse model derived
from the inverse bond graph in Fig. 5 can be written in a
descriptor form or alternatively in the following generalized
state equations form:

•
( ) = ( ) + ( ) ( )

( ) = ( ) + ( ) ( )

where

( ) =
£

1 2

¤
; = 0

( ) =
1 0
0 1

¸
and the causal paths are used to get and ( ). Then,

Causal path 2 2 Gain
2 4 6 6 4 1 2

2 3 3 1 1 2

2 4 5 8 8 5 4 1

2 20 20 1 2

Causal path 1 1 Gain
23 22 21 21 22 25 1

23 24 24 25 1 1

23 22 19 19 22 25

23 230 230 25 1

Causal path 1 2 Gain
23 22 20 17 9 5 4 1 2

23 22 18 16 10 7 5 4 1 1

Causal path 2 1 Gain
2 4 5 9 11 17 20 22 25 2

2 9 5 7 10 16 18 22 25 1

Thus, the input of the system inversion is given by

( ) =
1
1

0

0 1
2

¸
( ) +

11 12

21 22

¸
1 ( )

2 ( )

¸

where

11 =

μ
1

1
+ 1 +

¶
+

1

12 = 1 + 2

21 = 1 2

22 =

μ
1

2
+ 2 +

¶
+

2

In order to verify the system inversion of the manipulator,
the 20-SIM sofware to simulate linearized bond graph with
a calculated control input is used. Figure 6 shows the bond
graph diagram on 20-SIM platform.

Fig. 6. Bond graph of the manipulator on 20-SIM.

The numerical parameters of the bond graph are: 1 =
0 1 2 = 0 2 1 = 0 1

2

2 = 0 2 2 = = = = 1 2

1 = 4 and 2 = 3 .
The first case is to determine the necessary inputs for step

outputs and Fig. 7 shows the simulation results.



Fig. 7. Simulation of the system inversion for step outputs.

The second case is to prove the system inversion for waves
square outputs, the effectiveness of the methodology is shown
in Fig. 8

Fig. 8. Simulation of the system inversion for waves square.

Fig. 9 shows the final proof of the system inversion using
waves saw outputs and the necessary inputs are obtained.

Fig. 9. Simulation of the system inversion.

It is important to consider the bond graph bicausals allows
to determine system inversion state estimation and parameter
estimation [11].

VI. CONCLUSIONS

The bond graph representation and the concept of bicausal-
ity are used to obtain the system inversion of a PUMA
manipulator. Hence, the nonlinear bond graph of the two
degrees of freedom PUMA is linearized. Then, the linearized
bond graph bicausal is obtained. Thus, the system input to get
a given system output of the linearized PUMA is determined
in a bond graph approach.
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