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Information Systems (JCR issn: 0306-4379).

iii





Resumen

En esta tesis se presentan varios métodos nuevos para acceder a información almacenada en una

computadora. Concretamente, búsquedas en espacios métricos. Este aparente simple problema

puede volverse muy complicado dependiendo del volumen de información almacenado, el tipo de

consulta realizada y la complejidad de la representación de los objetos, entre otros. Las búsquedas

básicas son, dado un objeto, encontrar los elementos más parecidos a él. Este tipo de búsquedas

se llaman búsquedas de proximidad o búsquedas de vecino cercano y tienen muchas aplicaciones

como búsquedas en bases de datos por contenido. Los ı́ndices son estructuras que nos permiten

responder este tipo de consultas.

El problema de búsqueda por proximidad puede dividirse en dos clases, en la primera, el

conjunto de resultados coincide con el de la búsqueda exhaustiva. Los ı́ndices que corresponden a

esta clase se les llama ı́ndices métricos exactos. Los otros ı́dices corresponden a la segunda clase

y se les llama ı́ndices métricos aproximados. Para el caso exacto se presentan los ı́ndices EPT y

ANNI. Estos cuentan con simples parámetros ya que se ajustan a las circunstancias de cada base

de datos. En los múltiples experimentos se muestra el excelente desempeño de ambos ı́ndices en

comparación con el estado del arte. Para búsquedas aproximadas se presentan los ı́ndices APG*,

APG*-R y BS. Todos ellos parten de ver al problema de encontrar al vecino más cercano como un

problema de optimización. Estos ı́ndices son mejoras sobre el conocido APG.

Finalmente, se hace un estudio del grafo HSP que tiene múltiples aplicaciones tanto

en búsquedas de espacios métricos como en redes de sensores entre otras. Se presentan varias

propiedades del grafo y de su generalización.

Palabras clave: búsquedas en espacios métricos, búsquedas de proximidad, búsquedas de

vecino cercano, ı́ndices métricos, EPT, ANNI, HSP.





Abstract

This thesis presents new methods to access the information on a computer. Concretely, searches on

metric spaces. This apparently simple problem could be very complicated depending on the amount

of the information stored, the type of query, the complexity of the representation of the data, and

many others. The basic searches are, given an object, find the more similar elements. This type of

searches are known as proximity searches or nearest neighbor searches, and has many applications

like searching multimedia databases by content. The indexes are structures capable of answering

these type of queries.

The proximity search problem can be divided in two classes, in the first, the set of results

coincide with the exhaustive search. The indexes corresponding to this class are called exact metric

indexes. The rest of the indexes are called approximate metric indexes . This document presents

the indexes EPT and ANNI for the exact case. They have simple parameters and both adjust to the

circumstances of each database. The extensive experimentation shows their excellent performance

in comparison to the state of the art. For the case of approximate searches, the indexes APG*,

APG*-R, and BS are presented. All of them are the result of treating the nearest neighbor problem

as an optimization problem. They are improvements over the well known APG.

The thesis concludes with a study of the HSP graph that has multiple applications in metric

space searches, ad-hoc networks, and others. Various properties of the graph and its generalization

are presented.

Keywords: metric space searches, proximity searches, nearest neighbor searches, metric

indexes, EPT, ANNI, HSP.
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Chapter 1

Introduction

The importance of computers and electronic devices in modern life is unquestionable.

They are responsible for more than half of the global economy. Computers are used in every corner

of the planet with a wide range of applications. They contribute to the development of science,

they manage whole factories, are in charge of traffic control and navigation, the communications

are practically in-existent without them, are the key tools to develop new medications, and the list

can continue practically indefinitely.

The number of computers is huge and most of them are used to generate or recollect data.

The internet, the biggest collection of information, is ever growing. The size of the information has

an exponential growth and this will not stop any time soon.

Storing the information is important but also the ability to access it. In a big library where

the books are not organized a revision of every book is needed to find the information we want. The

appropriate management of this massive information is crucial to make it useful. On all this data we

want to find what we are looking for, and, most importantly, we want to do it fast.

The search for information is used on practically every computer application. Many so-

lutions have been proposed through the years, mostly focused on finding the exact match of the

searched pattern, similar to DBMS (Appendix A) where the information is structured. With the

advance of the information requirements, unstructured repositories were needed. New types of data

like text, images, or audio are stored and a new type of search is required.

One way to easily find information is to classify it so we know directly where to start. The

1
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way is organized depends on the type of things we are going to search and the type of information.

It is different to organize numbers than to organize texts, sounds, or videos.

The collection of objects is preprocessed to avoid the trivial exhaustive search. There

are some proposed methods for the case where the data can be represented using a vectorial space.

This thesis focuses on a more general case, where we only know the distance of the elements of

the dataset. Proximity search consists on identifying objects from a collection that are near a given

query. The proximity of the elements of the collection is set by a distance function or metric.

Proximity search is a pervasive problem in computer science, from pattern recognition to textual

and multimedia information retrieval, machine learning, streaming, lossless and lossy compression,

biometric identification and authentication, and bioinformatics [Skopal10]. Here we only know the

distance of the elements of the dataset.

Metric access methods are indexes used when the data has no coordinates or when the

representational dimension is large. The most basic challenge in metric access methods is to cope

with the high intrinsic dimensionality of the data, also known as a concentration of the distribu-

tion of the data or the curse of dimensionality. This has been studied and documented in sev-

eral places, for example in Pestov [Pestov07, Pestov08, Pestov10a, Pestov10b], Volnyansky and

Pestov [Volnyansky09], Shaft and Ramakrishnan [Shaft06], Indyk [Indyk04b], Samet [Samet06],

Hjaltason and Samet [Hjaltason03a], Chavez et al. [Chavez01], Böhm et al. [Böhm01], and Skopal

and Bustos [Skopal11]. It can be defined as the µ
σ where µ and σ are the mean and standard de-

viation of the histogram respectively. Consider for example the case where every element of the

collection is at distance one from each other. This case corresponds to the Discrete metric. Here,

the exhaustive search is inevitable. This is an extreme case of a collection with high intrinsic di-

mension.

To cope with the above mentioned curse of dimensionality, one possible avenue is to use

an approximate or a probabilistic approach. The overall idea in these methods is to accept errors

of certain type. Probabilistic approaches aim at giving correct solutions most of the time (some

relevant answers can be missed), while approximate solutions give distance-based guarantees. For

example, in δ-dimensional spaces it is possible to return an element within 1 + ε times the distance

to the true nearest neighbor in time O(δ(1 + 6δ/ε)δ log n) [Arya98].

For some application domains, neither an approximate nor a probabilistic approach are
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acceptable solutions. Think for example on biometric identification. In this application, neither a

miss (failing to identify the nearest neighbor of an object) nor a false claim (giving an output which

is not the nearest neighbor) are acceptable because both lead to a failure of the identification system.

For this particular example, the only possible solution is a sequential scan over all the objects in the

database. The usual way to scale such a system is by using massive parallelism. For this reason,

and also because it is interesting from a theoretical perspective, the search for more competitive

indexes and algorithms is relevant. However, the landscape of algorithms and discarding rules only

consists of a handful of key ideas. It is possible to find books and surveys devoted to reviewing the

algorithmic differences between indexes, for example Chavez et al. [Chavez01], Samet [Samet06],

and Zezula et al. [Zezula06].

One sensitive issue is the absence of a complexity model capable of capturing the behavior

of an index in realistic circumstances. This limitation implies that indexes would be compared

experimentally. Even in this setup, there are two alternatives, the first one is to count the number of

distance computations as the yardstick for index comparison. The rationale behind this choice is to

consider distance computation as the leading cost operation, which in turn should allow comparing

different indexes using disparate datasets. One problem with this approach is that a key factor in

performance is the intrinsic dimensionality of the data; and hence the supposed independence of the

dataset vanishes.

The other alternative is to use a common benchmark of datasets and queries to compare

all the indexes, using as measure the total time spent on queries on average. This method has the

disadvantage of being unable to compare between indexes belonging to different authors, in different

computer systems, and different papers without implementing everything each time. To avoid this

disadvantage, the total query time is normalized using as reference a sequential scan. While this

measure still hides a number of practical issues (e.g., cache usage, and workload in a multi-user

environment), it will give a better guide for practitioners.

1.1 Objective of the Thesis

Given a query element q, the goal is to find elements in the database near q. The proximity

search problem consists on solving the following operations over the database: nearest neighbor
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search, or simply nnd(q), finds the closest item to q in the database; and range query (q, r)d which

retrieves objects in the database intersecting the ball of radius r centered on q. This thesis presents

new methods to find relevant information on metric databases using proximity search.

1.2 Formal Notation

Let U be the set of all valid objects (i.e. the universe), and d a distance function. As a

distance, for any u, v, w ∈ U , d has the following properties:

• Positivity, d(u, v) ≥ 0, d(u, v) = 0 ⇐⇒ u = v.

• Symmetry, d(u, v) = d(v, u).

• Triangle inequality, d(u,w) + d(w, v) ≥ d(u, v).

The pair (U, d) is called a Metric Space.

The thesis will be focused in a particular finite subset S of U (called the database). Given

some query element q ∈ U , the goal is to find elements in S near q. The proximity search problem

consists on solving the following operations over the database:

• Nearest neighbor search, or simply nnd(q), finds the closest item to q in S, i.e., nnd(q) =

arg minu∈S d(u, q). This operation can be extended to retrieve the set of k nearest neighbors

(k-nn).

• Range query (q, r)d. This query retrieves objects in S intersecting the ball of radius r centered

on q, for q ∈ U and S ⊆ U i.e. (q, r)d = {u ∈ S | d(q, u) ≤ r}.

For simplicity, when the context is clear, it will be written (q, r) for (q, r)d and nn(q) for

nnd(q). Our discussion will be centered on nearest neighbor queries, nn queries can be reduced to

range queries using the optimal algorithm in [Hjaltason03b]. This algorithm finds the radius r such

that the query ball (q, r) only contains the nearest neighbor of q.

It is clear that nn(q) can be answered by computing the distance from q to all the elements

in the database. However, if the database is queried multiple times, and the number of elements is

large or the distance function is difficult to compute, it would be advisable to preprocess the database

and build an index to have a smaller amortized time.
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There are two popular approaches to metric indexing, namely pivot based indexes and

compact partitions.

The pivoting scheme consists on mapping the database (a subset of a general metric space)

to a vectorial space. Let P = {p1, p2, . . . , pm} be a set of elements of U called pivots. Each pivot

p defines a function δp(x) = d(p, x) for every x in S. Every element x ∈ S can be mapped to

the point [x] = (δp1(x), δp2(x), . . . , δpm(x)) in Rm. Because of the triangle inequality, for every q

in U , we have that d(q, x) ≥ |d(q, p) − d(p, x)| = |δp(q) − δp(x)| for every p ∈ P. This means

that if |δp(q) − δp(x)| > r for some r > 0, then d(q, x) > r. If we have the range query (q, r),

every element x such that d(q, x) > r cannot be in the solution set. Then we can use the L∞ norm

on the mapped space of Rm to rule out elements in the search. That is, if ‖[q] − [x]‖∞ > r, then

d(q, x) > r. This is called the pivot rule.

Note that, in order to get [x], all the distances from x to every pivot should be computed.

All the points [x] for every x ∈ S can be computed and store. Then, for every query q ∈ U , just [q]

is needed to compute and ‖[q]− [x]‖∞ which is a simple distance function. On the set of points for

which the pivot rule failed, called the candidates, an exhaustive search is performed. If two sets of

pivots of the same cardinality are given, the set that produced less candidates is said to have more

quality pivots.

The pivot rule is basic for building many indexes found in the literature. In fact, AE-

SA [Vidal Ruiz86], the most competitive exact index under the computed distances complexity

measure, discussed below in Section 2.1, is based on this rule. However, to achieve such unmatched

performance, AESA uses a quadratic amount of memory which prevents its use in practice. The

performance of a pivot-based algorithm is driven by the number of pivots used and the quality (i.e.

the discarding power) of those pivots. It will be discussed along the thesis all the known algorithms

to select good pivots. The AESA algorithm can be seen as a dynamic method of selecting the best

pivots for each query.

The technique described here can be regarded as a method to find high quality pivots for

query objects which follow the same distribution of the database. Obtaining good pivots automati-

cally improves all the pivot-based methods, both in main and secondary memory. One example of

a very competitive index in secondary memory is the pivot M-tree (or PM-tree)[Skopal04]
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Figure 1.1: The d(q, p) > d(q, p′) + 2r criterion (where p′ is the closest node to q) says that if the
query is on the right side of the hyperbola, the points of p can be discarded.

The compact partitioning methods arrange the database in spatially coherent, non-over-

lapping regions. A set of elements, called centers, {c1, c2, . . . , cm} is selected from S, this set

defines a partition of the database such that each cell (an element of the partition) is formed by

points that are close to a center and to each other. Most indexes of this kind are hierarchical, with

a recursive rule as follows: each cell is partitioned by a new set of centers forming sub-cells; this

process can be repeated on each sub-cell.

Once the space is divided into cells, we need to know which of these cells intersect the

query ball. If a region does not intersect the query ball, then we can discard all its elements. If a

region does intersect, the we need to look for elements that might appear on the final result. Usually,

this is done by an exhaustive search on the elements of the cells. So, it is important to know which

regions intersect the query ball. On general metric spaces, this is not easy but there are two main

criteria: the hyperplanes and the covering radius.

The known hyperplane criterion is as follows. If q is the query and p′ is the center of the

cell where q belongs, then we can discard a cell with center p when d(q, p′) < d(q, p)− 2r. On the

euclidean plane, this inequality is defined by a hyperbola with focus points p and p′, see Figure 1.1.

The covering radius of a cell C with center p is defined by cov(C) = maxu∈C d(p, u).

For simplicity, cov(p) = cov(C) will be set. The covering radius can be stored for each cell.

A query (q, r)d is solved by exhaustive searching all the cells with center p such that |d(q, p) −
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p
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Figure 1.2: If the covering ball of a node p does not intersect the query ball then all points of this
node can be discarded.

cov(p)| ≤ r see Figure 1.2.

The complexity model used in metric indexes splits the cost in two main terms: the in-

ternal and the external costs. The former refers to the cost of filtering the candidates relevant to a

given query, while the later is the cost of the verification of the candidates and is proportional to its

size. This is described in the below equation

cost = internal cost + external cost (1.1)

More filtering implies, on the one hand, a smaller candidate set and a corresponding lower

external cost. On the other hand, more filtering also implies a more precise cut point increasing the

internal cost. This trade-off is illustrated in Figure 1.3. While the external cost is a monotonically

decreasing function, the internal cost is a monotonically increasing function.

1.3 Contributions

The first presented technique is called Extreme Pivots (EP), which produces fast indexes

with a small memory footprint. The contribution provides a formal method to both prove we can

obtain good pivots and give an algorithm to find those good pivots. Our only assumption is very

reasonable, we assume our query set has the same distribution of the database. It is also proved that,

in practice, this approach is competitive when compared with other exact metric access methods

found in the literature. The best performing indexes were selected under a broad number of criteria

and compared against the proposed approach with excellent results.
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Figure 1.3: Behavior of the cost function. Internal and external costs are monotonically, increasing
and decreasing respectively. The total cost is the sum of both. The diamond shows the location of
the minimum total cost.

Next, the ANNI family of indexes is presented. It can be seen as a meta-heuristic to

automatize the process of building good quality indexes. The quality can be measured in therms

of searching time or in the number of distances computed. As an application, various indexes are

presented built around this technique. An extensive set of experiments proved the efficiency of the

indexes.

Next, in Chapter 4 it is discussed the approximation problem as an optimization problem.

This new approach opens the doors to a new series of indexes. Tree new indexes are presented,

which are the APG*, APG*-R, and the BS that use optimizations techniques to improve the well

known APG index. It is shown how the APG is improved with properties like: less parameters,

easiest configuration, better recall, more speed on the searches, less distance computations, between

others.

Finally, the Chapter 5 shows an analysis of the multipurpose HSP. The HSP is an algo-

rithm to build a graph given some points in a metric space. The graph has some nice properties but

the most important is the ability to rout the path from one point to another. A question about the

length of the path between any two points in the HSP is answered, at least in part.



Chapter 2

Proximity Search

2.1 Related Work

For a long time, a popular complexity model has been the number of distance computa-

tions to answer a query. The rationale behind this measure is that distances are the most expensive

operation in a query. However, when measuring the total search time of a good index under the

above complexity measure, it could be comparable to a brute force sequential scan. This behavior

is due to a combination of a simple distance function and an expensive indexing structure.

The AESA [Vidal Ruiz86] index consists on computing all the distances between the

objects in the database and storing them in a table. For querying, an initial random pivot is selected

and using the triangle inequality all the non-relevant objects are filtered. From the remaining objects

the next pivot is selected close to the query using some cheaply computed distance. This process

is repeated iteratively until only relevant objects remain in the collection. Those remaining objects

will be the answer to the query. This method stores O(n2) distances, and hence the construction

cost is of the same order. At query time it performs a constant number of distance computations

for a fixed database. However, it is necessary to compute a linear number of arithmetic and logical

operations. A linear restriction of the same idea is presented in LAESA [Micó94], where a constant

number of pivots are used, independently of the size of the database.

Chavez et al. [Chavez01], proved that any pivot based metric index requires at least a log-

arithmic (on the database size) number of pivots (randomly selected from the database); however,

9
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the base of the logarithm depends on the intrinsic dimension of the database, needing larger indexes

as the intrinsic dimension increases. When the dataset has a high intrinsic dimensionality, the opti-

mal number of pivots may not fit in main memory; hence, the rule of thumb is to use as much pivots

as they fit. Proceeding in this way, we can reduce the number of distances computed to solve a

query, and it is useful for expensive distance functions. However, many of these indexes have a high

internal cost, surpassing the cost of a sequential scan. Under this scheme, the selection of pivots

is essential to reduce both the memory costs and the number of distances computed. Please notice

that to be useful in practice, the actual search time must be several times smaller than the sequential

scan for most cases and not only for extraordinarily expensive distance functions.

2.1.1 Pivot Selection Strategies

Since it is critical for the performance of pivot based indexes, a natural question is how to

select good pivots. A fair rule is to select the pivots randomly, but it is well known that the election

affects the performance of the search. The next indexes are built around strategies for selecting

pivots.

Bustos et al. [Bustos03] introduced a list of pivot-selection strategies. The core of their

contribution is a method to compare collections of pivot sets to decide which one has better perfor-

mance. The authors claim that a better set of pivots will have a distance distribution of the mapped

space with a bigger mean. This can be done taking a random sample and comparing the distances

of the sample points with each set of pivots. They propose an incremental selection strategy, which

consists on taking a set of N candidate pivots, and select the best one, say p1. Then, from another

set of N candidates select the one p2 that makes {p1, p2} the best set of pivots among the options.

This procedure is repeated until k pivots are selected. This technique needs to know in advance the

proper value of k.

The Sparse Spatial Selection [Pedreira07] (SSS) is a pivot based method that automati-

cally determines and selects the number of essential pivots to be used by a pivot table. SSS depends

on the intrinsic dimension of the space and not on the size of the database. The maximum distance

dmax between any two objects in the database is a parameter needed in advance. The algorithm

starts with an empty set, and incrementally constructs the set of pivots as follows. Each object is

tested to be well covered for the current set of pivots, if it is not covered, it is promoted to be a pivot.
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More formally, an object will be a new pivot if its distance to all the other pivots is greater than

or equal to εdmax for a fixed 0 < ε ≤ 1. The goal is that the set of pivots are selected to be well

distributed over the space. The authors conclude, based on their experiments, that the best value for

ε should be 0.4; the authors postulate that this constant does not depend on the particular database.

The Spatial Approximation Tree (SAT) [Navarro02a] Is a metric tree that creates a com-

pact partition of the data. The root a of the SAT is connected to its children N(a), the remaining

elements of the database are assigned to the closest children of a. This process is repeated recur-

sively with each children and its assigned elements. The set N(a) has the following two properties:

for every u, v ∈ N(a), d(u, a) < d(u, v) and d(v, a) < d(u, v); and for every w not in N(a) there

exist z ∈ N(a) such that d(z, w) < d(z, a). For a given element c, multiple N(c) can be build.

One way to do that is to take the closest element to c, call it x, and put it into N(c), then, all the

points closer to x than to c can not be in N(c) (second property) so they are discarded. From the

rest of the elements, take the closest to c and repeat until all the points not in N(c) are discarded.

This construction of N(c) will produce the simple SAT. Another way to get N(c) is to take the far-

thest point y (instead of the closest) and put it in N(c), from the points not discarded by y, take the

farthest and repeat. The SAT produced in this way is called Distal SAT (DiSAT), recently described

in [Chavez14b]. Note that we can insert in N(c) any element, discard the corresponding items and

insert any other valid point, and repeat this process until all the points are discarded or in N(c).

Inserting points randomly in N(c) will produce SATRand. The authors have found that the DiSAT

is the best option. This index has good performance and no construction parameters (other than the

order of the objects in N(c)); this simplicity of use makes the SAT a fair choice when there is not

much knowledge of the database.

The List of Clusters was introduced by Chavez and Navarro [Chávez05b] as a robust and

memory efficient index, that works as follows. First an element p is selected and its m closer

elements are the cluster of p. Then, from the remaining elements, another point is chosen and its

cluster is formed with them closer elements. This procedure continues until there are no points left.

The covering radius is stored in each cluster. When doing a query, all the clusters are revised in the

same order of construction, sequentially, to see if they may contain an answer. If the query ball is

contained in a cluster, there is no need to check further clusters. The LC needs linear memory and

nearly quadratic construction time for the useful combination of parameters. Using O(log n) bits
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per item, it remains unbeatable on datasets with very high intrinsic dimensionality.

the Priority Vantage Points (KVP) were introduced by Celik in [Celik02a, Celik08], the

author notices that disregarding the amount of pivots available, only good pivots make the elimina-

tion of points during a search. The author postulates that those pivots are the ones that are either

close or far from the query. Each point will be visible only by its k best pivots. The total number of

distances stored will be kN with N the size of the database. This modification allows the KVP to

use less space than other pivot methods, the free space can then be used to add more pivots to the

system. The parameter k must be set from the start and the authors did not gave a method to tune it.

The Vantage Point Tree (VPT) [Yianilos93] is a binary tree where each element of the

database is either a node or a leaf. It is constructed recursively from a random point p as the root,

then from all the remaining points, the median M is computed, the points x such that d(p, x) < M

got to the left side and the rest go to the right side. The value M is stored. For the left and right

branches the process is recursive until reaching a leaf with just one element. The search for elements

at distance r or less from q is done starting from the root p; if d(q, p)− r ≤ M the left side can be

discarded; if d(q, p) + r < M the right side will not contain an answer. Note that sometimes both,

left and right sides need to be visited.

The methods described above, encompass the state of the art in exact indexing. Other

methods are not as competitive, neither in total time nor in computed distances.

2.2 Extreme Pivots

A closer look into the definition of the pivot rule is revealing. Since we take the maximum

distance over all pivots, only one pivot realizes the discarding expression. In other words, for every

element in the database (for a particular query) only one pivot is responsible for filtering. The query

location is unknown in advance and multiple pivots in a table increase the chance of filtering non

relevant objects. With this observation in mind, it makes sense to seek for just one pivot for each

database element: exactly the pivot that increases the chance of filtering for an unknown query.
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2.2.1 The Extreme Approach

Instead of finding the best set of pivots P, the Extreme Pivots (EP) technique tries to

associate each item u to a good (maybe the best) available pivot piv(u) for that object. EP will try

to select the pivot piv(u) = p such that

|d(u,piv(u))− d(q,piv(u))| is maximized,

where q follows the distribution of the expected queries. It will be assumed that the queries have the

same distribution of the database. More detailed, a pivot p covers u if p can prove that it is closer or

farther than any other available pivot. This implies that the points covered by a pivot will be close

or far from it. Notice that the set of available pivots does not need an especial selection strategy or

optimization, mainly because this task will be performed by the above maximization.

As other pivot selection techniques, the number of pivots can be large, depending on the

dimensionality and size of the dataset. Nevertheless, due to the mentioned selection, each object

in the database will be covered by exactly one pivot and hence the memory is O(n), i.e., it is

equivalent to a single pivot in a pivot table. The structure storing P and {d(u,piv(u))} for each u

in the database is called a pivot group (PG). It is not hard to see that the discarding power of EP can

be improved using several independent pivot groups. This will make the points to have more than

one pivot. There does exist a simple implementation of EP using tables (EPT). Each pivot group

corresponds to an EPT’s row. We will describe it in detail in Section 2.3, but now let us continue

the description of the motivating ideas focusing in EPT using a single PG.

Figure 2.1 illustrates the central idea of EPT and its differences with other pivot tables. In

a PG, each item u in the database is associated to a single pivot piv(u), and d(u,piv(u)) is far from

the mean µ of the histogram of piv(u). Only m pivots are stored in a single pivot group needing

O(n) memory. Just to fix ideas, consider the query (q, r). The average d(q, p) will be close to µ and

all d(u, p) will be far from µ (Figure 2.1(a)). The intersection of the query ball and the populated

ranges in each pivot will be small.

In contrast, other pivot tables (no matter the pivot selection technique) will have a full

view of the dataset per pivot. Since the queries will follow the same distribution, then d(q, p) will

be close to the mean for most pivots (Figure 2.1(b)). A pivot table needs to contain a pivot with a
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(a) The case of EPT. From the perspective of the pivot
p, the closed ranges 0 to µ−α and µ+α to∞ are pop-
ulated with items from the datasets, the interior range
is empty.

(b) The behavior of other pivot tables, no matter the
pivot selection strategy. Each pivot sees the entire
dataset.

Figure 2.1: Solving (q, r) with EPT and other pivot tables.
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low populated range (i.e., far from the mean), for each possible query. However, the latter implies a

large pivot set, and the pivot table will need O(kn) memory, for k pivots. Moreover, a large pivot

set will also contribute to the search cost since the cost of the intersection of the ranges will be

proportional to k in the worst case.

A formal definition of the above intuition follows. Recall S is the database. A Pivot

Group (PG) P is a subset of S, its elements are called pivots. Every p ∈ P has a setA(p) ⊂ S called

the associates of p with the following properties:

• Every x ∈ A(p) is such that |µp− d(p, x)| is maximum for all the pivots in P where µp is the

expected value of d(u, p) for all u ∈ S. Ties are broken arbitrarily.

• ∪p∈PA(p) = S.

• A(pi) ∩A(pj) = ∅ for i 6= j.

Note that the associate sets define a partition of the database S which induces an equiv-

alence relation. If we have a small number of pivots, we will have equivalence classes with many

pivots and many pivots will produce small equivalence classes.

For x in S, let piv(x) be the pivot p such that x ∈ A(p). From the definition of a PG,

|µp − d(p, x)| where p = piv(x) is likely to be large as it is the biggest value for all the pivots, then

the points in A(p) will be either close or far from p.

2.2.2 Bounding Parameters in PG

The internal cost of the search will be the number of pivots in a PG. We can set the number

of pivots and every one will chose the best points. With this, each pivot will have a certain number

of points as associates. If the pivots are uniformly distributed, we can expect that everyone will have

the same number of points as associates, this will give a probability a of a point to be associated to

a given pivot. Since the points in A(p) are either close or far from p, we can suppose that for every

u ∈ A(p) we have |d(p, u)− µp| > α for every pivot p.

It is presented a relation among a and α in the next theorem. Notice how a is closely

related to the expected query set. Let Pr(x) be the probability of occurring x.
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Theorem 2.2.1 Let Y be the random variable describing the distance between a pivot p and an

indexed item u associated to p, i.e., Y (u) ∼ d(p, u), then a = Pr(u ∈ A(p)) <
σ2
Y
α2

Proof 2.2.1 [Sketch] Using the Chebyshev’s inequality,1 Pr(|Y − µY | > α) is upper bounded by
σ2
Y
α2 . Since a = Pr(u ∈ A(p)) < Pr(|Y − µY | > α) (see Figure 2.1(a)). The proof follows then.

This theorem shows that for a given Y (fixed dataset and query), we can adjust a to

obtain the necessary α such that indexed items escape from the zone around the mean from their

associate pivot’s point of view. However, highly concentrated distributions will produce small a

values (large α, see Figure 2.1(a)), then it will need a lot of pivots. Notice that this high number of

pivots will not produce memory problems in EP, yet it will increase the index’s search cost. Based

on Theorem 2.2.1, the number of necessary pivots is bounded by below as:

m >
α2

σ2
Y

, since m = 1/a. (2.1)

Note that m could be independent of n, yet dependent of the data and query set distribu-

tion. This bound of m is highly informative, yet it does not provide a proper method to upper bound

m. In the next section, we introduce formally the EP Table (EPT), a practical implementation of EP.

The construction of EPT is based not in determine the necessary m directly, yet it tries to optimize

online the expected search cost as a function of m (detailed below). This is just a practical shift of

the discussion given above.

2.3 Extreme Pivot Table

Pivot groups can be used to construct independent indexes, the final set of candidates

will be the intersection of all the independent outputs. Each pivot in a group can only be used

to discard its associates. For simplicity, the index will be thought as a table, although sublinear

implementations for pivots are available. An Extreme Pivot Table (EPT) will be a collection of `

pivot groups. Note that each point will be in ` associate sets, this corresponds to each point having `

pivots. So,m pivots meansm pivots per PG, and ` pivots, will mean pivots per point of the database.

1For a random variable Z with mean µZ and variance σ2
Z , Pr(|Z − µZ | > ε) < σ2

Z/ε
2



2.3. Extreme Pivot Table 17

2.3.1 Data Structure and Search Algorithm

An EPT is composed of ` pivot groups. Each pivot group is a list of tuples (piv(u), d(u,piv(u))).

More precisely, we have the following matrix:

T =


(P1,1, D1,1) . . . (P1,n, D1,n)

...

(P`,1, D`,1) . . . (P`,n, D`,n)


where Pi,j stores pivi(uj) and Di,j stores d(uj ,pivi(uj)). Since each pivot group (row) is indepen-

dent piv should be parametrized with the PG identifier to properly distinguish among the available

pivot groups.

The other typical pivot tables store T just using D. So, EPT will use log(m) + 1 extra

bits per item which is non-significant for most applications, as the number of pivots m is fixed for a

fixed data and query set (Expression 2.1). Notice that m can be fixed as the maximum m among all

the pivot groups without significant memory waste.

Once T is constructed, a query (q, r) is solved using Algorithm 1. Every point in the

database is tested if one of its ` pivots can discard it using the pivot rule, if it is not discarded, a

direct comparison with the query is done to see if it is part of the result. A k-nn query is solved in

a similar way, yet using min-priority queues of maximum size k. This means that the furthest item

will be discarded whenever a closer object is found. To solve k-nn queries, Algorithm 1 replaces r

by the currently known covering radius cov of the result set. Formally, cov(R) is evaluated to the

furthest distant in R if |R| ≥ k and∞ otherwise. To make this algorithm’s transformation clearer,

the pair (distance and object) will be append to the result set (line 14).

2.3.2 Probability of Discarding

Given a query (q, r), the probability that an element u is not discarded by ` pivots is

Pr(|d(q, p1)− d(u, p1)| ≤ r, . . . , |d(q, p`)− d(u, p`)| ≤ r).

To simplify the analysis, it will be assumed that all the objects are described by inde-
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Algorithm 1 The search algorithm for the EP Table
Input: A query (q, r), the EP Table T of size `× n, the dataset S
Output: The result set R

1: Let R be an empty set
2: Let H : S → R be a hash-map caching pivot distances to q, i.e., H(p) = d(p, q). For the sake of

simplicity, if H(p) is not cached, then it is computed and stored in H(p).
3: for u ∈ S do
4: Let review be true.
5: for i = 1 to ` do
6: if |H(pivi(u))− d(u,pivi(u))| > r then
7: Set review to false.
8: break for
9: end if

10: end for
11: if review then
12: Let d∗ = d(u, q)
13: if d∗ ≤ r then
14: R← R ∪ {(d∗, u)}
15: end if
16: end if
17: end for

pendent identical distributed random variables (i.i.d.r.v). Therefore, the previous expression can be

rewritten as follows

Pr(|d(q, p)− d(u, p)| ≤ r)`.

In order to predict the above probability, the distribution of distances from the pivots to

all the database elements will be used. First, the probability that a pivot would discard one of its

associates will be studied.

For pivot p, let X be the random variable such that X(u) ∼ d(p, u) if u ∈ A(p) and

X(u) ∼ 0 otherwise, that is because p only has information for A(p). Similarly, let Y be the

random variable such that Y (q) ∼ d(p, q). The variable Y will represent the distribution of q. Let

assume, X and Y have a normal distribution with mean µ, E[X] = E[Y ] = µ. The domain will be

divided on intervals of length r. Let Ii be the interval [ir, (i + 1)r) for i ∈ N. It is convenient to

express the mean in terms of the searching radius. It is safe to assume µ > r, because otherwise the

query is not selective at all and the entire database would be the answer to the query. Let µ = rc

with c > 0.
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Pr(|d(q, p)− d(u, p)| > r) = Pr(u is discarded) =

K∑
i=0

Pr(u is discarded|q ∈ Ii)Pr(q ∈ Ii)

+Pr(u is discarded|q ∈ [(K + 1)r,∞)Pr (q ∈ [(K + 1)r,∞)) for every K ∈ N.

Remember that the distance from any u in A(p) to µ is bigger than α, it will also be

assumed that µ− α = br for some b.

Pr(u is discarded) = 2
c−1∑
i=0

Pr(u is discarded|q ∈ Ii)Pr(q ∈ Ii)

= 2
b∑
i=0

Pr(u is discarded|q ∈ Ii)Pr(q ∈ Ii)+

2

c−1∑
i=b+1

Pr(u is discarded|q ∈ Ii)Pr(q ∈ Ii).

Note that Pr(u is discarded|q ∈ Ii) = 1 when q is in [b(r + 1), µ], so

Pr(u is discarded) ≥ 2

(
1

2
+

∫ µ−α−3r

0
fX(x)dx

)∫ µ−α+r

0
fY (x)dx

+2

∫ µ

µ−α+r
fY (x)dx

Let us see an example of applying the last inequality. In this assumption Y distributes

normally, so the values of the above integrals can be found on the literature. Let σ2
Y be its variance,

and α = σ + r. Then

Pr(u is discarded) ≥ 2

(
1

2
+

∫ µ−σY −4r

0
fX(x)dx

)
(.16) + 2(.34)

≥ 2

(
1

2

)
(0.16) + 2(0.34) = 0.84

With the last parameters we have a probability of discarding bigger than 0.84.2

2The precise values 0.16 and 0.34 can be numerically computed or retrieved in traditional pre-computed tables for the
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An insightful analysis. Perhaps a less precise yet richer analysis can be obtained using proba-

bilistic analysis. In this terms, the discarding problem can be stated as

Pr(|d(p, u)− d(p, q)| > r) = Pr(|X − Y | > r)

then, using the Chebyshev’s inequality,

Pr(|X − Y | > r) < (σ2
X + σ2

Y )/r2.

The probability that a given u would not be discarded by its covering pivot piv(u), is

1− Pr(|X − Y | > r) ≥ 1− (σ2
X + σ2

Y )/r2.

This expression directly relates the distribution of the dataset, the pivots as are seen by its

associated pivots, and the query set. Recall that we can always adjust σ2
X increasing or decreasing

α. To the best of our knowledge, EP is the first index having this capacity of adaptation to the

intrinsic dimensionality.

2.3.3 Search Cost

The ultimate measure for efficiency will be the search cost. In a first approach the model

of complexity where only the number of distance computations are counted will be used.

Let s be the probability that an element u is not discarded. Then the algorithm computes

the following distances.

cost = m`+ ns` (2.2)

for a database of size n, where m is the number of pivots in the PG and ` the number of groups.

Notice that the number of groups corresponds with the number of extreme pivots saw per item, so,

at this point it is correct to say that each item is associated with ` pivots. Sincem is fixed for a given

normal distribution.
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dataset (Expression 2.1), the focus will be on determining `. We have

∂cost
∂`

= m+ ns` ln(s)

then

m+ ns` ln(s) = 0

`? =
lnm/n− ln ln (1/s)

ln (s)
. (2.3)

Using this optimal ` we can compute the minimum cost

cost? = m`? + ns`
?

=
m ln(mn )−m ln ln 1/s

ln s
+ ns

ln m
n −ln ln 1/s

ln s

=
m ln(mn )−m ln ln 1/s

ln s
+ n

(
−m
n ln s

)

=
m ln(mn )−m ln ln 1/s−m

ln s

cost? =
m
(
ln n

m + ln ln (1/s) + 1
)

ln (1/s)
(2.4)

= m log1/s

n

m
+ o(m ln (1/s)). (2.5)

This expression is related to the cost obtained by Chavez et al. [Chavez01] for randomly

selected pivots; i.e.,

cost ≥ (lnn+ ln ln (1/t))/ ln (1/t), (2.6)
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with t = 1− 2σ2
Y /r

2. This expression gets an optimal number of pivots,

k? =
lnn+ ln ln(1/t)

ln(1/t)
(2.7)

= log1/t n+ o(ln(1/t)). (2.8)

The equations seem similar, however the main difference is that the search cost of random

pivots (proposed in Chavez et al [Chavez01]) depends on the database and the query radius, and

hence the only way to improve the search cost is by increasing the number of pivots. On the other

hand, the cost of extreme pivots also depends of σX , adjusted through α, a parameter that helps us

to adapt to the database and to a set of queries of interest. Remember that σ2
X = E[(d(u, p)−µp)2],

and by construction |d(u, p) − µp| ≥ α, thus σ2
X ≥ α2. Therefore we have the chance to make

adjustments to get better results on average, by knowing how the database is distributed. Also, in

our cost equation, we can set the ` and m parameters (m depends on α) at construction time, ` can

control the memory needed by the index. A larger m will increase the probability of discarding a

given element, without increasing the index size.

2.3.4 Construction Algorithms

Now, it will be shown two algorithms to create EPT indexes. The first algorithm corre-

sponds to a first approximation appeared in [Ruiz13]. It is convenient and correct, but it uses a

parameter β = 0.8 to control some practical issues with the estimation of the needed statistics. The

second one (Algorithm 3) is part of the contribution of this new version and replaces β in favor of a

more intuitive and self-explained parameter.

We can optimize the parameters m and ` using the model and the analysis described

above. The optimal α is achieved maximizing the probability of discarding an object u, which is

approximated by 1 − (σ2
X + σ2

Y )/r2. For high intrinsic dimensional datasets α will be large, and

it will not be useful (because it will produce a very large m). In this case, a suboptimal α can be

used and the overall performance could be improved increasing the number of pivot groups, i.e.,

increasing `. The same strategy is useful when the computation of the distance function is too

expensive.

The total amount of memory used can be set by fixing `. Once fixed, we can approximate
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the optimal m numerically. For this purpose Equation 2.2 will be used as detailed in Algorithm 2.

Here, the idea is to increment m by one at each step, and stop whenever the derivative of Expres-

sion 2.2 becomes zero or positive. This procedure will create a single group, so it must be called `

times.

Algorithm 2 Numerically optimized construction of the EP-Table. β controls the variance.
Input: The input database S = {u1, u2, · · · , un}, and the number of groups `.
Output: The set of pivots P , and the array g of n tuples (piv(u), d(u,piv(u))) ∀u ∈
S.

1: Estimate σ2
Y and r2.

2: Select a random pivot p1, P ← P ∪ {p1}
3: Initialize g[1, n] = (p1, d(u1, p1)), (p1, d(u2, p1)), · · · , (p1, d(un, p1))
4: Define β = 0.8
5: Let m← 1
6: Let prev = m`+ n(1− β(σ2

X + σ2
Y )/r2)`

7: while True do
8: m← m+ 1
9: Select pm randomly from S, P ← P ∪ {pm}

10: for j = 1 to n do
11: g[j]← (pm, d(uj , pm)) if |d(uj , pm)− µ| > |d(uj ,piv(uj))− µ|
12: end for
13: Update σ2

X with the current tuples in g
14: cost← m`+ n

(
1− β(σ2

X + σ2
Y )/r2

)`
.

15: if cost ≥ prev then
16: stop loop
17: end if
18: prev ← cost
19: end while

It is important to notice that this procedure depends on the estimated values σ2
Y and r2.

Also, for real world databases the i.i.d.r.v. assumption can be far from true. In a preliminary version

of this index [Ruiz13] a constant β ≤ 1 was introduced to compute the discarding probability in

lines 6 and 14. The precise value of β depends on how much both the database and the query set

differ from the i.i.d.r.v. assumption. In the experiments, the value β = 0.8 works for most setups.

Now, a new construction algorithm, not based on β is introduced where a more explicit

manipulation of the data variance is used. Algorithm 3 shows the new construction algorithm. The

central idea is to consider the cost function as a noisy signal that should be smoothed. This is done

taking the average of the cost after a number of pivot insertions (line 19). New pivots are added

until the average cost starts to being worst. Any value window > 1 will produce a smoother signal

(line 1), but values from 4 to 32 works well for all our datasets. Notice that this strategy can add
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window × ` unnecessary pivots, which can be a problem if window × ` is large (thousands); this

effect will not appear when window is small.

Algorithm 3 Numerically optimized construction of the EP-Table using signal processing ideas to
handle the variance of the data. Without loss of generality, the algorithm assumes that database
length is a multiple of window.
Input: The input database S = {u1, u2, · · · , un}, and the number of groups `.
Output: The set of pivots P , and the array g of n tuples (piv(u), d(u,piv(u))) ∀u ∈
S.

1: Define window = 16.
2: Estimate σ2

Y and r2

3: Let prev ← n, and m← 0
4: while True do
5: cost← 0
6: for 1 to window do
7: m← m+ 1
8: Select pm randomly from S, P ← P ∪ {pm}
9: if m = 1 then

10: g[1, n]← (p1, d(u1, p1)), (p1, d(u2, p1)), · · · , (p1, d(un, p1))
11: else
12: for j = 1 to n do
13: g[j] = (pm, d(uj , pm)) if |d(uj , pm)− µ| > |d(uj ,piv(uj))− µ|
14: end for
15: end if
16: Update σ2

X with the current tuples in g
17: cost← cost+m`+ n

(
1− (σ2

X + σ2
Y )/r2

)`
18: end for
19: if cost/window − prev ≥ 0 then
20: stop loop
21: end if
22: prev ← cost/window
23: end while

2.4 Experiments

The definitive test for an indexing algorithm is the comparison against state of the art

indexes in a common testbed. This comparison is necessary because most indexes are not analysed

in the standard sense of algorithms. This in turn is because of the curse of dimensionality and

the relative weakness of the distance properties. This also happens in other algorithmic areas like

compression. Now, it is presented an exhaustive empirical analysis in a standard testbed used in the

literature. The datasets used were both real world and artificial, as described below.
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— Nasa. This database is a collection of 40,150 vectors of 20 coordinates obtained from the SISAP

project (http://www.sisap.org). It uses L2 as distance function. A single search is

completed on 0.014 seconds.

— Colors. The second benchmark is a set of 112,682 color histograms (112-dimensional vectors)

from SISAP, under the L2 distance. Each query needs 0.165 seconds to be solved.

— Gutenberg. A dictionary of 2,178,587 words extracted from the Gutenberg project (www.

gutenberg.org). Several languages were considered and mixed. The Levenshtein’s dis-

tance was used to measure proximity between objects. An exhaustive verification of all items

in the dictionary needs 16.245 seconds to solve a single query.

— CoPhIR-1M. A one million subset of the Cophir dataset [Bolettieri09]. Each object is a 208-

dimensional vector, using L1 as distance. Each query needs 2.052 seconds to be completed.

— RVEC. In order to know the effect of the intrinsic dimension in the indexes random vectors

databases were generated in the unitary cube, in five dimensions: 4, 8, 12, 16 and 20, each

one with one million unique items. Also, in order to study the effect of the database’s length,

five datasets were created, of dimension sixteen, containing 105, 3×105, 106, 3×106, and 107

items, respectively. Each database is dubbed as RVEC-{4, 8, 12, 16, 20} for the one million

case, and RVEC-16-SIZE, for the variable length dataset. The L2 distance was used with the

RVEC dataset; however, the cost of each distance computation was artificially increased by

computing δ times each distance, with δ the dimension of the vectors. The general idea is

to simulate a costly distance, as found in real datasets. This test is common in indexing

because real-world data tend to be clustered and the intrinsic dimension is way smaller than

the representational dimension.

The distance function was used as a black box, without using the coordinate information.

This is also standard in benchmarking metric indexes.

Notice that this study is placed in a general metric space model, that is, every search

method uses the distance as a black box, in other words, the methods cannot take advantage of the

underlying structure of the objects. This restriction allows supporting any metric distance function,
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and enables the creation of generic search methods without taking care a particular application

domain.

Each plot represents average values over 256 nearest neighbor queries. Query objects

were not indexed. In the Gutenberg case, each query was created modifying an indexed word in

a single position, ensuring that the final object is not part of the original dataset. Several canonical

and state of the art metric indexes were used as baseline for the comparison.

1. The Sequential or exhaustive scan to bound the searching time when the dimension is large.

2. The LAESA, the standard pivot table.

3. The List of Clusters (LC) [Chávez05b], which until now it holds the best performance (us-

ing the right setup) at equality of memory. The LC cannot improve its performance adding

memory resources.

4. The fourth baseline is a randomized SAT [Chávez14a], which is a recent improvement over

the classical SAT [Navarro02a]. The SAT is a parameterless metric index.

5. A fifth baseline is the incremental selection of pivots by [Bustos03] (dubbed as BNC-Inc).

6. The Spatial Selection of Sparse Pivots (SSS) of [Pedreira07].

7. Finally, the K Vantage Pivots (KVP) by [Celik08].

It will be shown that EPT can be faster than LAESA with 64 pivots, using a small frac-

tion of the memory. If allowing the same index size, EPT is several times faster. For LC, which

uses a fixed amount of memory, the performance is governed by the bucket size (which in turn in-

crease the construction time). The best bucket size for each dataset was used, selected from sizes

16, 32, 64, 128, 256, 512, 1024, and 2048.

The two versions of the EPT construction algorithm were tested, those described in Algo-

rithm 2 and 3. The figures labeled these indexes as EPT and EPT*, respectively. However, both will

be referred as EPT whenever the context allows, this will be the Extreme Pivot Table data structure.

As described in the preliminary work [Ruiz13], EPT fixes β = 0.8 to ease the negative effects of

the variance of the data. On the other hand, EPT* fixes window to be 16, which works fine and will
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produce a small effects when overfitting. The construction algorithms need to estimate the query

set statistics. Remember the assumption that queries have the same distribution of the objects.

The algorithms were implemented in C# with the Mono framework3. Algorithms and

indexes are available as open source software in the natix library4. All experiments were executed

in a 4x quadcore Intel Xeon 2.40 GHz workstation with 32GiB of RAM, running Linux / CentOS

5.5 without exploiting the multicore architecture for search experiments.

2.4.1 Performance of the EPT per Database

The Nasa database is the smallest and all the methods have a good performance on it.

Figure 2.2(a) shows that all the methods have a similar performance in the number of distances

computed. Figure 2.2(b) presents how much faster are the methods compared to sequential search.

Not all the indexes profit from using more memory because the internal mechanism to navigate the

index have complexity comparable to sequential scan. This phenomenon is seen in all the databases

tested.

In Figure 2.3(a) we see that in the Colors database the EPT is the best choice when we

have fixed memory. Figure 2.3(b) clearly shows the EPT dominance in this database. It is important

to notice that the usual way to compare methods is to count the number of distances needed to solve

the queries to make the analysis independent of the metric, a finer analysis need to include total

search time for real applications.

3http://www.mono-project.org
4http://github.com/sadit/natix/
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Figure 2.2: Performance comparison of state of the art exact metric indexes for nearest neigh-
bor search on the Nasa database. The memory of the index is proportional to the number of
groups or pivots of the index. EPT* and EPT use 1, 2, 4, 8, 16, and 32 groups; BNC-Inc uses
1, 2, 4, 8, 16, 32, 64 and 128 pivots. SSS uses ε = 0.3, 0.4, and 0.5 (the precise number of pivots
depends of ε and the properties of the database). Eight bytes were used for floating point numbers.
SAT and LC have the smallest memory usage. It is worth noticing that in the plots LC use the best
setup selected among n/m = 1024, 512, 256, 128, and 64.
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Figure 2.3: Performance comparison of state of the art exact metric indexes for nearest neigh-
bor search on the Colors database. The memory of the index is proportional to the number of
groups or pivots of the index. EPT* and EPT use 1, 2, 4, 8, 16, and 32 groups; BNC-Inc uses
1, 2, 4, 8, 16, 32, 64 and 128 pivots. SSS uses ε = 0.3, 0.4, and 0.5 (the precise number of pivots
depends of ε and the properties of the database). Eight bytes were used for floating point numbers.
SAT and LC have the smallest memory usage. In the plots the LC use the best setup selected among
n/m = 1024, 512, 256, 128, and 64.
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The Gutenberg database experiments took more time than the others. The results are

shown on Figures 2.4(a) and 2.4(b) and it is clear that the EPT and EPT* are set apart, and are clear

winners. The only possible exception is the LC. If we compare all the figures, we will see that the

LC needs small space and has a good performance as compared with memory-limited configurations

of the other methods. We will see that, when compared in memory-free configurations the LC is

easily surpassed.

Figure 2.5(a) shows that on memory-limited configurations the best performance is with

the EPT on Cophir. This is also true for speedup, as shown in Figure 2.5(b). One observation is that

memory-limited Indexes can be used in the mobile devices. The smartphones and tablets processors

are powerful enough to run these indexes and, since their memory is limited, the EPT is the best

option for them. On the other hand, high end workstations and servers can use larger databases,

without using secondary memory.

The above experiments encompass all the real world databases available for benchmark.

In all of them the EPT had a better performance than the other methods in memory-limited config-

urations.

The results of the experiments with the random database of dimension 16 is on Figure 2.6.

This dataset was considered because this dimension marks the limit where exact indexes can work.

For higher dimensions the Curse of Dimensionality prevents satisfying a query without making a

sequential scan. This is well documented in the literature [Chavez01]. In this dataset the dominance

of the EPT over the other methods is more clear. Also notice that EPT* is better than EPT. This is

important because the window parameter has a simpler definition than the EPT’s β.
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Figure 2.4: Performance’s comparison using the Gutenberg database. All figures are compared
using the memory as the basis. Each point in every curve correspond to an index setup using
more memory (from left to right.)EPT* and EPT use 1, 2, 4, 8, 16, and 32 groups; BNC-Inc uses
1, 2, 4, 8, 16, 32, 64 and 128 pivots. SSS uses ε = 0.3, 0.4, and 0.5 (the precise number of pivots
depends of ε and the properties of the database). Eight bytes were used for floating point numbers.
SAT and LC have the smallest memory usage. In the plots the LC use the best setup selected among
n/m = 1024, 512, 256, 128, and 64.
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Figure 2.5: Performance’s comparison using the CoPhIR-1M database. All figures are compared
using the memory as the basis. Each point in every curve correspond to an index setup using
more memory (from left to right.)EPT* and EPT use 1, 2, 4, 8, 16, and 32 groups; BNC-Inc uses
1, 2, 4, 8, 16, 32, 64 and 128 pivots. SSS uses ε = 0.3, 0.4, and 0.5 (the precise number of pivots
depends of ε and the properties of the database). Eight bytes were used for floating point numbers.
SAT and LC have the smallest memory usage. In the plots the LC use the best setup selected among
n/m = 1024, 512, 256, 128, and 64.
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Figure 2.6: Performance comparison of state of the art exact metric indexes for nearest neighbor
search on the RVEC-16-1M database. The memory of the index is proportional to the number
of groups or pivots of the index. EPT* and EPT use 1, 2, 4, 8, 16, and 32 groups; BNC-Inc uses
1, 2, 4, 8, 16, 32, 64 and 128 pivots. SSS uses ε = 0.3, 0.4, and 0.5 (the precise number of pivots
depends of ε and the properties of the database). Eight bytes were used for floating point numbers.
SAT and LC have the smallest memory usage. In the plots the LC use the best setup selected among
n/m = 1024, 512, 256, 128, and 64.
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2.4.2 The Effect of the Dimension on the Search Performance

This subsection compares the performance of the methods when the dimension of the

space increases, leaving the size of the dataset fixed. Four memory usage categories were arranged;

the first with at most 3 integers per element; the second using between 3 and 10 integers; the next

category uses at most 30 integers per item and finally, setting the limit to 100 integers per element in

the database. In Figure 2.7(a) we have all the memory-limited setup, up to tree integers per element

in the database. As it is natural, all the methods need to compute more distances as the dimension

of the space increases. The optimal setup for LC is the best for high dimensions and together with

the EPT, are the only choices to consider for those cases. The proposal is faster than LC when using

more memory, Figure 2.7(b) shows. One important aspect of EPT is that it is easy to configure, and

have small construction time while the LC needs an expensive and manual optimization and have

a quadratic construction time. Moreover, after reaching the optimum, the LC cannot be improved

further by using more memory, while the proposal can use as much memory as it fits in the system’s

RAM. In Figures 2.8(a) and 2.8(b) it is apparent that EPT has the best performance. Since EPT and

EPT* have very similar performance we can choose EPT*.

2.4.3 When the Size of the Database Changes

Now the performance when the size of the database changes is studied. The random

database of dimension 16 was used for these experiments. The sizes are 105, 3× 105, 106, 3× 106,

and 107 vectors. The LC only appears in the first four benchmarks because with 107 elements it took

too much time to build. However, we can see that the tendency is clear. In Figure 2.11 each point

of the curves correspond, from left to right, to an increasing size of the database. Figure 2.11(a)

shows that for a memory-limited setups, the LC is the best but it is surpassed easily by the EPT and

EPT* when more memory is used. Note that here the KVP has a similar performance but uses more

memory. Next, in Figure 2.11(b) we have the number of distances computed based on the sequential

search. Here we see that as the size of the database increases, the percentage of computed distances

decreases. Finally, Figure 2.11(c) shows that for big databases, the best choice are the EPT indexes.

EPT produces faster indexes than the other methods while using the same amount of memory. When

the space is limited, the EPT is beaten just by the optimum LC, but remember that it is simpler to
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Figure 2.7: Number of distance evaluations (normalized) necessaries to solve nearest neighbor
searches per dimension. Each figure shows the best indexes on ranges of restricted memory (32
bit integers were used to provide a natural reference). Lower values are better.

configure and less expensive to construct.

2.5 Summary and Future Work

This chapter describes a novelty metric search technique called Extreme Pivots (EP). EP

describes a way to create efficient metric indexes, mainly based on the study of how to relate objects
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Figure 2.8: Number of distance evaluations (normalized) necessaries to solve nearest neighbor
searches per dimension. Each figure shows the best indexes on ranges of restricted memory (32
bit integers were used to provide a natural reference). Lower values are better.

in a dataset with routing objects (pivots). Until now, the research has been devoted to find a set of

pivots that best discards items in a dataset for a given query. EP shifts the view of the problem to

select the best items for a given pivot. This simple change of perspective allow us to produce small

and fast metric indexes. In particular, the implementation was fixed to a table-based index called EP

Table (EPT).

Two algorithms to construct EPT indexes were introduced, both of them only need to
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Figure 2.9: Speedup of the nearest neighbor search as compared with the exhaustive scan, the
performance is presented per dimension. Each figure shows the best indexes on ranges of restricted
memory (32 bit integers were used to provide a natural reference). Higher values are better.

know how much memory should be used in the index structure, the distribution of the objects and

queries. The rest of the parameters are adjusted based on this information. Notice that both distri-

butions are estimated from the given dataset.

An EP index is composed of a fixed number of instances (pivot groups). Also, each pivot

group uses a small constant of machine words per database element (two or three depending on

the width of floating point values). The experiments have shown that this implementation based on
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Figure 2.10: Speedup of the nearest neighbor search as compared with the exhaustive scan, the
performance is presented per dimension. Each figure shows the best indexes on ranges of restricted
memory (32 bit integers were used to provide a natural reference). Higher values are better.

tables surpasses the performance of both pivot tables and compact partitioning indexes, in almost

any memory setup.

Nevertheless, EP is not a cure-all remedy for metric indexing. In the one hand, the curse

of dimensionality is not avoided, it is only deferred. More detailed, as the dimension increases

the index EP needs larger α values. This degrades EP to a sequential search in the limit. On the

second hand, even in the practical range of dimension, EP is highly dependent on the quality of
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the estimations of σ2
X , σ2

Y and r. So, if the query set does not have a good estimation then the

performance will be poor. However, the assumption that the query distribution can be estimated

using the database seems reasonable for a broad range of practical applications.
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Figure 2.11: Performance on RVEC of 16 dimensions and increasing n, i.e., 105, 3× 105, 106, 3×
106, and 107. EPT and EPT* use 1 and 16 groups, SSS ε = 0.4 with a maximum of 32 pivots,
BNC-Inc 32 pivots. LC uses the optimal setup for dimension 16. Each point in a curve corresponds
to a value of n in increasing order from left to right.



Chapter 3

Singleton Indexes for Nearest Neighbor

Search

The construction algorithm of the EPT can find the right number of pivots in each pivot

group based on the distribution of the data, but the theory behind this assumes an independence

of the distribution of the data, pivots, and queries which some times is asking too much. So, this

chapter presents a meta-heuristic to make the construction of (sub)optimal indexes an automated

process that is more robust to the distribution of the data. Again, the available memory is a parameter

to control its size.

Remember that there is not a universal complexity model to measure the efficiency of an

index. We can compare the number of distance computations needed to solve a search between

indexes or we can rank them based on the time they need to find the result elements. The model of

using the number of distances has some hidden costs, for example, a sequential scan over the data

to filter. Clear examples are the AESA algorithm [Vidal Ruiz86] for exact proximity searching, and

the Permutation-Based index [Chavez08] in approximate proximity search. They compute a small

number of distances but a sequential scan over the elements is needed in order to know if they can

be discarded. Then, the combination of a relatively cheap distance function and high internal cost

can lead to a fast index when counting the distance computations, which will be slow in practice.

It is hard to draw a line between exact indexes and those which only accept an approximate

solution due to its high intrinsic dimensionality. One of the sources of this ambiguity is the large

41
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number of potential solutions using indexes with claimed low complexity. If a practitioner looks for

a solution, the efficiency claims of many papers could be misleading. Those factors will be analysed

from this practical perspective.

An additional source of unfairness in the comparison of indexes is the space and the

preprocessing time overhead for index construction and maintenance. Some indexes are claimed to

be competitive, but the construction cost and/or the space overhead are prohibitive.

The goal now is to produce an index that will be competitive in practice. The requirements

will be a cost function, a memory bound and a sample of the query set; then, the output would be the

optimized index. In this sense, this approach can be considered as a meta-heuristic for optimal index

construction. However, instead of adapting existing indexes to be of use with this technique a family

of indexes fitting the new construction scheme was designed. The results are indexes outperforming

the state of the art in most of the datasets.

Remember that a metric space is a tuple (U, d) where U is a domain, and d : U ×U → R

is a distance function. Also, the database (or dataset) is a finite subset S ⊆ U with n = |S| the

number of elements of S.

It is accepted in the literature that the distance axioms are too weak to develop a complete

complexity model for metric indexing. The total query time depends on an array of factors that

makes parameter tuning difficult and cumbersome. In the absence of a complexity model covering

all the relevant aspects, users of this technology have to consider several aspects to make a selection:

i) the intrinsic dimensionality and the size of the dataset, ii) the query distribution and search radius,

iii) the cost of the distance function, and iv) the underlying computer architecture.

Those factors should be accounted for in a complexity model. The practitioner’s ultimate

request is to have a smaller (amortized) time for solving a large batch of m queries, as compared to

m sequential scans of the database.

3.1 Auto-tuned Nearest Neighbor Index (ANNI)

An index being able to optimize its parameters to best fit a given query sample, a dataset,

and a fixed search cost function will be called an auto-tuned index.

Suppose we have an index with following operations:
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• It accepts incremental improvements.

• After each improvement, it can solve queries.

• The search cost of queries can always be measured.

Under these operations, the construction of an index is an optimization problem. The

goal would be to have an optimal index for a large set of unknown queries, having just a sample of

the query set. Due to the high cost of construction, backtracking in the index construction will be

avoided, and design an incremental process adding more routing objects at each step. In addition,

a strong assumption is made: the total search cost is a function essentially unimodal and convex.

Each step in the optimization will take O(n) distance operations.

A generic sketch of the auto-tuned index construction is as follows: start with the database,

a set of queries, and an empty index. One step consists of δ improvements to the index. From the

empty index, improve it δ times, measure the total search cost of the query sample, and repeat until

the cost increases.

The above heuristic is suboptimal, because even with the assumed convexity and uni-

modality, it did not stop at the optimum; which lies between the second-to-last and the last step. In

practice, adhering to this suboptimal procedure has a small impact on the total query time. It is worth

noticing, however, that backtracking could be done in principle using persistent data structures as

described in [Kaplan95].

Notice that the full process depends on the query set. If we have precise knowledge of

the query distribution, we will end up with a finely tuned index. From a practitioner’s point of

view, having a query sample should not be a problem. As a last resort, one can use a sample of the

database instead. In the experimental section this last approach was used. The search cost could be

the total search time, the number of distances, or a combination of both.

The construction of the index will be discussed in detail later. For now, let us consider the

effect of the step size (the number of improvements δ) on the search cost.

3.1.1 Measuring the Search Cost

This method will be optimal on convex cost functions, which have a form depicted in

Figure 1.3. Searching for a local minimum, will lead with finding the global minimum in this
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circumstances. In this case, the best choice we have is to set δ = 1.

When the cost function is the total search time, the shape will be a convex, unimodal

function plus noise. The noise comes from fluctuations of a multi-user OS, the occupancy of the

memory hierarchy, data locality and in general some unpredictable small variations. A greedy

approach will get stuck in false global minimum because of the noise. This behavior is the reason of

introducing the δ > 1 as a parameter. The local minima can be overcome by making δ improvements

at once. If δ is set to a relatively large value (e.g. 64), it can surpass the local minima and continue

in the search for a faster instance.

In this chapter, the goal is to provide a practical tool for practitioners.The cost will be

estimated online using the query set and the tools from the running system. The focus will be for

total search time.

3.1.2 Auto-tuning Nearest Neighbor Indexes

Definition 3.1.1 (ANNI Index) Given a database S[1, n] = u1, u2, . . . , un and a set of pivots P ⊂

S with size m; an Auto-tuning Nearest Neighbor Index (ANNI) is composed of two arrays: P [1, n]

and D[1, n]. Those arrays are dynamic, and their content vary during index construction and

tuning. P and D are defined as follow:

• P [i] = piv(ui), the pivot associated to ui. Some technicalities:

i) Objects and indexes will be used indistinctly to describe items, i.e., piv(u1) ∈ [1..n]

ii) Pivots have distinguished entries in P , i.e., P [i] = 0 ⇐⇒ ui ∈ P

• D[i] = d(ui,piv(ui)). Notice that D[i] = 0 when P [i] = 0.

• P and D define a Dirichlet domain, i.e.,

∀u ∈ S r P, d(u, piv(u)) = min
p∈P

d(u, p).

A range search can be done using ANNI as a pivot table, with one pivot for each database

element. Each element u of the database check if pivot piv(u) can discard it using the pivot rule, if
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it cannot, then the distance between the query and u must be computed and, u could be eventually

reported in the result. This is formalized in Algorithm 4.

Algorithm 4 Searching with an ANNI index.
Input: The database S[1, n] = u1, . . . , un, the ANNI index (P,D), see Definition 3.1.1, and the
query (q, r)
Output: The result set R satisfying the query

1: Let H(a) be a cache map storing the distance among q and a
2: Populate H with P
3: for i = 1 to n do
4: Define dpq = H(P [i]) {The distance between the covering pivot and query}
5: if D[i] = 0 then
6: if dpq ≤ r then
7: R← R ∪ {(dpq, S[i])}
8: end if
9: else if |dpq −D[i]| ≤ r then

10: Define di = d(q, S[i])
11: if diq ≤ r then
12: R← R ∪ {(diq, S[i])}
13: end if
14: end if
15: end for

Remember that the cost of an index is the sum of the internal and external cost. The

internal cost of ANNI is m and the external is nγ where γ is the discarding probability of the index.

The construction of ` ANNI indexes is done starting by adding δ pivots to an empty ANNI and

distribute the points in a Dirichlet domain. Then estimate γ by performing the set of queries and

taking their average cost. Finally, estimate the cost of ` ANNI’s using cost = m` + nγ`. Repeat

this until the current cost is worst than the previous one. This is shown in Algorithm 5.

Definition 3.1.2 (NANNI) A Node Auto-tuning Nearest Neighbor Index (NANNI) is an ANNI im-

plemented with clusters. Each database object has its associated cluster center or pivot. Given a

database S[1, n] = u1, u2, . . . , un and P = p1, p2, . . . , pm a NANNI index is composed by two

functions: items and cov:

• items(p) = {(u, d(u,piv(u)))|piv(u) = p}.

• cov(p) = max(u,du)∈items(p) {du}, this is called the covering radius of p.
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Algorithm 5 Construction of an ANNI Index
Input: The database S[1, n] = u1, . . . , un, a training query set Q, the number of sister indexes `,
the step’s length δ
Output: The new ANNI index (P [1, n], D[1, n])

1: Let prev cost← n+ 1 and curr cost← n
2: Let H(a, b) be a cache map for storing the distance among a and b, if pair (a, b) is undefined

then it computes d(a, b), also, it adds the new pair and distance to H .
3: Initialize P and D using a pivot randomly selected from S.
4: while prev cost > curr cost do
5: prev cost← curr cost
6: for i = 1 to δ do
7: Randomly select pivot id c from [1..n]
8: P [c] = 0, D[c] = 0 {Tag c as pivot}
9: for j = 1 to n do

10: if P [j] > 0 and H(S[c], S[P [j]]) ≤ 2D[j] then
11: Define dj = d(S[c], S[j])
12: if dj < D[j] then
13: D[j]← dj
14: P [j]← c
15: end if
16: end if
17: end for
18: end for
19: cost← average of the cost of searching all q ∈ Q, using Algorithm 4.
20: Let γ = (cost−m)/n
21: curr cost← m`+ nγ`

22: end while
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• As ANNI, NANNI also defines a Dirichlet domain.

• The search algorithm is similar to ANNI, however since it has clusters, it has the following

modifications:

i) The search algorithm is modified to prioritize closer pivots to the query q.

ii) For each pivot p, its region can be safely discarded when d(q, p) > cov(p) + r (ball

condition), see Figure 3.1.

iii) Also, the hyperplane condition could help to discard a region when d(q, p) > dnearest-p +

2r, where dnearest-p is the distance to the closer pivot to q, see Figure 3.2.

NANNI can be constructed processing a working ANNI (Algorithm 5), just fusing data

into clusters to efficiently get items and cov. Or iteratively, a construction algorithm randomly

promotes objects to pivots, then each new pivot will steal objects from other pivots to maintain a

valid Dirichlet domain until the cost of the queries gets worst (Algorithm 6). A NANNI where the

cost function is the time will be called TNANNI.

Algorithm 6 The construction of NANNI.
Input: The database S[1, n] = u1, . . . , un, the set of training queries Q, the length of the steps δ,
and the function cost f to minimize.
Output: The new NANNI (P, items, cov ).

1: Set prev cost← n+ 1 and curr cost← n.
2: Set P = {p1} for some random object p1.
3: Populate items(p1) with all the objects of S.
4: Compute cov(p1).
5: while curr cost ≤ prev cost do
6: prev cost← curr cost
7: Add δ items to P and arrange all the objects on items(P) to maintain a Dirichlet domain.

Also update all the cov’s.
8: Search for all the queries in Q and evaluate the cost function f .
9: Store the average cost of the queries in curr cost.

10: end while

Definition 3.1.3 (MANNI) A Multiple-ANNI (MANNI) M is defined as a collection of ` ANNI’s,

M = I1, . . . , I`. In particular, I1 is called the leader and is a NANNI index, the rest are plain

ANNI’s.
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p
d(p,q)

cov(p) q
r

Figure 3.1: If the covering ball of a node p does not intersect the query ball then all points of this
node can be discarded.

Figure 3.2: The d(q, p) > d(q, p′) + 2r criterion (where p′ is the closest node to q) says that if the
query is on the right side of the hyperbola, the points of p can be discarded.
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d(c, c’)

d(u, c)

c’uc

d(c, c’)/2

d(u, c’)

Figure 3.3: Stealing algorithm. Pivot c′ can steal u from c when u is located at the right side of the
hyperplane.

– Each one of the ` ANNI’s is constructed independently, using Algorithm 5 reporting ` instances.

The leader is then converted to a NANNI index.

– Algorithm 7 describes the searching procedure, coordinating both NANNI and ANNI indexes.

First, the NANNI tries to discard cells using the covering radius and the hyperplane condition,

then, the points in cells not discarded are analysed using the pivot rule, if a point still can not be

discarded, the ANNI’s use the pivot rule to try to discard it. If, after all this, the point could not

be discarded, it is compared with the query.

– Since MANNI is composed of several indexes, and those indexes have functions and internal

structures, when necessary it will be added a subscript to the names to clarify the target index.

For example, suppose we have indexesA andB, the notation changes to itemsA, covB , DA, PB ,

etc.

Definition 3.1.4 (DMANNI and TMANNI Indexes) DMANNI is a MANNI index designed to re-

duce the number of distance computations. As MANNI, it is composed of a collection of one NANNI

and some ANNI instances. A DMANNI works as follows:

– The search algorithm is the same as MANNI.

– The construction is described in Algorithm 8. Notice how pivots are promoted in all instances be-

fore measuring the search cost. This contrasts with the independent construction and estimation

policy of MANNI.
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Algorithm 7 Searching with a MANNI index.
Input: The database S[1, n] = u1, . . . , un, the MANNI index M = I1, . . . , I`, (see Defini-
tion 3.1.3) and the query (q, r)
Output: The result set R satisfying the query

1: Let H(a) be a cache storing distances between q and a
2: Populate H with the distances from q to all pivots in I1, · · · , I`
3: Select P from I1 and order the pivots with respect to their distance to q
4: Compute dnearest-p as the smallest distance from a pivot in P to q
5: for p ∈ P do
6: Define dpq = H(p)
7: if dpq ≤ covI1(p) + r and dpq ≤ dnearest-p + 2r then
8: for (i, dpi) ∈ itemsI1(p) do
9: if |dpq − dpi| ≤ r then

10: for j = 2 to ` do
11: Try to prove in Ij that d(q, S[i]) > r using the same rules than Algorithm 4 {This

does not evaluate d(q, S[i]))}
12: end for
13: if there is no proof that d(q, S[i]) > r then
14: Define diq = d(q, S[i])
15: if diq ≤ r then
16: R← R ∪ {(diq, S[i])}
17: end if
18: end if
19: end if
20: end for
21: end if
22: end for
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Algorithm 8 Auto-tuning of a DMANNI Index
Input: The database S[1, n] = u1, . . . , un, a training query set Q[1,m], the number of indexes `,
the step’s length δ
Output: The new DMANNI index as a collection of one NANNI and `− 1 ANNI instances

1: Create one empty NANNI and `− 1 empty ANNI.
2: Let prev cost← n+ 1 and curr cost← n
3: while prev cost > curr cost do
4: prev cost← curr cost
5: for i = 1 to δ do
6: for I ∈ DMANNI do
7: Promote an item to pivot and re-arrange objects to maintain a Dirichlet domain.

i) For NANNI it implies to apply the stealing pivot procedure as described in Defini-
tion 3.1.2.
ii) ANNI will need to apply the procedure starting at line 7 of Algorithm 5.

8: end for
9: end for

10: Search all q ∈ Q using Algorithm 7 and store the cost.
11: curr cost← average of the cost of the searches.
12: end while

TMANNI is identical to DMANNI but it optimizes the total search time instead of the number of

distance computations. It is a practical way to incorporate all the hidden costs in the operating

system and the index’s internal complexity. It is straightforward to adapt Algorithm 8 to measure

the cost as real time.

3.1.3 Analysis of the Search Cost

The ANNI uses the separation in classes of the Dirichlet domain and the verification of

the pivot methods, i.e., a point u is discarded when

|d(u, cu)− d(q, cu)| > r

for a query q with radius r where cu is the center of the class of u. It has a cost nSA + m where

n is the size of the database, m is the number of centers and SA is the probability for the ANNI to

discard a point. Now, SA is analysed. Let Xci be the random variable Xci(u) = d(ci, u) for u in

the class of the center ci, Yci(q) = d(ci, q). It will be assumed that Xci and Yci are independent
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q

p

Figure 3.4: If a center cannot discard a group of points, no other center can and those points must
be manually checked.

identically distributed random variables (i.i.d.r.v.). If Xcu is the random variable of the class of u

then

SA = Pr(u is discarded) = Pr(|Xcu(u)− Ycu(q)| > r).

This probability is similar to the pivot based algorithms analyzed in [Chavez01]; however,

the difference is thatXci is defined only for those elements associated to ci. Therefore, the elements

in this class can only be discarded by ci. Since the pivot covering an object is not random, they are

close, then the probability of discarding a covered object is larger, although there is only one pivot

to cover an object; and hence the probability SA is smaller than the random pivot table discarding

probability. This is illustrated in the example in Figure 3.4. At first sight, this would make ANNI

less competitive than pivots; however, it can use more pivots as MANNI does.

It is well known that pivots near and far from a query are more likely to discard ob-

jects [Celik02a, Celik02b, Ruiz13]. In this case, just the near pivots are stored. The whole picture

is that both the external and the total number of evaluated distances, at a minimum increasing in the

internal cost.

The NANNI is similar but has two extra conditions. First, it checks whether d(ci, q) >

cov(ci)+r where cov(ci) is the maximum distance from the center ci to the elements on the cell. If

the expression is true, it can discard the entire cell of ci. If not, we verify if d(cq, q) < d(q, ci)− 2r

where cq is the cell of q, to see if we can discard the cell of ci. Finally, if both tests fail, we use the

ANNI criterion. Note that the latter condition implies the first, and hence the first condition does
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not affect the probability of discarding. So, we have

SN = Pr(u is discarded) = Pr(d(cq, q) < d(q, cu)− 2r ∪ |d(u, cu)− d(q, cu)| > r) =

Pr(Ycq(q) < Ycu(q)− 2r ∪ |Xcu(u)− Ycu(q)| > r)

which makes the NANNI to have a smaller external cost.

The MANNI is a combination of a NANNI and multiple ANNI’s. The cost is n(SN ∗

S`−1
A ) + `m. Remember that the ANNI and NANNI (and in consequence MANNI) have the prop-

erties required for using the auto-tune method. In the case of the DMANNI (and TMANNI), the

NANNI and each ANNI could have been individually auto-tuned, but the DMANNI is seen as a

whole. The auto-tuning method is a meta-heuristic and uses the indexes as black boxes.

3.2 Experimental Results

The experimental setup is standard for testing indexes. A common dataset is used for

all the indexes, the algorithms run on the same machine, implemented in the same language. The

first part corresponds to real world datasets, the second part corresponds to random vectors on the

unitary cube to test the dependency on the dimension and the database size.

3.2.1 Description of the Experiments

The databases used in the experiments were Nasa, Colors, and, English Wiktionary. Al-

so, randomly generated databases (RVEC) of several dimensions and sizes were used. The English

Wiktionary database is a dictionary with 736, 639 entries with Levenshtein’s distance as metric. A

sequential search completes in 0.940 seconds.

Each plot depicts the average of 256 nearest neighbor queries. Query objects were not

indexed. Along with this contribution (NANNI, TNANNI, MANNI, DMANNI, and TMANNI) we

used several state of the art metric indexes, as well as canonical representatives of the three known

discarding rules (i.e. pivots, Dirichlet domains and clusters) as baseline for the comparison.

In all cases, the ANNI indexes were created using 64 random elements of the database

as the training query set, fixing the step σ to 128 for NANNI and TNANNI (see Algorithm 5), and
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512 as a sum of all steps in the individual instances for MANNI, DMANNI, and TMANNI (see

Algorithm 8).

3.2.2 Index Comparison

The comparison method consists in contrasting all the indexes using a single dataset and

iterate over several representative datasets. The experiments will show that the presented self-

optimized indexes are faster than the state of the art alternatives. Incidentally, they help to clear

the notion that reducing the number of distance computations leads to faster indexes, showing ex-

perimental evidence that this is only valid when the complexity of the indexes is low.

Colors Figure 3.5(a) shows in the x-axis the size of the index in memory and in the y-axis the

number of distances computed as a fraction of the database size (distances/size). Here the LC,

NANNI and TNANNI have the smallest memory footprint. They also compute more distances

than most of the other indexes. If we consider only this measure we will arrive at the misleading

conclusion that those other indexes are better. However, when comparing these results with the plot

in Figure 3.5(b) size vs. speedup, the NANNI and TNANNI stand apart being faster than most of

the others. This is one of the cases when a ”bad”index in terms of number of distances computed,

is the fastest. As had been mentioned, this is because of various factors that depends of the metric

space and/or the index itself. We should not focus on just how many distances an index computes,

performance metrics should be more inclusive.

Comparing just the number of computed distances is a necessary abstraction for a more

comprehensive analysis, and has its theoretical importance. However, the inner complexity of the

indexes (requiring for example a sequential scan of the database with a cheaper filtering procedure)

make them unsuitable from the perspective of a practitioner. One extreme example is SSS, it com-

putes a very small number of distances but it is the slowest and also is the one that needs more

space. This indicates that it has a lot of pivots that does not help for discarding an element. The

pivots really needed are just a few. Compare the SSS with the EPT for example, some EPT have

the same number of distances computed but are smaller and faster, that means the EPT have better

pivots that boost the searches. So, less space and more speedup indicates better pivots, this implies

that the pivots from NANNI and TNANNI are very efficient. That is because they have the right
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number of pivots.

Seeing the experimental time results, we realize that the MANNI, the TMANNI, and

DMANNI, have similar performance among them. As the amount of memory increases, the search-

es become slower even when the number of distances computed is decreasing. This is because the

indexes have too many pivots. That happens very early in this database because it is small. This

behavior is analyzed with more detail in the next databases of larger size. It is also worth noting

that, at same memory usage, the presented methods are very competitive with a performance similar

to the EPT and KVP in number of distances and are usually faster. That becomes apparent in the

speedup plot (Figure 3.5(b)).

The LAESA, SSS, and BNC are left behind in this and all the other tests. The SAT’s only

advantage is the space, it needs less memory than most of the others (but more than the NANNI and

TNANNI). The space advantage becomes a drawback because there is no mechanism to allow SAT

to use more space. The DiSAT computes less distances than the simple SAT and is faster but even

the DiSAT ranks below ANNI indexes in this and the other experiments. The VPT needs to compute

many distances and its speedup is low in this and all the tests except with the larger dataset.

The special case of the LC is left to discuss at the end of the experiments.

Nasa The format of the experiment is the same as before. The results are summarized in Figure

3.6. Again, the NANNI and TNANNI are not the best when comparing the number of distances

computed, but, they are much faster than almost all of the others. The MANNI family has similar

performance and they are the fastest when compare to the other methods of same size. Notice that

even if the computed distances for TMANNI increase, its search time is very close to the others.

Wiktionary In this database something different happened. The edit distance have quadratic com-

plexity in the word’s size and the number of computed distances dominates the total search time.

The LC is the fastest and uses the smallest amount of memory (as discussed, this result should be

taken with caution, since tuning the LC and the construction time makes it impractical, see Table 3.1

in Section 3.2.4). In Figure 3.7 the NANNI is small, computes a tiny number of distances, and is

very fast. On Figure 3.7(b) the DMANNI and TMANNI have a similar tendency with the DMANNI

being faster. The MANNI is a little different because the construction method assumes the i.i.d.r.v.
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Figure 3.5: Performance comparison among the ANNI indexes and the state of the art alternatives
over Colors database.
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Figure 3.6: Performance comparison among the ANNI indexes and the state of the art alternatives
over Nasa database.
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for the data. It reaches the faster speed with small memory. The only index that compares them is

the ETP. Here, the VPT is specially affected in the time search because of the high number of costly

distances it needs.

Random Vectors 12 coordinates In this database the objective is to test an instance of known

dimension, in this case is a 12 dimensional dataset. We can observe in Figure 3.8 that most of

the indexes are comparable in number of computed distances with the NANNI and TNANNI being

ordinary. In contrast, for the speedup, in Figure 3.8(b), we can see that the NANNI and TNANNI

are extraordinary, also DMANNI is the fastest comparing with the others of similar space. The

only competition at hig memory is with the EPT that keeps a consistent performance. This is not

a surprise because those methods want to construct the optimal index, the advantage of the ANNI

construction is that it is empirically tested.

Summary In all the experiments we can see that NANNI is consistently fast, with a small memory

footprint.

3.2.3 Performance when Dimensionality Grows

The curse of dimensionality is a well known phenomenon limiting the performance of

metric indexes. As the dimension increases, the relative gain in speed is shattered and it is even

possible that an indexed search become more costly than a sequential search. The database size was

fixed to one million objects and vary the dimension. The databases used were randomly generated

in the unitary cube. The dimensions tried were 4, 8, 12, 16, 20, and 24. The results were grouped

by space usage. First, in the smallest indexes, they take 10 or less integers per element in the

dataset (Figure 3.9(a)). In this setup we see that the best choices are NANNI and TNANNI. Next,

the indexes increased the size to take between 10 and 30 integers per item (Figure 3.9(b)). Here,

the MANNI family is faster. Finally, allowing between 30 and 100 integers we have the second

largest instances (Figure 3.10(a)), and allowing up to 300 integers per item we have the largest

instance (Figure 3.10(b)). The result is the same: the MANNI family had a clear dominance on

small dimensions. Here, the ANNI’s empirical construction takes a big advantage because of the

nature of the dataset: since the training queries are similar to the actual queries, the resulting index
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Figure 3.7: Performance comparison among the ANNI indexes and the state of the art alternatives
over the Wiktionary database.
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Figure 3.8: Performance comparison among the ANNI indexes and the state of the art alternatives
over the RVEC-12-1M database.
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is very close to the optimal. For large dimensions, all the methods collapse and are equally bad; this

is a known effect of the curse of dimensionality.

The set of plots in Figure 3.11 and 3.12 shows the number of distances grouped in the same

way as before. Here, we can see what happen with the number of distances when the dimension

increases. The Figure 3.11(a) shows that the ANNI have the smaller increase. On figures 3.9(b) and

3.12(a) we see that the EPT is the best, very close followed by DMANNI and MANNI. In Figure

3.12(b) we note that the DMANNI surpasses the EPT.

3.2.4 Performance when n Grows

An interesting case is when all the parameters but the size of the dataset are fixed. The

next set of results show the behavior of the indexes for increasing the database size. The exact sizes

used were 105, 3× 105, 106, 3× 106, 107, 3× 107, and 108.

Medium size databases The results are grouped, as before, by the amount of space of the indexes

for the first 4 sizes of the datasets. In figures 3.13(a) and 3.15(a) we have the speed and the number

of distances for the smallest indexes. We can see that the NANNI is the fastest and all the ANNI

indexes have a much better speed than the others. Also they are really competitive in computed

distances.

We can also see Figures 3.13(b) and 3.15(b) where the DMANNI and TMANNI are the

fastest with the MANNI on third place followed closely by the EPT. The MANNI family is also very

competitive in the number of distances computed.

Now, on figures 3.14(a) and 3.16(a) the DMANNI and TMANNI are again the fastest,

with the EPT catching up. Note how these two indexes are very fast although they compute more

distances than the EPT, KVP and BNC.

Finally, on the Figure 3.14(b) note how the EPT finally becomes the fastest index followed

by the TMANNI but they are not very different from the sequential search. Look how in Figure

3.16(b) the other indexes compute less distances than the MANNI family. Not also that the TMANNI

computes more distances than the others but is one of the fastest.

The experimental results show how the search cost can diverge as the units of measure,

i.e. the number of distances computed or the number of elapsed seconds. So, we cannot optimize
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Figure 3.9: Search speedup for increasing dimensionality, higher is better. The indexes are seg-
mented into classes of memory usage. One million RVEC datasets.
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Figure 3.10: Search speedup for increasing dimensionality, higher is better. The indexes are seg-
mented into classes of memory usage. One million RVEC datasets.
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Figure 3.11: Search cost measured as the number of distance evaluations for increasing dimension-
ality (RVEC-*-1M), lower is better. The indexes are segmented into classes of memory usage.
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Figure 3.12: Search cost measured as the number of distance evaluations for increasing dimension-
ality (RVEC-*-1M), lower is better. The indexes are segmented into classes of memory usage.
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for one unit and expect to work in an another, in general. Fortunately, indexes designed to have low

complexity in both measures, like *ANNI family, have both setups close to the optimum; therefore, it

is possible to optimize for distances and work in real time. This is a good idea whenever is possible

since measuring elapsed time can be affected by a lot of factors in real-world computer systems.

Large databases Results for 3 × 106, 107, 3 × 107, and 108 sized databases. Figure 3.17 shows

the cost of the queries for the indexes having at most 12 integer per element. The number of distance

computations is shown in Figure 3.17(a), here we see that the EPT is the best followed very closely

by DMANNI, also TMANNI, NANNI, and MANNI are close. All the indexes exhibit a linear grow.

For the speedup the results are different, this is shown in Figure 3.17(b). The NANNI clearly

separates from the others. It is the fastest and has a non linear growth. This is because in the search

of the NANNI is no sequential scan of the objects to try to discard them. Also, the DMANNI is very

good, only surpassed at the end by the VPT. The VPT, that had a rather poor performance in all the

other experiments, finally shines because of the combinations of its simple structure, the very high

size of the database and a simple distance function.

With all this data, the conclusion is that the MANNI family is the best choice among the

other indexes of similar memory, closely followed by the EPT in some sets. Hence, it is interesting

to take a closer look to them. Both are partitions of the space, the pivots of NANNI take only the

closer points, and the pivots of EPT also take the ones far away. Both indexes can be seen as a set

of layers, the EPT has pivot groups [Ruiz13], the MANNI has ANNI’s, but the layers of EPT are

similar, meanwhile the MANNI is composed by a NANNI and several ANNI’s. The search in the

EPT requires that each point in the database to be individually checked if it is discarded o not; the

search in the MANNI can discard regions of points.

Another difference is the simpler implementation of an ANNI based index compared with

the EPT. More detailed, EPT’s construction lies in the estimation of random variables for both

dataset and queries that allow to estimate search costs. In this regard, an ANNI directly measures

the search cost of a training collection.
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Figure 3.13: Search speedup for increasing N , the indexes are segmented into classes of memory
usage. Synthetic datasets (RVEC-12). Higher is better.
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Figure 3.14: Search speedup for increasing N , the indexes are segmented into classes of memory
usage. Synthetic datasets (RVEC-12). Higher is better.



3.2. Experimental Results 69

0.0e+00

1.0e+05

2.0e+05

3.0e+05

4.0e+05

5.0e+05

6.0e+05

7.0e+05

8.0e+05

1e+05 3e+05 1e+06 3e+06

# 
di

st
an

ce
s

n

LAESA
BNC

DiSAT
SAT
EPT
VPT

LC
DMANNI
TMANNI

NANNI
TNANNI
MANNI

(a) up to 10 integers

0.0e+00

5.0e+04

1.0e+05

1.5e+05

2.0e+05

2.5e+05

1e+05 3e+05 1e+06 3e+06

# 
di

st
an

ce
s

n

LAESA
BNC
EPT
KVP

DMANNI
TMANNI

MANNI

(b) 10 to 30 integers

Figure 3.15: Search cost performance comparison for increasing N (RVEC-12), the indexes are
segmented into four classes of memory usage. Lower is better.
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Figure 3.16: Search cost performance comparison for increasing N (RVEC-12), the indexes are
segmented into four classes of memory usage. Lower is better.
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Figure 3.17: Search cost performance comparison for increasing N (RVEC-12), the indexes are
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Construction and Speedup

From a practitioner point of view, the essential aspect of an index is its speed. The entire

system will be dragged by a slow index (or no index at all) or will be lifted by a speedy index.

However, the search life of an index (the expected number of queries over a fixed set of data) must

be taken into account. Since the construction cost should be amortized over the search life of the

index, in some scenarios a costly construction is not an option. For large database sizes the index

could not even be constructed in due time.

To put this contribution in perspective with respect to other state of the art alternatives

having comparable total speed, The construction times will be experimentally analysed. The idea of

these experiments is to increase the insight about both the relation between construction cost and the

search performance. The hope is to help potential users to decide what to apply in a given dataset.

A trivial parallelization (with a shared-nothing scheme) was applied, which cannot be

considered a contribution. Simple, more threads ere added for each independent process, those cases

are SSS, LAESA, EPT, NANNI, TNANNI, MANNI, DMANNI and TMANNI. Their construction

algorithms allow to use as many threads as the number of pivots per item. On the other hand, the

LC, SAT and KVP were constructed using a single thread because it is not trivial to parallelize them.

Finally, the preprocessing time of LC takes into account the number of times the index needs to be

constructed to obtain the best parameter combination for a given database. In other words, if the

optimal ratio is determined to be n/m = 64 thus the ratios n/m = 1024, 512, 256, 128, 64, and 32

are computed. The last step (i.e.,m/n = 32) is needed because the search stops when the parameter

causes the index to slowdown.

Table 3.1 shows the speed and construction time for nearest neighbor queries in the Wik-

tionary database. As expected, the construction time of LC is prohibitively expensive for a large

database. The second to last is NANNI, this is expected since the optimal number of centers is

related to the optimal m/n parameter of the LC. It is however noticeable that it needs a single in-

stance, and hence it is considerably faster to build than LC. On the other hand LC is the fastest; but

the problem is that it needs a large search life to amortize the construction cost. Other comparable

indexes are MANNI, DMANNI and TMANNI. An interesting result arises on DMANNI 8, i.e., it is

constructed many times faster than LC and searches are almost as fast as LC. Notice that from those
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Table 3.1: Construction time and speedup for Wiktionary in a collection of indexes. The three best
results are marked.

index speedup construction (s)
LC 64 12.00 30344.85

VPT 2.17 27.70
SSS 0.5 2.96 840.02
BNC 8 3.20 48.56

LAESA 8 2.63 4.51
SAT 3.23 824.78

KVP 4 5.40 1587.49
EPT 8 10.63 2172.20

NANNI 9.70 12436.46
TNANNI 3.90 1014.42

MANNI 2 11.31 3976.15
MANNI 4 8.63 1043.22
MANNI 8 4.96 487.79

DMANNI 2 8.70 2829.77
DMANNI 4 10.81 3459.95
DMANNI 8 11.68 3605.05
TMANNI 2 7.16 2006.01
TMANNI 4 7.90 1721.82
TMANNI 8 8.93 1904.41

three indexes of the MANNI family, three instances were presented, all of them are fast. However,

it remains an open problem to select the correct memory allowed automatically. Notice that even

with three instances of MANNI (i.e., 2, 4 and 8) we have one third of the cost of LC.

Table 3.2 shows the construction and speedup performances in the RVEC-12-1M dataset.

Again LC has the slower construction. In contrast with Wiktionary, LC is not the faster solving

queries. This position is for NANNI, which also has a small construction time. As in the pre-

vious experiment, the DMANNI indexes are faster than MANNI and TMANNI, with a reasonable

preprocessing time.

Finally, Table 3.3 shows a comparative of construction and speedup performances for very

large databases (from 3 to 100 million items). In these cases,the tests of LC, SAT, BNC, and SSS

were avoided. The first one, LC, cannot be properly created for the given databases because its

preprocessing time is prohibitively large. On the other hand, the rest of the indexes (SAT, BNC, and

SSS) have little filtering power and the search speed is comparable to the sequential scan. The EPT

have the largest construction costs, this is because its construction algorithm estimates variables
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Table 3.2: Construction time and speedup for RVEC-12-1M. The construction of each index is
allowed to use at most many threads as references per item has the index. The best three results are
marked.

index speedup construction (s)
LC 64 8.67 12485.90

VPT 2.56 17.28
SSS 0.5 0.61 109.34
BNC 8 0.92 8.91

LAESA 2 0.93 0.34
SAT 1.97 149.97

KVP 2 2.15 216.54
EPT 4 2.94 940.35

NANNI 10.70 870.88
TNANNI 8.21 528.50

MANNI 4 3.23 110.40
MANNI 2 6.67 188.29

DMANNI 4 6.86 494.50
DMANNI 2 9.61 641.96
TMANNI 4 4.65 274.63
TMANNI 2 6.40 301.95

Table 3.3: Construction time and speedup for RVEC-12 over 3, 10, 30, and 100 million datasets.
In this experiment, all indexes use at most four pivots per item, mainly to maintain a small memory
footprint as it is mandatory in large databases. In the case of KVP this means two close and two far
pivots. Construction time is in seconds. The best result per column is marked.

index 3× 106 107 3× 107 108

speedup construc. speedup construc. speedup construc. speedup construc.
VPT 5.07 85.10 8.03 999.11 18.67 7291.36 30.32 40400.25

KVP/2 1.87 762.83 2.42 2482.13 2.49 10064.21 2.48 43331.18
EPT/4 3.20 2926.22 3.35 18298.50 3.52 94019.37 3.61 357873.98

MANNI/4 3.48 322.45 5.87 1772.35 4.81 3655.37 8.36 18511.84
DMANNI/4 8.65 1634.77 15.69 7396.48 18.17 21917.46 27.89 96508.12
TMANNI/4 6.68 1054.33 6.87 3416.31 7.68 8514.90 12.32 51430.25

NANNI 17.11 4746.09 23.45 18013.59 35.51 63381.12 63.26 239106.84
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that converge slowly, which can be problematic on large databases. On the other hand, DMANNI is

faster, achieving up to 27.89 times faster than sequential search over the 100 million dataset. It is

followed by TMANNI, yet with a significant speed difference.

3.3 Summary and Future Work

This chapter introduced the singleton indexes which allow self-optimization, accepting

as parameter the amount of memory available for indexing, and using as prior knowledge only the

query distribution. This last requirement could be partially fulfilled using a sample of the database;

which supposes that query set will follow the same distribution than the dataset.

The ANNI’s approach is oriented towards applications; then, even if programming the

indexes could need some technical skills, the end user will require no additional knowledge to have

an index consistently faster than the sequential scan. The experimental results show how the search

cost can diverge as the units of measure, i.e. the number of distances computed or the number of

elapsed seconds. So, we cannot optimize for one unit and expect to work for the other, in general.

Fortunately, indexes designed to have low complexity in both measures, like *ANNI family, have

both setups close to the optimum; therefore, it is possible to optimize for distances and work in

real time. This is a good idea whenever is possible since measuring elapsed time can be affected

by a lot of factors in real-world computer systems. As a rule of thumb, a suggestion is to use from

two to four pivot groups in a {D, T}MANNI based index, or NANNI if the construction time can

be amortized over a large set of queries. However, determining the right memory setup is an open

problem.

In all the experiments, the LC have a small memory footprint and fast searches. It seems

an adequate index for most tasks; however, the major drawback of LC is the construction time.

Finding the correct parameters for a given metric space implies making several tries, mainly be-

cause there is no analysis for parameter selection in the LC. More detailed, each attempt consists

of building the index, and each index construction takes almost quadratic time. This is too big in

practice. The presented approach is consistently faster to build than the state of the art LC in a

sequential environment. Unlike the LC, the MANNI structure consists of independent parts, there

are no race conditions to consider in a parallel construction. This contrast with the construction
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of the LC, where the center selection depends on all the previous selections; making the parallel

construction non-trivial. Nonetheless, the (massive) parallelization of the search algorithms remain

as an open problem.

There exist small but significant differences among the ANNI indexes. MANNI assumes

independence between routing groups (groups of pivots or centers) while {D,T}MANNI does not.

The former indexes see the index as a monolithic system, this essentially implies {D,T}MANNI

are more robust indexes. For notation, D stands for Distance optimized indexes, and T for Time

optimized indexes. The total search time is noisy in a multiuser environment, but adding groups

of routing objects alleviate this. However, the MANNI indexes are simpler and with low internal

complexity, they converge to similar optima when considering time and distances.

3.3.1 Comments on Disk-based MANNI Indexes

This thesis focuses on main memory indexes. However, it is worth mentioning the impor-

tance of an index stored in secondary memory,1 mostly when the size of the dataset plus the size

of the indexes surpasses the available main memory. There exist some metric indexes designed to

work on disk. Ciaccia et al. [Ciaccia97] introduced the M-Tree, a dynamic, disk-based metric index.

It can be seen as a compact partition index. However, the dynamic operations are the distinguishing

property of the M-Tree, this algorithm takes similar decisions than B-Tree or R-Tree [Cormen01].

Skopal introduced the PM-Tree in [Skopal04]. The PM-Tree is an M-Tree enriched with a set

of pivots. It significantly improves the search performance of the M-Tree, at the cost of extra

complexity on the pivot operations and extra memory to store distance values to pivots. Anoth-

er approach of secondary memory indexes is M-Index exhibited by Novak and Batko [Novak09].

The M-Index consists of a compact partition index stored in a B+-tree. The idea is that centers

of regions are assigned to integers, distant enough among them to store all items in each region.

Then, each item is encoded to an integer based on its closer center. This strategy reminds that of

iDistance [Jagadish05], this later working under multidimensional data.

Notice that larger memories imply slower accesses; so, it must be done whenever this is

the best (only) alternative. Think, for example, in a very large datasets. It is impossible to overcome
1In modern hardware there is a memory hierarchy, from the traditional magnetic disk storage, solid state-based storage,

hybrid storage, distributed storage, etc. This discussion is focused on traditional magnetic disks, where random accesses
are slow operations due to the internal mechanical movements, and sequential access are fast.
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Figure 3.18: A MANNI index. The top figure corresponds to NANNI and the bottom matrix il-
lustrates the ` − 1 ANNI’s. Notice that piv is parametrized by the number of ANNI denoting the
independence among sets of pivots.

the memory issues arising of their indexing. Three cases are considered: i) the case where the index

and the pivots can be stored in memory, ii) the case where the index can be in memory but the pivots

and the dataset must be stored on the disk, and iii) the case where all must be stored in secondary

memory.

In the former case, the index and all pivots can be stored in memory, but the database

must be on the disk. Since the ANNI family has a small memory footprint, this could be the case

for many practical cases. This approach simplifies the index since it does not require a significant

modification. However, there exist important conditions that need to be kept. Please recall that

MANNI is composed of a node based index and ` − 1 ANNI indexes. The NANNI induces a

permutation of the dataset since it stores a list of compact regions, i.e., the set of items being assigned

to the same pivot/center. The dataset must be stored in the same order induced by the leader to

reduce the number of random access to the disk. In some way, this can be performed in the same

way than M-Index, or with an inverted index structure. Figure 3.19(a) illustrates how the dataset

should be stored; the MANNI will follow its normal organization (Figure 3.18). The idea is that

items in the same region are accessed in a single random access.

In the second case, the index is the only structure allowed to be in memory. This is similar

to the previous one yet the pivots need to be stored on the disk. So, we must ensure that the distances
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items(p1)→ u11, u12, · · · , u1n1

...

items(pm)→ um1, um2, · · · , umnm

(a) The index and the pivots are stored in RAM and
the dataset in secondary memory. Each set of items
is accessed sequentially.

actual pivots→ p1, p2, . . . , p`m

items(p1)→ u11, u12, · · · , u1n1

...

items(pm)→ um1, um2, · · · , umnm

(b) The index is in main memory plus pivots and
the dataset in secondary memory. The pivots are
stored as a sequential list.

actual pivots→ p1, p2, . . . , p`m

NANNI’s cov→ cov(p1), cov(p2), . . . , cov(pm)

p1 → COL(um1), . . . ,COL(umnm);u11, . . . , u1n1

...

pm → COL(um1), . . . ,COL(umnm);um1, . . . , umnm

(c) The index, the pivots and the dataset are stored in secondary memory. Here,
ni is the number of items in the region defined by pi, i.e., ni = | items(pi)|. The
`− 1 ANNI’s are encoded per item as COL(u), i.e., a column of Figure 3.18.

Figure 3.19: Three sketches to solve the three cases of disk-based MANNIs. On the top-left, the
storing order; each entry represents the items in the region induced by pi. On the right, the order
of the pivots on disk; basically, a large list of explicit objects. On the bottom, everything is into the
disk. For simplicity, each of the NANNI and ANNI contains m pivots.
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d(q, p) for all pivots p in all parts of MANNI should be computed using a single random access. For

this matter, all pivots need to be stored sequentially, no matter if they belong to the leader or to the

ANNIs. Then, a consisting pivot identifier must be globally ensured. Figure 3.19(b).

On the last case, none of the structures can be stored in main memory. This is an extreme

case. Firstly, as the second case, we need to store all pivots sequentially, but also we need to save all

the covering radii. All of these should be done in one random access. Such that d(q, p) is evaluated

for all pivots, and all regions are also selected to be visited. As case 2, all regions are stored, but we

also store all ANNI cells related to items in the region together to the actual items. Figure 3.19(c)

illustrates this new arrangement. Despite the cumbersome details, this secondary memory index is

just a MANNI taking care the number of random accesses.

Even when these approaches are promising it is necessary to notice that they suppose that

the structure is already optimized, this is because the construction step is not trivial. It is important

to determine if this optimizing process can be successfully applied to secondary memory indexes.

Also, our comments are too general since a lot of details appear in disk-based indexes.





Chapter 4

Approximate Indexes

As mentioned on the previous chapters, there are some metric spaces that are really dif-

ficult for indexes to perform searches faster than the sequential scan. A reason for this is because

those metric spaces have a high intrinsic dimension. For those kind of situations, there exist the

approximate indexes that are allowed to miss in some of the results. Some elements of the query

ball can be missed during the search, but in favor of a much faster index. Generally, this type of

indexes have a parameter to adjust how precise we want the set of results.

Some indexes are designed to be approximate since the beginning and they scale better

with both the intrinsic dimension and the database size [Clarkson99, Chavez08, Gionis99, Patella09,

Tellez09, Amato08, Esuli09, Tellez10, Tellez11a, Tellez11b, Tellez13]. The approximated indexes

most related with this contribution are described below.

In non-exact indexes, it is needed a way to measure the precision of a result. We need to

decide, given two sets of results, which one is closer to the exact result. In the rest of this chapter, it

is used the recall value. The recall for a result R′ is the ratio between the number of elements of R′

that appear in the exact result R, and the number |R|. That is, |R∩R
′|

|R| .

4.1 Techniques Used in Approximate Indexes

Next is reviewed a list of the most common techniques used by approximate indexes.

81
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Sensitive Hashing. Perhaps the most popular NN search strategy is that based on Locality Sensi-

tive Hashing (LSH). Gionis et al. [Gionis99] introduced LSH, a fast approximate proximity search-

ing technique giving probabilistic guarantees on the quality of the result. The general idea of an LSH

index is to find hashing functions such that close items share the same bucket with high probability,

while distant items share the same bucket with low probability.

More formally, a family of hashing functions H = {g1, g2, · · · , gh}, gi : U → {0, 1} is

called (p1, p2, r1, r2)-sensitive if, for any p, q ∈ U ,

— if d(p, q) < r1 then Pr[hash(p) = hash(q)] > p1,

— if d(p, q) > r2 then Pr[hash(p) = hash(q)] < p2,

where hash(u) is the concatenation of the output of individual hashing functions gi, following a

fixed order, that is, hash(u) = g1(u)g2(u) · · · gh(u).

Notice that LSH gives guarantees in terms of distances, not in terms of recall. To achieve

the desired p1 and p2 values, many empty buckets may have to be created (for potential queries of

U that are far from any element in S). This poses a memory problem, which can be alleviated by

combining several hashing function families. Still, high-quality indexes usually need high amounts

of memory.

LSH can be defined for general metric spaces, but the process of finding suitable hashing

functions gi is not trivial and has to be engineered for each case. There exist simple LSH functions

for the Euclidean (L2), Hamming, Jaccard, and Cosine distances [Andoni08a, Gionis99].

RNG*. In [Arya93] Arya et. al. presented a graph over a set of points to perform nearest neighbor

searches. Their theoretical approach was a division of the space for every point p in cones of the

same angle centered at p. Then p will be connected to some distributed points in each cone. This

method only works with euclidean spaces and although has some result guaranties (in the precision),

their hidden constant are expensive. A more practical version consist on a modification of the

relative neighborhood graph (RNG) which is an undirected graph where two points are connected

if there is no point that is simultaneously closer to both points. They called the modification RNG*

which turns out to be the HSP (see Chapter 5). They build a k− d tree over the data and the starting

point would be the leaf containing the query point. Then a best-first search is performed on the
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graph. The initial attempt had long links but the authors preferred to simulate them using better

starting points. The RNG* takes O(n2) time to build and if the k − d tree will also be constructed,

it would be impractical for big databases.

Combinatorial Approaches and Rank Cover Trees. In [Goyal08] near neighbors are found

using a random walk over a precomputed table of neighbors. The required preprocessing time

and memory for the table is quadratic, preventing the scalability of the approach in large sets. In

[Beygelzimer06] the Cover Trees are introduced. CT is composed of levels, where a nodes at some

level cover lower levels using a notion of proximity. The SASH data structure [Beygelzimer06] is

constructed by sampling the database, connecting the non-sampled elements to their approximate

nearest neighbors and repeating in the next level.

In [Houle13], the authors introduced the Rank Cover Trees (RCT) incorporing ideas from

the above algorithms. A tree is built using ordered rank for pruning, instead of rules derived from

distances and the triangle inequality. Node descendants in the tree are obtained using a rank order.

Since only ranks are used for navigation, the number of nodes visited is known a priori. The authors

include proofs, or sketches, for complexity and accuracy bounds.

k-Nearest References (KNR). In recent years, a set of small and fast indexes have appeared,

among the remarkable ones are CNAPP [Tellez13], PP-Index [Esuli12], MIF [Amato14], and the

quantized permutations [Mohamed14, Mohamed13]. In these indexes, a similar structure arises:

every node is associated with a set of k nearest references (KNR), where the set of references is

a sample of the database. The similarity between items is hinted by a similarity function over the

shared neighbors. In this approach there is no navigation and proximity queries are solved using

an inverted index. These structural similarity was systematically explored in [Chávez15], adding

several new indexes to the list. In the same paper, the authors include experimental comparisons

showing the performance of KNR indexes as compared against near neighbor techniques based in

hashing, in particular, LSH [Indyk04a, Andoni08b] and DSH [Gao14].

Among the best KNR indexes introduced in [Chávez15] are KNR-Cos and KNR-LCS.

These indexes use the cosine similarity and the longest common sub-sequence as similarity func-

tions as proximity predictors, respectively. The experimental evidence suggests that KNR-Cos sur-
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passes the majority of the state of the art KNR indexes, so it will be used as the canonical member

of the KNR family in the experimental section.

Approximate Proximity Graph. Recently Malkov et al. [Malkov12] introduced the Approximate

Proximity Graph (APG), an index with excellent searching times. The authors suggest that the speed

and accuracy boost is a consequence of the construction step, since it is claimed that it produces a

graph with small world properties. APG can trade speed and accuracy for memory usage. If memory

is scarce, speed and accuracy will also suffer.

Construction and searching are entangled in APG. The construction is incremental and

consists of a simple rule: To insert the j-th element, simply find the (approximate) t-nearest neigh-

bors among the j − 1 elements already indexed; then, the new item is linked (in both directions) to

its t near neighbors. The authors encourage the preservation of links to distant items (large links),

defining them as essential to preserve their search performance. Notice that these links naturally

arise using the incremental construction.

The search consists on performing m greedy search steps. At each step, the algorithm

selects a random starting point and greedily follows that neighbor minimizing the distance to the

query. This procedure is recursively applied until the distance cannot be decreased. The accuracy

of one search step is poor, but it gets boosted by selecting m starting points. The authors indicate

that m = O(log n) attempts will be enough to achieve recall close to one.

The chief parameters governing accuracy and speed are the number of starting points m

and t, the number of direct neighbors in the graph. To achieve high accuracy, it is necessary to use

many starting points, which hurts the speed; simultaneously, increasing t could boost speed but the

index will need more memory.

Recently, in [Malkov14], the searching procedure is updated as follows. As in the previous

search, the search is repeated m times; however, the search steps share knowledge and each starting

point is now the best-known non-visited item, similarly to a best-first search [Edmund K. Burke14].

More detailed, a set of visited items and a set of candidates are kept along the entire search process.

At the beginning of each restart, the algorithm appends a random item to the list of candidates in

order to add diversity to the search process. Algorithm 9 formally describes this search.
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Algorithm 9 The search algorithm for APG as described in [Malkov14].
Name: Search algorithm APG
Input: The database S, a graph G over S, the query q, and the number of restarts m
Output: The set res of near neighbors of q.

1: Let res be an empty min-queue of fixed size k
2: Let candidates be an empty min-queue
3: Let visited be an empty set of object identifiers
4: for i = 1 to m do
5: Randomly select c ∈ S \ visited
6: Append c into visited and (d(q, c), c) into candidates and res
7: loop
8: Let (rb, best) be the nearest pair in candidates
9: Remove best from candidates

10: Let r be the biggest radius in res, empty res defines r =∞
11: if rb > r then
12: break loop
13: end if
14: for all u in the neighbors of best do
15: if u 6∈ visited then
16: Add u to visited and (d(q, u), u) to candidates and res
17: end if
18: end for
19: end loop
20: end for
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4.2 Proximity Search as an Optimization Problem

The nearest neighbor search can be seen as an optimization problem where the task is

to find either the minimum or maximum value of a function f that can be a distance or similarity,

respectively. Based on APG and this new framework, it is proposed a number of new indexes listed

below:

• APG* is an APG without needing to know the parameter m (the number of restarts).

• APG*-R improves APG* limiting the shared state among search steps.

• Finally, the BS, a beam search based algorithm is introduced.

The problem of combinatorial optimization consists on finding the optimal state among a

finite set Ω of states. Each state is associated to a value by an objective function f : Ω → R. An

optimal state is one that reaches either the global minimum or maximum. In other words, the goal

is to obtain ω such that

f(ω) = min
x∈Ω

f(x) [or, max
x∈Ω

f(x) in the case of maximization].

Minimization should be used in the case of working with distances, while a similarity

should be used along with a maximization process. The focus is going to be in distance functions.

As stated, the approach is to formulate the proximity search as an optimization problem.

In this transformation the generality of the metric (similarity) approach will be kept; then, the fol-

lowing characteristics are preserved:

• The distance function is the only way to compare any two items, also there is no way to get

the derivative between items in the metric space.

• Since objects are seen as a black box, items cannot be generated.

• There is no special assumption over the database S or the distance function d. So, for example,

we cannot ensure a unique minimum, or a particular landscape of the optimized function.

• The size of the database can be large, also the intrinsic dimensionality can be high.
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Taking these points into account, the optimization techniques based on local search were

selected to be used. Some reviews for optimizations techniques are presented next. The interested

reader is referenced to [Edmund K. Burke14] for more information. In the following paragraphs the

basic notation and the problem statement are introduced.

Definition 4.2.1 (State transitions N ) N : Ω → Ω+ is a function associating each state u with a

set of possible transitions, it resembles the notion of neighborhood of u.

Definition 4.2.2 (The function to be optimized dq) Each query q defines a function to minimize,

dq(u) = d(q, u) for u ∈ Ω.

Definition 4.2.3 (The minimization algorithm A) Let A be an algorithm that tries to minimize

dq. It explores Ω with the help of N to reach an acceptable result.

Nearest neighbor search is then stated as the problem to find u such that dq(u) is minimum

and u ∈ S, using A. The assumption S = Ω is made, other cases could be of interest but the

algorithms were designed to work under this restriction. Even when the case S ⊂ Ω is of use and

significant in some fields, it is beyond the scope of this work.

There exist two main components in the proposed approach, the minimization algorithm

A and transition function N .

— Due to the difficulty of the general optimization problem (and the proximity search problem

under high dimensionality),A does not ensure to find the global minimum, yet it should provide

a good local minimum.

— On the other side, N should describe with precision the relation from u to its neighborhood,

such relation will be exploited by A to minimize dq.

— Notice that A and N are tightly coupled.

4.2.1 About A

There exist many heuristics and meta-heuristics to solve large and hard combinatorial

optimization problems. As commented, the local search strategy was used due to the properties of

the problem statement and restrictions. In the next paragraphs, the most prominent heuristics and

meta-heuristics suitable for this case are reviewed.
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Greedy Search.

Perhaps the simpler working algorithm for local search is the Greedy search algorithm, it

roughly works as follows to solve a nearest neighbor query (nn(q)):

i) Take a random state from Ω as the first answer.

ii) Let s be the current best answer to nn(q). Try to minimize dq looking at N (s).

iii) If there exists some u that decreases dq then u becomes the best answer and repeat step ii); the

search is stopped otherwise.

iv) The best guess of nn(q) is such item producing the minimum known value of dq.

Greedy search will retrieve a local minimum. If the retrieved local minimum is not good

enough, then it can be improved repeating Greedy search with random starting points as many times

as we need. The idea is to try another initial point and route, in the hope to surpass the previous

estimation of dq (and the involved u).

From the proximity search perspective, if each search has a probability P of finding the

desired nn(q), then we can achieve a desired probability P ? with m independent searches where

m =
log (1− P ?)
log (1− P )

; (4.1)

this expression supposes independence of N (·), which can be hard to achieve. Notice that this

formulae does not predict the closeness of the retrieved item at any given m; however, it is well

known that it is an easier task than retrieving those items satisfying the query.

From the optimization perspective, a low P implies a large number of local minimums.

This is the counterpart of the difficulty expected due to the curse of dimensionality in the proximity

search problem. Figure 4.1 illustrates this behavior. Notice that this method is practical when

cost = m× hops× |N (·)|+ 1 < n, (4.2)

where hops is the expected length of the path (number of transitions) from a random starting point

to the local minimum found, and |N (·)| the expected number of transitions per item. Hopefully,

this cost will be fairly practical, as shown in the experimental section.
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Figure 4.1: The number of steps m for several desired recall (P ?) as a function of the expected
recall per step P . Observe how low P values need extremely large m values. This is consequent
with the curse of dimensionality.

Tabu Search.

Tabu search is a meta-heuristic allowing to take non greedy decisions at each step, i.e.,

not always decreasing dq at each transition. This strategy recognizes the existence of local minima

and plateaus, then the idea is to avoid loops with a non always improving strategy. Tabu search

solves the problem adding memory to mark already visited states as tabu, i.e., prohibited, and then

ignoring them on posterior stages of the search process. Due to is living time, the memory can be

seen as short-term, medium-term, or long-term. The usage of each flavor is dictated by the desired

behaviour, the problem itself, and the available resources.

Beam Search.

Beam search is a strategy that optimizes dq using a beam of states B ⊂ Ω of size b. At

each step, beam search computesB′ = ∪s∈BN (s) and selects the best b fromB andB′. The search

stops whenever it is impossible to improve B. Tabu search can be used along beam search to avoid

non-essential computations. At the beginning of the search process, B is populated randomly from

Ω. Notice that the low memory requirement is the main advantage specially for large datasets or

systems with scarse memory.
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4.2.2 The difficulty of finding an optimal N

A fundamental component of the local search meta-heuristic is the transition functionN ,

which properly defined, can ensure the convergence to the global minimum, or less strict, to a good

local minima. In order to sketch the problem’s complexity of defining a goodN , letA be the Greedy

Search algorithm. The function N defines a graph where the vertices are the points of the database

and a vertex u is connected with the elements of N (u). Note that the greedy search starting on a

point u will always stay in the path connected component of u, therefore, it is very important that

the whole graph would be path connected.

Definition 4.2.4 (Query set Q) Let Q ⊂ U be the collection (possibly infinite) of all possible

queries.

Definition 4.2.5 (Optimal N ) Define an optimal N as the one having the minimum cardinality

that ensures that A finds the global minimum.

Lemma 1 (There is no optimal N in a general and practical case) It is impossible to create an

optimal N in the general case satisfying inequality 4.2. Ensuring that property implies that N (u)

contains at least one item that minimizes dq at each stage until we found the global minimum (for

all u ∈ Ω).

Proof 4.2.1 For every Ω and every distance function dΩ defined in it, there exists a metric space

(M,d) such that d is an extension of dΩ in M and the optimalN is the one defined by the complete

graph on it as described in Ω [Navarro02b]. Then it is not practical.

Since the approximate approach is supposed, the transition function does not need to

ensure that A finds the global optimum dq. From the similarity search perspective, it is allowed to

lose some results, and also, some retrieved items will not be part of the exact query. Nonetheless, the

error rate is low and the performance gain is significant, as supported by the experimental section.

How to build N .

The previous section shows the complexity to find the optimal N functions. Since the

focus is neither on optimality nor exact results, this is just a complication. Fortunately, Malkov
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et al. [Malkov12, Malkov14] introduced a working N construction for its APG which appears in

Section 4.1. The routing is done using improved versions of greedy search and best-first search. A

deep study is given by APG’s authors. As APG, a non-directed version of the graph was used.

4.3 Direct Improvements on APG

Algorithm 10 The search algorithm for APG*. The main difference is thatm is not longer necessary
and a small value σ is needed to guess a good number of restarts. The main idea is that search is
restarted while the covering radius of res improves. In other words, a good local minimum is found.
Name: Search algorithm APG*
Input: A transition function N , the database Ω = S, the query k − nn(q), a minimum number of
repeats σ (pretty small, e.g., 4)
Output: The set res of near neighbor of q.

1: Let res be an empty min-queue of fixed size k
2: Let candidates be an empty min-queue
3: Let visited be an empty set of object identifiers
4: repeat
5: Let cov∗ ← cov(res)
6: for i = 1 to σ do
7: {This for loop is identical to that of APG (Algorithm 9)}
8: Randomly select c ∈ S \ visited
9: Append c into visited and (d(q, c), c) into candidates and res

10: loop
11: Let (rb, best) be the nearest pair in candidates
12: Remove best from candidates
13: if rb > cov(res) then
14: break loop
15: end if
16: for u ∈ N (best) do
17: if u 6∈ visited then
18: Add u to visited and (d(q, u), u) to candidates and res
19: end if
20: end for
21: end loop
22: end for
23: until cov∗ = cov(res) {Stops when there is no improvement over dq, i.e., cov(res)}

The new indexes are based on modifications over the well known APG. As previously

detailed on Section 4.1, APG’s search is repeated m times to improve the expected recall. As
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authors suggest in [Malkov14], m must be adjusted for each dataset. This assumes an additional

step, which can be difficult because the best m ideally should be fitted as n grows. A significant

overestimation of m can be a problem since construction is incremental, based on searches, then it

would impact both search and construction performances.

Before introducing the proposed algorithms, an important function will be defined. Let

result be a min priority queue (min-queue) of fixed size k. The cov(result) function is defined

as follows: if result is under its full capacity then it evaluates to the maximum possible distance

value; if it is full, then cov(result) is the radius of the furthest item.

The first index contribution is Algorithm 10. The objective is to remove the m parameter,

checking the changes over the global result set, i.e., the covering radius cov(res). In some sense, dq

is been minimized, and the algorithm stops when a guess of dq cannot be improved after σ tries. All

the proposed new algorithms use the same technique. Notice that σ should be small (in the range

of 2 to 4). The idea is to relax the stop condition, but not to introduce an extra parameter. Larger

values of σ should be avoided in favor of other parameters.

The second index contribution is named APG*-R (Algorithm 11). The idea is that APG

and APG* can be rapidly get stuck on a local minimum since they are limited to use always the

best known candidate. APG*-R has similar structure than APG (and APG*); however, it is different

in concept. On the one hand, APG*-R uses random starting points, not the best known in APG,

and also, res∗ is local to each step. A local memory in evaluated was added to avoid unnecessary

evaluations. This contrasts with where the candidates set has a global scope, and the improvement

policy is also global.

The final index is BS (Algorithm 12), a novel index using beam search over S and N .

As in the previous approaches, at least σ steps are made to take the decision to stop the search.

So, if after some minimization steps, dq does not change, then it has been achieved a (good) local

minimum. The main parameter is the size of the beam b, which can be adjusted at any time. Notice

that beam search does not need to restart; however, it needs to know b. As will be seen in the exper-

imental section, the use of beam search as an alternative to other schemes has implied significant

improvements in both recall and speed performances.
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Algorithm 11 The search algorithm for APG*-R. As APG*, it tries to adjust the number of restarts
automatically.
Name: Search algorithm APG*-R
Input: A transition function N , the database Ω = S, the query k − nn(q), a minimum number of
repeats σ (pretty small, e.g., 4),
Output: The set res of near neighbor of q.

1: Let res be an empty min-queue of fixed size k
2: Let visited← ∅
3: repeat
4: Let cov∗ ← cov(res)
5: for i = 1 to σ do
6: Let res∗ be an empty min-queue of fixed size k
7: Randomly select sp ∈ S \ visited
8: Append sp into visited and (d(q, sp), sp) into res∗
9: Let evaluated← ∅

10: repeat
11: for v ∈ N (sp) do
12: if v 6∈ evaluated then
13: Add (d(q, v), v) into res∗
14: end if
15: end for
16: Update sp to be the closer item in res∗ not in visited. If there is no item satisfying the

condition, then sp is set as undefined.
17: Add sp into visited
18: until sp is undefined
19: res← res ∪ res∗ {The properties of the min-queue of fixed size should be preserved}
20: end for
21: until cov∗ = cov(res) {Stops when dq does not improve, i.e., cov(res) stays unchanged}
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Algorithm 12 Beam Search over Ω and N .
Name: Beam Search
Input: A transition function N , the database S, the query q, the size of the beam b
Output: The set res of near neighbor of q.

1: Let res be an empty min-queue of fixed size k
2: Let beam be an empty min-queue of fixed size b
3: Set visited← {}
4: Set beam← {}
5: for i = 1 to b do
6: Randomly select u from S
7: Add u to visited and (d(u, q), u) to res and beam
8: end for
9: repeat

10: Let cov∗ ← cov(res)
11: for i = 1 to σ do
12: Let beam∗ ← {} {Fixed sized priority min-queue of size b as beam}
13: for c ∈ beam do
14: for u ∈ N (c) do
15: if u 6∈ visited then
16: Add u to visited and (d(q, u), u) to res and beam∗
17: end if
18: end for
19: end for
20: beam← beam∗
21: end for
22: until cov∗ = cov(res) {Stops when there is no improvement over dq, i.e., cov(res)}
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4.4 Experimental Results

In this section a comparison of the experimental performance of the proposed technique

against APG, KNR and the RCT is presented. The attention is going to be focused in the recall and

the search speed. This time, the experiments were performed in a newer machine with a 24-core

Intel Xeon 2.60 GHz workstation with 256GB of RAM, running CentOS 7. The multiprocessing

capabilities in the search process were not used. Both, the index and the database were maintained

in memory.

The following synthetic databases were selected: Nasa, Colors, Wiktionary, Docu-

ments, and BigANN-1M. The Documents database is a collection of 25,157 short news articles

from TREC-3 collection of the Wall Street Journal 1987-1989. It is composed by tf-idf vectors,

taken from the SISAP1 project [Figueroa09]. The angle between the vectors was used as the dis-

tance measure [Baeza-Yates99]. 100 random documents were removed from the collection and use

them as queries (thus these 100 documents are not indexed in the database). The objects are vectors

of hundred thousands coordinates. This dataset has a very high intrinsic dimension in the sense

of Chavez et al. [Chavez01]. Even finding the nearest neighbor of a query requires reviewing the

entire database in most exact metric indexes. As a reference, a sequential scan needs 0.185 seconds.

The BigANN-1M database is a one million subset of the TEXMEX corpus.2 The original dataset

contains a billion SIFT points (128 coordinates). Also 256 queries were extracted from the standard

query set. In average, a sequential search of the nn under L2 needs 0.441 seconds to be solved.

The real databases were RVEC of 16, 32, 64, 128 and 256 dimensions, each one with 105

randomly generated items.

In order to compare against LSH, the E2LSH tool3 by Alex Andoni was used. It auto-

matically optimizes an LSH index for the available memory. The index memory was fixed to 1,

3, and 5GB, which is many times higher than the necessary by other indexes. In order to be fair,

since LSH offers distance-based rather than recall-based guarantees, the search by radius was used

(i.e., return any element within distance r to the query), setting r as the average radius of the 30-th

nearest neighbor. To avoid extreme or uninteresting cases, the queries yielding empty answers were

1www.sisap.org
2Available at http://http://corpus-texmex.irisa.fr/
3http://www.mit.edu/˜andoni/LSH/
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removed and those with more than 1000 answers. For the RCT [Houle13] the C++ implementation,

kindly shared by authors, was used. Notice that LSH, RCT and FLANN do not offer an imple-

mentation for Levenshtein and the cosine similarity, so they only are compared on datasets with the

L2 metric. Therefore, the LSH and RCT were included only on experiments over vector datasets

fulfilling this requirement. Also, LSH is not present in RVEC benchmarks since its performance is

not preserved under this kind of datasets [Indyk04a, Andoni08b].

While the implementations are written in C# and run under the Mono virtual machine,

E2LSH, RCT, and FLANN are written in C++, and run in native form. For example, their sequential

search has an advantage of around 2 to 3X in the case of E2LSH and RCT, and 5X times in the

case of FLANN due to their code’s optimizations. In order to give a full picture of the performance,

both the absolute times and speedup were reported. The speedup is computed with respect to the

sequential scan in its own implementation.

4.4.1 Performance per Database

In the first batch of experiments, the indexes APG,* APG*-R, BS are presented, with dif-

ferent values for t (the number of neighbors in the construction) for the Colors, Nasa, Wikionary,

Documents, and BigANN-1M databases.

The APG, and BS are labeled with t = 8, 16, and 32, for each value of t, the parameter m

varies from 8, 16, and 32. The APG* and APG*-R takes t = 8, 16, and 32. Each KNR uses k = 7

and 12 near references among 2048 references (larger values of k will produce better recalls, but at

cost of larger memory consumption); for each k the index is allowd to review at most 3% and 10%

of the database (these will be the two points in each curve). For the RCT a covering factor of 32, 64,

and 128 (larger values will produce better recalls but slower searches) was used.

Figure 4.4.1 shows the recall and speedup of the methods for the Colors database. The

APG’s for t = 8 are the fastest but with less recall, as increasing the number of neighbors in the

construction, the recall is getting better but the speed is affected. Compare this with the line of the

APG*. The APG* is very close to the corresponding APG’s. Now, the APG*-R achieves a higher

recall but at the cost of losing speed. Next, we have the BS, it has the best overall performance, that

is, for a given recall, it has generally the best speed. Note how it get the most recall. The RCT, KNR

and LSH are left behind.
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The results of the Nasa database are shown on Figure 4.4.1. This is the smallest database

and all the indexes reach a very high recall. The results for the APG are similar to the Colors

database: the recall rises with the amount of memory but there are faster alternatives. The APG* is

still very close the the corresponding APG. The APG*-R gets a very good performance, being small

the database, the random starts become very effective. All the BS have a very high recall at a good

speed. Again, the KNR fails to match the others. The RCT has more appeal here than on Colors

being the index that reaches the faster speed. The LSH is nowhere near the others.

The Wiktionary database is more complicated. It is big and its distance is more expensive.

It is on this type of databases where the indexes are more convenient. On Figure 4.4.1 almost every

index is hundreds of times faster than a sequential scan. The performance of the APG is again below

the others and the APG* is again essentially the same. On the other hand, the APG*-R is above all

others. For the correct amount of neighbors, the APG*-R is an absolute improvement of the APG*.

The BS has a very good performance in general and it reaches the most recall.

The Figure 4.4.1 shows the Documents database. Note how most of the indexes have the

same curve of tendency. Remember that this database has very high intrinsic dimension, so, we can

have high recall or high speed, not both. The APG* is again practically the same as the APG, and

the APG*-R reaches better recall values. The BS has very good recalls at a competitive speed. The

KNR is left behind again.

The results for the BigANN-1M are shown on Figure 4.4.1. Look how similar these are

to the Documents figure. The principal difference is the higher values for the speedup because this

database is much bigger. Apart from that, the APG are the same as the APG*; the APG*-R have

higher recalls values; the BS instances have higher recalls at a cost of the speedup; the KNR, RCT,

and the LSH have below the average speed.

From those results we can see that the APG*-R is better in general than the APG* (which

is very similar to APG). Also, all the BS have a very good recall and speed.

The best setups on vector datasets with L2 are summarized in Table 4.1.

4.4.2 The effect of the dimension on the Search Performance

On the next figures, we are going to compare how the indexes handle the dimensionality

of datasets. Here, the RVEC datasets were selected with a wide range of dimensions, specifically,
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Figure 4.2: Recall and speedup performance for Colors.

0.0

2.0

4.0

6.0

8.0

10.0

12.0

14.0

16.0

18.0

20.0

0.60.7 0.8 0.9 0.95 0.96 0.97 0.98 0.99 0.999

sp
ee

du
p

recall

APG t=8
APG t=16
APG t=32
APG*
APG*-R
BS t=8
BS t=16
BS t=32
KNR-Cos k=7
KNR-Cos k=12
RCT
LSH
FLANN

Figure 4.3: Recall and speedup performance for Nasa.
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Figure 4.4: Recall and speedup performance for Wiktionary.
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Table 4.1: Summary of the best performing indexes and setups over vector based datasets with L2.
The performance of E2LSH was added to improve the comparison coverage.

COLORS
Index Search time (s) Speedup Search cost (distances / n) Recall Memory
RCT c=64 0.0046 15.1356 0.0534 0.9033 2.41MB
RCT c=128 0.0071 9.5628 0.0847 0.9246 2.41MB
BS t=16,b=8 0.0021 25.2166 0.0160 0.9272 14.61MB
BS t=16,b=16 0.0031 17.2586 0.0242 0.9355 14.61MB
BS t=16,b=32 0.0047 11.2444 0.0366 0.9428 14.61MB
LSH 0.0139 0.9225 - 0.8998 1GB
LSH 0.0123 1.0288 - 0.8986 3GB
LSH 0.0122 1.0697 - 0.9296 5GB

NASA
Index Search time (s) Speedup Search cost (distances / n) Recall Memory
RCT c=32 0.00065 9.1144 0.0632 0.9431 873KB
RCT c=64 0.00101 5.8348 0.0534 0.9874 873KB
RCT c=128 0.00611 3.4134 0.0847 0.9990 873KB
LSH 0.00077 1.1393 - 0.9736 1GB
LSH 0.00044 1.8779 - 0.9736 3GB
LSH 0.00044 1.8872 - 0.9736 5GB

BigANN-1M
Index Search time (s) Speedup Search cost (distances / n) Recall Memory
RCT c=32 0.0096 78.2874 0.008 0.7736 24.8MB
RCT c=64 0.0153 48.5415 0.015 0.8747 24.8MB
RCT c=128 0.0260 29.1784 0.027 0.9418 24.8MB
LSH 0.1713 0.8340 - 0.9638 1GB
LSH 0.0746 1.7985 - 0.9654 3GB
LSH 0.0492 2.6401 - 0.9613 5GB
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Figure 4.6: Recall and speedup performance for BigANN-1M.

16, 32, 64, 128, and 256. Performance is measured in terms of recall, cost, and speedup. Each line

of points represents the results for each of the dimensions.

The figures 4.7 and 4.8 show the cost for the indexes. The recall was compared with the

cost of the searches. Figure 4.7(a) shows the indexes that take from 1 to 10 integers per element

of the database, that is, on the APG the number of neighbors is small. All the APG and the APG*

are very similar and have a very poor recall. This contrasts with the APG*-R that shows a huge

improvement on it. This shows how effective is this small variant. The BS has a wide range of

action, note how the recall is much better than the APG at the cost of computing more distances.

Here, the KNR has a good performance with one of the configurations reaching the most recall and

showing an almost constant cost to the change of the dimension. The RCT, like the BS is spread

over the figure but with more distances computed.

Now, Figure 4.9(a) shows the speedup for those indexes. The APG and APG* are very

fast because of the small number of distances they have to compute but the small recall makes them

useless. The APG*-R appears on the middle of the other indexes. The different instances of the BS

shows how it gains recall but losses speed when we increase the beam. The KNR gets good recalls

but is slower than the average of the others. Finally, the RCT is fast and with good recalls for these

smaller indexes. Note how the recall for the APG’s and BS increases when adding more memory.

In the Figure 4.7(b) the methods take more neighbors for the elements, this makes them
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compute more distances but they reach higher recall values. The APG and APG* can not get a good

recall but the improve of the APG*-R lets them have one comparable to the BS. The Figure 4.9(b)

contains the speeds of those indexes. Because of the small recall, the APG and APG* are very fast.

The APG*-R and BS with b = 8 are very similar, one a little faster and the other with better recall.

As expected, the other configurations of BS have higher recalls.

The Figures 4.8(a) and 4.8(b) are very similar, they show how the APG and APG* become

to get a good recall for the first dimensions but continue to have a low value for the higher ones.

With the APG*-R and BS we see that they can have very high recalls even for the big dimensions.

The Figures 4.10(a) and 4.10(b) are again very similar. The APG and APG* are not very

fast. The APG*-R is faster for the dimension 16, 32, and 64 but the BS with b = 8 becomes faster

for the big dimensions.

4.4.3 Scalability

A central property of any search index is its capacity to handle the size of the database,

with special attention on large values. If an index cannot grow by design, then the index should

be created every time the database grows; this high indexing cost is reduced using clever arrange-

ments of log n smaller indexes (Bentley and Saxe [Bentley80], and its adaptation to metric indexes

[Naidan12]). This transformation comes with a small speed overhead at search time, in addition to

a constant factor introduced in the construction. This technique is beyond the scope of this docu-

ment, and static indexes are a single large index without additional search overheads. Notice that the

APG’s and the BS have an incremental construction, hence they handle the growth of the database

naturally. In any case, most indexes will be affected by database growth such that expected perfor-

mance may vary. The randomly generated databases of dimensions 16, 32, and 64 were used, each

with sizes 3× 105, 106, and 3× 106. Each point in a curve is produced by a different database size;

speedups are larger as n increases. As the database grows, so does the size of the indexes and it

could not fit on main memory.Because of that, the number of initial neighbors was set to 8 for the

APG’s and BS.

Figure 4.11(a) shows the recall and the search speed for the different sizes of the database

for 16 dimension. The APG and APG* scored a recall below 0.7 on all the sizes, even when using

32 searches for the query. As shown in the previous experiments, the APG*-R gets a boost on the
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Figure 4.7: Performance comparison (recall vs search cost) among the proposed indexes and several
state of the art techniques for fixed n = 105 over several dimensions,with low to medium memory
requirements (i.e., 1 to 30 integers per item). Each curve corresponds to a different dimension
16, 32, 64, 128, and 256; as a hint to review figures, large dimensions correspond to smaller recalls
and scale is exponential.
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Figure 4.8: Performance comparison (recall vs search cost) among the proposed indexes and several
state of the art techniques for fixed n = 105 over several dimensions. Each curve corresponds
to a different dimension 16, 32, 64, 128, and 256; as a hint to review figures, large dimensions
correspond to smaller recalls and scale is exponential.
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Figure 4.9: Recall and speedup comparison in four different classes of memory among the proposed
indexes and several state of the art techniques for fixed n = 105 over several dimensions. Each
curve corresponds to a different dimension 16, 32, 64, 128, and 256; as a hint to review figures,
large dimensions correspond to smaller recalls and scale is exponential.
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Figure 4.10: Recall and speedup comparison in four different classes of memory among the pro-
posed indexes and several state of the art techniques for fixed n = 105 over several dimensions.
Each curve corresponds to a different dimension 16, 32, 64, 128, and 256; as a hint to review fig-
ures, large dimensions correspond to smaller recalls and scale is exponential.
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Table 4.2: Values for the search cost and recall for the different sizes of the random database of
dimension 16.

index 105 3× 105 106 3× 106

Cost Recall Cost Recall Cost Recall Cost Recall
APG*-R 1868.84 0.95 3561.40 0.97 4002.21 0.96 4208.77 0.96
BS b=8 2063.57 0.96 2297.48 0.95 2473.05 0.95 2705.92 0.94

BS b=16 3137.97 0.98 3566.05 0.98 3925.69 0.98 4217.09 0.97
BS b=32 4937.93 0.99 5621.50 0.99 6200.69 0.99 6637.78 0.98

KNR-Cos k=7 4553.08 0.85 9998.99 0.92 28686.36 0.95 83004.65 0.97
KNR-Cos k=12 4950.76 0.92 10948.57 0.96 31941.04 0.98 91945.43 0.99

RCT 15836.4 0.95 26863.9 0.94 42947 0.94

Table 4.3: Values for the search cost and recall for the different sizes of the random database of
dimension 32.

index 105 3× 105 106 3× 106

Cost Recall Cost Recall Cost Recall Cost Recall
APG*-R 4484.40 0.86 9276.67 0.88 12865.79 0.82 14168.41 0.82
BS b=8 4405.64 0.87 5529.78 0.83 6480.63 0.78 7309.23 0.73

BS b=16 6565.40 0.94 8105.05 0.91 10078.76 0.88 11446.03 0.84
BS b=32 9450.75 0.97 12122.14 0.95 15067.28 0.94 17256.64 0.91

KNR-Cos k=12 5105.69 0.65 11100.57 0.71 32088.94 0.78 92088.18 0.83
RCT 19229.8 0.71 34085.0 0.67 52872.1 0.63

recall compared to the APG*. Note how the lines of the BS are practically vertical meaning that the

index gains in speed much more than it loses in the recall. The RCT does not get a recall as good as

the BS and is considerable slower. On this and the other dimensions, the sizes corresponding to the

lines of each method are 3 × 105, 106, and 3 × 106 from right to left except for the KNR. For this

method, the recall is getting better as the size of the database increases. On Figure 4.11(b) we see

the recall and the number of distances for the queries. This general behavior is the same in the next

figures.

The Figure 4.12(a) shows the same tendency: the APG*-R been an improvement over the

APG’s, the BS having very good recalls and speeds, the KNR been slow, and the RCT behind the

BS. The Figure 4.12(b) shows the same but with the distances computed. The same can be said to

the figures 4.13(a) and 4.13(b) but the interesting part is to note how the change of dimension affects

more the indexes than the size of the database for reaching high recalls. For 16 dimensions, good

recalls can be achieve for all the sizes; for 32 and 64 dimension, the BS always gets better recalls.

As a summary, the results for the methods with best recall values are shown on Tables 4.2,

4.3, and 4.4 for 16, 32, and 64 dimensions respectively.
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Table 4.4: Values for the search cost and recall for the different sizes of the random database of
dimension 64.

index 105 3× 105 106 3× 106

Cost Recall Cost Recall Cost Recall Cost Recall
APG*-R 10357.14 0.69 21958.30 0.74 35579.05 0.61 51994.29 0.57
BS b=8 8181.72 0.71 11582.28 0.62 16384.80 0.50 22398.66 0.40

BS b=16 11692.90 0.84 16907.20 0.76 24275.12 0.66 32656.85 0.56
BS b=32 16510.76 0.91 24060.58 0.86 35590.51 0.79 49443.82 0.71
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Figure 4.11: Speedup and search cost as function of the expected recall for the presented indexes
and the state of the art. The datasets used had dimensions 16. Each dataset has three instances with
sizes of 3× 105, 106, and 3× 106. the memory was limited to be under 8 direct neighbors per item,
i.e. 16 undirected neighbors in average.
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Figure 4.12: Speedup and search cost as function of the expected recall for the presented indexes
and the state of the art. The datasets used had dimensions 32. Each dataset has three instances with
sizes of 3× 105, 106, and 3× 106. the memory was limited to be under 8 direct neighbors per item,
i.e. 16 undirected neighbors in average.
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(a) Search speedup / 64 dimensions
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Figure 4.13: Speedup and search cost as function of the expected recall for the presented indexes
and the state of the art. The datasets used had dimensions 64. Each dataset has three instances with
sizes of 3× 105, 106, and 3× 106. the memory was limited to be under 8 direct neighbors per item,
i.e. 16 undirected neighbors in average.
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4.5 Tuning APG*, APG*-R, and BS

The diversity of the combinatorial optimization applied for proximity search may be prob-

lematic for an end-user. In this section, a simple guide is provided for finding a competitive index.

The first step is the selection of the index. Even when APG* performs as good as APG,

APG*-R and BS perform better. Both APG*-R and BS need to know the number of direct near-

neighbors t. APG*-R has no more explicit parameters since it adjusts the number of repetitions

based on a simple iterative optimization; then the robustness is entirely based on t. For this rea-

son, t should be relatively large, i.e., bigger than 16 lesser than 64. Since the underlying graph is

undirected, which means that the memory usage will be n(2t + 1) integers, the right selection of

t should consider this amount of main memory for the adequate performance. For the case of BS,

t can be smaller, i.e., 8 or 16; larger values of t should be used for very high intrinsic dimensions,

as described in the experimental section. After fixing t, the free parameter b (the size of the beam)

should be adjusted to obtain the desired performance. A large value of b will produce high-quality

search results while search time will increase. In contrast, faster searches will be achieved for small

b values, yet the quality of the result set could decrease. As a rule of thumb, the recommendation is

to fix b to the largest value producing an affordable search time. Nonetheless, good recall values are

achieved for most of the datasets for b values between 16 to 64. A more precise setup of b could be

accomplished with the help of a query set Q. The idea is to adjust b to obtain a minimum recall on

Q; this fitting should be applied after a fixed number of insertions.

4.6 Summary and Future Work

The principal contribution in this chapter was the presentation of the proximity search as a

combinatorial optimization problem. For this, the problem was segmented to allow the use of com-

binatorial optimization algorithms largely studied in the literature. In particular, this contribution

focuses on local search algorithms.

Using this new perspective, three near neighbor searching indexes were introduced, called

APG*, APG*-R, and BS. These indexes use an underlying graph and several variants of local search

to navigate them. As part of this contribution, the indexes were compared among the current state
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of the art indexes with excellent results. In particular, the presented indexes are of practical use due

to their very good trade-off among speed, recall, and index size.

In this thesis, theN function was fixed to be that defined by APG while the focus was on

finding better algorithms for navigating it, i.e., A. However, new N definitions with improved or

additional properties should be welcome.

Since the presented indexes are incrementally constructed, the insertion operation is na-

tive. However, the deletion algorithm is not yet studied. The literature in metric indexes used to

solve the deletion operation marking those items as unavailable for most operations [Chavez01].

While this is enough for workloads with just a few deletions, a high rate of removals could yield to

a significant unnecessary extra memory.

In other approaches, the metric indexes can afford real deletions. A recent approach uses

the strategy of Bentley and Saxe ([Bentley80]) to produce dynamic structures using a list of log n

static structures. This approach gives the possibility of use any static indexes, yet at the cost of a

log n factor in the search cost. The delete operation deserves attention in the future research on the

area.



Chapter 5

Spanners from Proximity

5.1 Introduction

In the previous chapter, the main problem is, given a set of points, how to generate a graph

over them and how to navigate this graph to go from one point to another without examining the full

graph. The routing process should be obtained only with local information. Note that in the past

chapter, the start of the search was a point in the graph meanwhile the destination point was not.

Here we restrict the problem to the case where both points are on the graph.

This variant has applications in ad-hoc networks which consist of transmitters, often

called hosts and the network is established as needed, typically without any assistance from a fixed

infrastructure. It is assumed that each host can communicate with all the hosts within its transmis-

sion range with a single transmission, called a hop. Typically, not all hosts are within the transmis-

sion range of each other and the transmission ranges of all hosts are identical. We will additionally

assume that each host knows its location, its coordinates in the plane, obtained by a low energy GPS

device or by other means.

Since not all the hosts are connected, a message from one host to another must be passed

from host to host until it reaches its destination. Each communication between hosts consumes

energy that depends on the distance of the source and the receptor. So, the problem is to send a

message trying to minimize the energy cost.

The network defines a graph and it must be traverse to get a path between any two points.
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If this graph has many edges, the energy efficiency will be high but the finding the path will be slow.

We just saw this behavior in the previous chapter, if the graph has many edges, the search will be

slow. So, we need to extract a subgraph with less edges but with the property to go from one point

to another with just local information.

5.2 Proximity Navigation Graphs

We start with some definitions to establish the problem we want to study. Let (X,d) be

a metric space, V ⊆ X a finite set, and E ⊆ V × V . The graph G(E, V ) is a metric graph if

each edge (u, v) ∈ E has weight d(u, v). In particular, the edge (u, u) is in the graph and have

distance 0. A graph G(E, V ) is said to be strongly connected if there is a path from u to v for any

u, v ∈ V . All the graphs considered in this chapter will be strongly connected. Define G a proximal

navigation graph or PN -graph if for each u, v ∈ V either (u, v) ∈ E or there is a node u1 such that

(u, u1) ∈ E and d(u, v) > d(u1, v). This means that there is always a path connecting arbitrary

nodes u, v such that the distance of the nodes in the path to v decrease monotonically. Let dG(u, v)

be the length of the shortest path from u to v in G. A graph G is a t-spanner if for every pair of

points u and v in G, we have dG(u, v) ≤ td(u, v) where dG(u, v) is the length of the smallest path

between u and v. The parameter t is called the stretch factor of G.

We say that a family of strongly connected graphs is a t-spanner if every graph G in the

family is a t-spanner. Note that each graph on the family has the same t as stretch factor.

Figure 5.1(a) shows an example of a family of strongly connected graphs that is not a

t-spanner. The members of the family are the graphs defined by the vertices u, ui, and v for i =

1, 2, . . ., so, for example the graph of vertices u, u1, and v is a t1 spanner, but the graph of vertices

u, u2, and v is a t2 spanner for t2 > t1 and so on. There is not a t that will made all the members

of the family t-spanners. The Figure 5.1(b) shows the same family but this time the ui vertices are

bounded so all the graphs are
√

2-spanners.

In a PN -graph G, the proximity path from u to v, PP(u, v), is constructed as follows:

We start in u and continue with the neighbor of u closer to v and repeat until we reach v. In general,

the proximity path of two points is not the shortest path between them.

Remark 1 The path PP(u, v) is always contained in the ball center at v with radius d(u, v),
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u1u2u3u4un

u

v

(a) An example of a non t-spanner family.

u1u2
un

u

v

(b) A t-spanner family.

Figure 5.1: The members of the family are the graphs defined by the vertices u, ui, and v for
i = 1, 2, . . .
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Bd(u,v)(v).

The Complete Graph (where every point is connected) is trivially both a 1-spanner and a

PN -graph. Another more interesting example is the Delaunay triangulation (DT ), defined for a

set V of points in the plane, as the triangulation such that no point in V is inside the circumcircle

of a triangle in DT . It is well known that DT is a 4π
3
√

3
-spanner. It is also known that DT is a

PN -graph, see for example [Bose04].

5.2.1 Are Proximal Navigation Graphs t-Spanners?

PN -graphs have the property that they can be navigated using only local information, if

we want to go from one point to any other, we can just follow the proximity path and we have the

certain that we will reach the desired point. This makes the PN -graphs useful for communication

networks. In this domain, it is also important that the length of the communication path is as short as

possible. The t-spanner graphs with small t guarantee this last desired property. It is then important

to know if the PN -graphs are t-spanners.

Conjecture 1 Every family of proximity navigation graphs is a t-spanner.

Let us assume this conjecture 1 is false, then there must exist a family of proximity nav-

igation graphs such that for all t > 0 there is a graph H in the family and two points u and v in H

such that dH(u, v) > td(u, v). Note that the length of every path from u to v is also greater than

td(u, v).

If we have two points u and v, let Rr(x) be the ring of points such that their distance to v

is greater than d(v, x)− r and smaller than d(v, x) + r.

Let P be the proximity path between u and v, P = PP(u, v), the length inside the set A

in P will be the length of the path P from the farthest point to v in A ∩ P to the closest point to v

in A ∩ P .

Lemma 2 Let G be a family of proximity navigation graphs that is not a t-spanners. Then for all

M > 0 and ε > 0 there exist a proximity navigation graph G ∈ G and points x, u, v in G such that

the length inside the ring Rεd(u,v)(x) in P is greater than Md(u, v). We will say that G has an

unbounded approximation point.
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Proof 5.2.1 Suppose this lemma is false, then there exist M > 0 and ε > 0 such that for all

proximity navigation graphs G ∈ G and all x, u, v in G, the length inside Rεd(u,v)(x) of P =

PP(u, v) is smaller than Md(u, v).

Let y1 be the last point from P in that ring, following P , y1 is connected to x2, the length

inside Rεd(u,v)(x2) of P is less than Md(u, v). Let y2 be the last point from P in that last ball,

following P , y2 is connected to x3. We continue in this way.

Note that when we go from xi to xi+1 we get closer to v at least εd(u, v), hence the num-

ber of points in the sequence x1, x2, · · · , xi, · · · is at most 1/ε. Then d(u, v) ≤ Md(u,v)+2d(u,v)
ε =

M+2
ε d(u, v) for all G ∈ G and all x, u, v in G, that is, G is t-spanner, which is a contradiction.

Theorem 5.2.1 Let G be a family of proximal navigation graphs. If G is not a t-spanner, then G has

an unbounded approximation point. If G does not have an unbounded approximation point, then G

is a t-spanner.

Proof 5.2.2 The first implication is the last lemma. For the last implication let us suppose that G is

not a t-spanner, then for the first implication we have that G should have an unbounded approxima-

tion point which is a contradiction.

Theorem 5.2.2 Let G be a family of proximal navigation graphs over X = Rn. If the distance d is

bounded, i.e. 0 < d < d < D for all points in X , then G is a t-spanner.

Proof 5.2.3 We will prove it for n = 2, the other cases are similar. For every H ∈ G and every u

and v in H , we have that the Rd/2(u) has at most πD/d points, since the distance is at most D, the

inside length is at most πD2/d. Let y1 be the last point from PP(u, v) in that ring, following the

path, y1 is connected to u2, the length inside Rd/2(u2) is less than πD2/d. Let y2 be the last point

from PP(u, v) in that ring, following the path, y2 is connected to u3. We continue in this way. Then

the PP(u, v) has length at most (
πD2

d+D

)
d(u, v)

d
2

Then, G is a t-spanner.

Corollary 5.2.3 If the distance function d is discrete and bounded, then every family of PN -graphs

G in (Rn,d) is a t-spanner.
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An example of the corollary is that a family of PN -graphs in the metric space of bitmaps

of length m using the hamming distance is a t-spanner: if we have a family in this metric space,

then for every two bitmaps u and v, we have d(u, v) ≤ m and each time we move from u to v the

distance decreases at least by 1, then we reach v in at most m points. Then this family cannot have

an unbounded approximation point.

5.3 HSP

A special example of a PN -graph is the Half Space Proximal (HSP)[Chávez05a]. To

obtain the HSP of a finite point set V each u ∈ V computes their HSP neighbors HSP (u) in a

distributed manner. The allowed region is initially all the points V , let A = V be that set. The

Nearest Neighbor (NN) of u in A is computed and added to HSP (u). All points in A closer to

NN(u) than to u are removed from A, this removed set is called the forbidden region and the

process is repeated until A, the allowed region is empty. Below we prove that the HSP is a PN -

graph.

Lemma 3 If there is not an edge from the point u to v in the HSP, then there exist a point z such

that it connects to u and z is in the intersection of the two circles centered at u and v with radius

d(u, v).

Proof 5.3.1 If there is not an edge from the point u to v, then, v is in a forbidden region of u and

some point z. The point z connects to u and is closer to u than from v, so, z is in the circle centered

at u with radius d(u, v). As v is in the forbidden region of u with respect to z, then v is closer to z

than to u, so, z is in the circle centered at v with radius d(u, v).

Lemma 4 If there is an edge from the point u to v in the HSP, then there is no point in the circle

centered at v with radius d(u, v) connected to u.

Proof 5.3.2 If there is an edge from the point u to v, then there is no point inBd(u,v)(u)∩Bd(u,v)(v)

because if there was, then it would leave v in its forbidden region. There is also not a point in the

forbidden region of v, so the lemma is proved.

Lemma 5 The HSP is a proximal navigation graph.
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Proof 5.3.3 From lemma 3, if (u, v) is not an edge in the HSP, then there exist a point z connected

to u, with z in the interior of the intersection of the two circles centered at u and v respectively, and

with radius d(u, v). This implies, d(z, v) < d(u, v). The argument can be repeated on the pair z

and v until we reach v to get a path from u to v as the path in the definition of a PN -graph.

5.3.1 A More General HSP

The HSP can be generalized if we see the algorithm as follows:

1. Take a point p in the set.

2. Sort all the other points in a list with respect with the distance to p.

3. Take the first element e off the list.

4. Add e to the neighbors of p.

5. Eliminate all the points from the list that are closer to e than to p.

6. Repeat from 3 until the list is empty.

The sorting order of step 2 can be changed for the inverse order. With this change we will

call Half Space Distal (HSD) to the resulting graph. Note that we could put any order in step 2,

even a random order. We will call Half Space Random (HSR) to that graph.

With these variations the properties change, for example, the HSR and HSD may have

out-degree bigger than 6 in the plane. But some others are still unaffected.

Lemma 6 The HSD and HSR are strongly connected.

Proof 5.3.4 Let u, v ∈ V . If (u, v) ∈ E, they are connected. If (u, v) is not in E, there is a point

connected to u that left v in a forbidden region, i.e., there should be a z ∈ V such that (u, z) ∈ E

and d(v, z) < d(v, u). We repeat the process with z and v, eventually we will get v because V is

finite and all the points we are finding are different.

Lemma 7 The HSD and HSR are PN -Graphs.
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Proof 5.3.5 This proof is very similar to the last one. Let u, v ∈ V . We will show that we could go

from u to v greedy. If (u, v) ∈ E there is nothing else to do. If (u, v) is not in E, there is a point

connected to u that left v in a forbidden region, i.e., there should be a z ∈ V such that (u, z) ∈ E

and d(v, z) < d(v, u).

We will say that a PN -graph (E, V ) is minimal if for every e ∈ E, (E \ e, V ) is not a

PN -graph.

Lemma 8 The HSP is minimal.

Proof 5.3.6 Let the HSP=(E,V) and let e = (u, v) ∈ E. By the lemma 4 there is not a point in

Bd(u,v)(v) connected with u, so if we remove the edge e, we could not go from u to v greedy, so the

graph would not be a PN -Graph.

The last lemma is not true for the HSR or the HSD.

A PN -graph is distributed if for every edge (u, v), u is not connected to someone in

d(u, v). The sense of distributed PN -graphs is that the points have a neighbor in each each direc-

tion.

Lemma 9 The HSP is distributed.

Proof 5.3.7 Immediate from the lemma 4.

Lemma 10 For every distributed PN -graph G = (E, V ), there is a G′ = HSR(V ) such that

G = G′.

Proof 5.3.8 Let u ∈ V andN(u) = {u1, u2, . . . , un} be the neighbors of u inG. The point u is not

connected to anyone in Bd(u,ui)(ui) for every i since G is distributed. Then there is no point con-

nected to u in the forbidden region of ui. This implies that if we take the order {u1, u2, . . . , un, . . .}

for u, its neighbors in the HSR will be {u1, u2, . . . , un}, we only need to verify that there will not be

any more, but that is true because for every point in v ∈ V , we can go from u to v greedy through a

ui because G is a PN -graph and then v will be in the forbidden region of ui. Then, for every point

in V , we can find an order such that G and G′ have the same edges.

Then, all the distributed PN -graphs are in HSR, the inverse is not true since there are HRS

graphs that are not distributed. The important conclusion is that the HSP has the best properties and

arises naturally among the PN -graphs.
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5.4 A Family of Proximal Navigation Graphs that it is not a t-spanner

For ε > 0 let X be the following set of functions from [0,1] to [0,1]

f0(x) = 0

f1(x) =


0 if x ≤ 1/2− ε

1 if 1/2− ε < x ≤ 1/2

1/2 if x > 1/2

f2(x) =



0 if x ≤ 1/2− 2ε

1 if 1/2− 2ε < x ≤ 1/2

1/3 if x > 2/3

f1(x) elsewhere

f3(x) =



0 if x ≤ 1/2− 3ε

1 if 1/2− 3ε < x ≤ 1/2

1/4 if x > 3/4

f2(x) elsewhere

...

fi(x) =



0 if x ≤ 1/2− iε

1 if 1/2− iε < x ≤ 1/2

1/(i+ 1) if x > i/(i+ 1)

fi−1(x) elsewhere

...

f∞(x) = 1

Let dX : X ×X → R be such that dX(f, g) = µ({x ∈ [0, 1]|f(x) 6= g(x)}) where µ is

the Lebesgue measure. Table 5.1 show some example distances between some of the functions.

We will see that the function dX is a distance over the set X . The complicated part is the
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f0 f1 f2 f3 · · · f∞
f0 0 1/2 + ε 1/2 + 2ε 1/2 + 3ε 1
f1 1/2 + ε 0 1/3 + ε 1/3 + 2ε 1− ε
f2 1/2 + 2ε 1/3 + ε 0 1/4 + ε 1− 2ε
f3 1/2 + 3ε 1/3 + 2ε 1/4 + ε 0 1− 3ε
...

...
...

...
...

...
f∞ 1 1− ε 1− 2ε 1− 3ε 0

Table 5.1: Distances between functions

triangle inequality. We want to prove that dX(fx, fy) + dX(fy, fz) ≥ dX(fx, fz). Is easy to prove

it if two of the tree functions are equal or if z =∞. Without lose of generality, x < z, and we have

tree cases.

Case y < x We have

dX(fx, fz) =
1

x+ 2
+ (z − x)ε

but, since z − y > z − x then z − x < z − y + x− y. Also we have 1
x+2 <

1
y+2 <

2
y+2 .

1

x+ 2
+ (z − x)ε <

2

y + 2
+ (z − y + x− y)ε

=
1

y + 2
+ (x− y)ε+

1

y + 2
(z − y)ε = dX(fx, fy) + dX(fy, fz)

Case x < y < z Here we have 1
y+2 <

1
x+2 and

dX(fx, fy) + dX(fy, fz) =
1

x+ 2
+ (y − x)ε+

1

y + 2
(z − y)ε

>
1

x+ 2
+ (y − x)ε+

1

x+ 2
(z − y)ε =

2

x+ 2
(z − x)ε >

1

x+ 2
(z − x)ε = dX(fx, fz)

Case z < y In this case z − x < y − x and

dX(fx, fz) =
1

x+ 2
+ (z − x)ε <

1

x+ 2
+ (y − x)ε

<
1

x+ 2
+ (y − x)ε+

1

z + 2
+ (y − z)ε = dX(fx, fy) + dX(fy, fz).
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We have shown that dX is a distance function.

Let F be the family of graphs (E1, V1), (E2, V2), . . . , (Ek, Vk), . . . where

Ei = {{f0, f1} , {f1, f2} , . . . , {fk, fk+1} , . . . , {fi, f∞}} ,

Vi = {f∞, f0, f1, . . . , fi} .

We will show that every graph in the family F is a proximity navigation graph for a

suitable ε. We need to show that for every pair of points in the graph, u and v, there is a path from u

to v that is getting closer to v. From the table of distances the result is clear if one of the points is f0

or f∞. If one point is fi the result is also clear if we see the distances from fi to the other points:

1

2
+ iε,

1

3
+ (i− 1)ε,

1

4
+ (i− 2)ε, . . . ,

1

i+ 1
+ ε, 0,

1

i+ 2
+ ε,

1

i+ 2
+ 2ε,

1

i+ 2
+ 3ε, . . . , 1− iε

in this list, we have the distances from fi to f0, f1, . . . , f∞.

The family F is not a t-spanner because for every t > 0 we can find a graph G in F such

that the dG(f0, f∞) > tdX(f0, f∞)=t. That is because the distance in the graph G from f0 to f∞

is
1

2
+ ε+

1

3
+ ε+

1

4
+ ε+ · · ·

which is a non convergent series. The Conjecture 1 is false.

Remark 2 If we apply the HSP to this family, we get the same graphs, hence the HSP is not always

a t-spanner.

5.5 Summary

The HSP and its variants have the potential of being of use in many applications because

what they do is to take a point on every direction of the space and works for abstract metric spaces.

The number of neighbors of a point depends on the intrinsic dimension of the data and on the

position of the point in the cloud. A point in the center of the dataset will have a higher number

of neighbors than a point in the boundary. This information could be used to classify the points by

their position. But that is another story.





Chapter 6

Conclusions and Future Work

This work presents indexes that auto-adjust some parameters in order to simplify their

use. Some indexes have parameters not easily to tune and many times, the only viable option is to

make a guess. Some other times, many instances of an index should be constructed to find the one

with the best performance. Some other indexes do not have parameters at all, they are easy to use

but their space and speed can not be changed. The best of this two worlds is to have a tunable index

with easy parameters.

The main part of this work is the introduction of the EPT, ANNI, APG*, APG*-R, and BS

indexes. They improved the state of the art alternatives in multiple occasions. We cover the cases

of exact and approximate searches. Analysis of their theoretical performance are included and used

to make the construction algorithms able to find the best parameters.

The EPT shifts the traditional way to create indexes. A lot of effort has been put in

selecting a good set of pivots for a given dataset, the EPT assigns the best points to a given set of

pivots. This change has proved to be very effective. The EPT assumes some distribution of the

data, pivots and queries; for the cases where that can not be true was designed the ANNI. Here, the

construction of the index consists of improvements based on real searches. In this new schema a

time-optimization is possible. This is very difficult to do with other indexes because the real time of

the search can depend on many things beside the index itself. Those indexes are good but, for high

intrinsic dimension sets, an approximate index is needed. The APG is simple and fast, but it has

some parameters difficult to tune. The APG* and APG*-R are simpler versions with the same or
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best performance than the APG. The main idea behind these indexes is to turn the proximity search

problem into an optimization problem. With that, we can use all the techniques from optimization,

in particular we used the beam search to produce the BS variation index with excellent results.

None of the above indexes guaranties a faster search than sequential scan on every met-

ric index. The course of the dimension is unavoidable. Besides that, some improvements can be

done. For example, a version to work on disk instead of main memory. The difficulty here is the

rearrangement of the index structure to avoid random accesses. This study is left for future works.

Also, the EPT and ANNI are static which means that the full database must be known at the time

of construction and no modification can be made afterwards. A dynamic version of these require

further research.



Appendix A

Databases

A.1 Introduction

The use of a database is becoming more and more important due to the high amount of

information that we have about almost everything. The appropriate management of this informa-

tion is crucial to make it useful. On this, we want to find the data we are looking for, and, most

importantly, we want to do it fast.

The databases are everywhere, some times we do not see them. An application could use

a database to store some information and to retrieve and analyse it. The database could be hidden

from the user where the application takes care of the administration. This kind of databases, where

the user does not work directly on them, are known as embedded databases [Nori07].

There is a growing amount of computers in our lives. The new phones can run a large

variety of applications. They can manage small databases and the conventional database systems

tend to ignore them.

The form to find information on a text and on a database had been studied in a separated

way. But the interest in doing these two types of queries on the same model is growing.

This appendix, describes a method to enable keyword and text searches on relational

databases using succinct structures to efficiently use the space needed.

The common way to represent a relational database is a tabular structure, where each table

represents a relation [Garcia-Molina09]. Each table is a set of records, and each record contains an
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ordered set of fixed attributes called columns or fields. Traditional Database Management Systems

(DBMS) use the relational model to store and retrieve the data. The relational model describes the

database as a collection of predicates with some variables. It provides a declarative method for the

queries.

The Structured Query Language (SQL) is the standard way to specify the queries on this

model. A table in an SQL database schema corresponds to a predicate variable; the contents of a

table to a relation; and SQL queries correspond to predicates. This model has proved been effective

to most cases. However, an operation to efficiently search and locate plain text occurrences is not

part of the relational model, hence this operation is not efficiently handled by most DBMS.

In the full text search, each word of every document in the database is examined to find a

match of the query. Traditional DBMS does not support full text searches, an add-on is needed to

perform them. The database model is optimized to find exact matches of fields and searches inside

them were not popular until recent years.

A full text search can be done using a sequential scan of all the text in the database. This

approach is only practical for small amounts of text. When the sequential scan is too slow, a pre-

process of the data is done to build a structure that permits the searches to be executed in much less

time. This structure is known as an index. In general, an index is a way to organize the data to easily

find what we are looking for.

Full-text searches can be done using an inverted index. An inverted index is a data struc-

ture that maps a search key (like a word) to a set of positions where that key appears in a text or

a in a collection of documents. This set is called the post of the key. An inverted index can be

implemented using a relational database as described in [Putz91].

To support this operation the use of bitmaps is the preferred choice [Stockinger09]. A

bitmap B is an array with values in {0, 1}. Moreover, bitmaps do not just help full text searches but

can even be faster than trees for standard SQL queries, when the data is static and queries are not

very selective [Jürgens99]. An example of this situation is in data warehousing applications. A data

warehouse is a database where each data introduced is kept forever and can not be modified. We aim

not to implement a fully relational DBMS, but provide the necessary tools to represent efficiently a

table while supporting many searching operations using the compressed representation.

One obvious interest on compressing the tables in a database is to reduce the space needed



A.2. Basic concepts 129

in storage, but this also improves the query times as well [Lemire12]. A simple technique is to re-

order the records on a table to improve Run-Length encoding. Run-Length replaces a single symbol

substring (called a run) by that symbol and its multiplicity. The purpose of reordering records is

the induction of large runs, which naturally compresses the table. Research shows that spending

extra time in reordering records yields to a query speed improvement, due to better memory access

patterns. So, reordering is justified even on small compression ratios [Lemire12].

Due to the increasing amount of digital information generated everywhere, and the need

to represent, store, process and retrieve data, extra effort has been placed in squeezing speed from a

variety of sources. Recently a lot of research has been made in compressing and compacting data.

The advantage of compressing is not only due to savings in storage space [Garber12]; the holy grail

in gaining speed out of compression is to avoid the use of disk even when dealing with relatively

large amounts of data. It is well known that main memory is orders of magnitude faster than disk,

hence working on RAM yields a higher throughput than using disk. This is true even if the number

of disk accesses is relatively small.

Making the database fit in RAM using compression is not enough if we want to process

the data or to perform queries on it. This is because, for each transaction, we would need to de-

compress it. An alternative idea is to compact the information; the difference between compression

and compaction is that, compact data does not require decompression for accessing the data. Notic-

ing the difference between compressing and compacting data, both terms will be interchangeable,

knowing that these data structures do not need an explicit decompression.

The presented method compresses both, the data and the indexes into the same structure

using less memory than the plain representation. Moreover, several alternative configurations were

experimented with selective compression trading effectively speed for space. The objective is to use

the higher levels of the memory hierarchy present on modern computing devices. The contribution

is on gaining speed out of compression by letting more data, and the index, to fit in the same space.

A.2 Basic concepts

In order to understand the basics of this technique, a small introduction to succinct struc-

tures is presented.
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A.2.1 Entropy

An alphabet ∆ of size n is an ordered set of n elements. Let S be a sequence over an

alphabet ∆ of size n and nc be the number of occurrences of character c on S for each c ∈ ∆. The

order zero entropy is defined as

H0(S) =
∑
c∈∆

nc
n

log
n

nc
. (A.1)

H0 is a lower bound of any codification that assigns a unique code to a character c.

Let A be a substring of S and SA be the concatenation of the characters right after each

occurrence of A in S. The order k entropy is

Hk(S) =
1

n

∑
A∈∆k

|SA|H0(SA). (A.2)

This Hk is a lower bound of a codification which depends of the k preceding sym-

bols [Manzini01].

A.2.2 Bitmaps

A bitmap B of length n is an array of n elements with values in {0, 1}. The function

Ranki(B, j) is the number of elements in the bitmap B from position 1 to j which are equal to i,

where i ∈ {0, 1}. Selecti(B, j) is the smallest position k of the bitmapB such that Ranki(B, k) =

j with i ∈ {0, 1}. The function Access(B, j) returns the element of B at position j.

Some properties of the Access, Rank and Select functions are

1. Ranki(B, j) = j − Rank1−i(B, j)

2. Access(B, j) = Rank1(B, j)− Rank1(B, j − 1)

3. Ranki(B,Selecti(B, j)) = j

4. Selecti(B,Ranki(B, j)) ≤ j

The functions Ranki, Selecti, and Access can be computed in constant time using an

extra space of o(n) bits for a bitmap B of length n [Raman02]. To do this, B is splitted into

superblocks of size log2 n bits. Now, each superblock is divided in blocks of size (log n)/2 bits.
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Each block is divided in classes. A block is on class c if it contains c bits set. For each class, there

is a universal table with one row for every possible block on the class. On this table we store all

the Rank answers for that block. All the tables need
√
n rows and O(

√
npolylog(n)) bits. Each

superblock stores the value of Rank at its beginning. Each block stores the value of Rank at the

beginning of the block relative to value of the superblock where the block is.

To solve Rank(B, i) we find the superblock where the position i is and take its Rank

value, then we find the block where i is and add its value to the one of the superblock. Finally, we

find the number of ones on the block, from the beginning to i, using the universal table. We add up

these three numbers and get Rank(B, i) in constant time.

The function Select can be computed using binary search and Rank but could be done in

constant time using an analogue technique of the Rank function.

This method is only for static bitmaps. There are some theoretical models to compute

Rank, Select, and Access for dynamic bitmaps [Mäkinen08] but there are no useful implementa-

tions.

A.2.3 Sequence Indexes

Now the previous operations are extended over larger alphabets. Let S be a sequence of

symbols of size N (i.e., S ∈ ∆N for some alphabet ∆, of size σ = |∆|). There exist efficient

representations of sequences closely following the entropy lower bound and providing a rich set

of efficient operations; they are called Sequence Indexes. A Sequence Index provides three basic

operations over a sequence S.

• Rankc(S, pos) counts how many c’s occur in S until position pos.

• Selectc(S, r) returns the smaller position pos such that Rankc(S, pos) = r.

• Access(S, pos) retrieves the symbol stored at the position pos in S.

The interested reader is referred to [Navarro07, Tellez12, Golynski06, Claude08].
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Figure A.1: Wavelet Tree for the string abracadabra

A.2.4 Wavelet Trees

Let S be a string over an alphabet of length σ. A binary wavelet tree for S is a balanced

binary tree whose leaves are the symbols of the alphabet. The root is S. The left child of a node ν is

formed by the elements of ν that are on the first half of the alphabet of ν. The right child is formed

by the rest of the elements of ν. The sequences at each node are represented by bitmaps of length

equal to the string at the node. A zero at position i means that the ith character of the node is on the

first half of its alphabet. A one means the opposite.

For example, on Figure A.1 we have a wavelet tree for the string abracadabra. On the

root of the tree we have the whole string and a bitmap, a 0 means that the corresponding symbol

is in the first half of the alphabet ({a, b, c}). A 1 means that the character is one of the set {r, d}.

Then, all the 0’s goes to the left to form the string abacaaba and the 1’s form rdr. This process is

repeated until the generated strings are formed by one symbol.

With Rank and Select operations over the bitmaps on a wavelet tree, we can generate the

original string S on the root. Even more, we can compute the functions Rankc(S, i) that returns the

number of occurrences of character c on the first i elements of S; and the function Selectc(S, j)

that returns the position on S where is the jth occurrence of character c. This operations can be

done using O(log σ) operations on bitmaps.

A.2.5 Permutations

Permutations are fundamental in computer science and have been extensively studied. A

permutation is a bijection of a set of n elements with itself. Given a set of n elements, the identity
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permutation is I(x) = x for all x. Given a permutation P , its inverse P−1 is the unique permutation

such that P ◦ P−1 = I . The objective is to compute a permutation and its inverse using a small

amount of space and time. Next is shown how to represent a permutation of n numbers using

(1 + ε)n log n + o(n) bits of space that computes the permutation in O(1) time and its inverse in

O(1/ε) time for any ε > 0 [Munro03].

Let P be a permutation of S = {0, 1, . . . , n− 1} and t ≥ 2 be a parameter. A cycle C of

P is a subset of S such that P (x) ∈ C for every x ∈ C. Every permutation can be written as the

product of disjoint cycles. For each cycle of P with length at least t, we store a shortcut pointer for

the elements of the cycle that are at positions which are multiples of t. The shortcut pointer points

to the position that is t elements before it in the cycle.

If we want to know P−1(x), we check whether x has a pointer or not. If it has one, we

follow the pointer and then the cycle until we go back to x, the element before x is P−1(x). If x

does not have a pointer, we follow the cycle until we find one, we follow it and then the cycle until

we find x. The previous element is P−1(x).

Taking ε = t/2, we get the time and space mentioned [Munro03].

A.2.6 Elias-δ encoding

Let A = 0g010g11 · · · 10gl−110gl where 0gi represents a sequence of gi zeros. A will be

represented as δ(g0)δ(g1) . . . δ(gl), where δ(x) is an encoding for the non-negative integer x. Let

l = dlog(x + 1)e be the number of bits necessary to encode x, and let ll = dlog(l + 1)e be the

number of bits necessary to code l. Then δ(x) is formed by three parts: ll zeros followed by a 1; the

ll− 1 least significant bits of the binary representation of l; and the l− 1 least significant bits of the

binary representation of x. This compression is knowns as Elias-δ [Elias75].

A.2.7 Full-Text Indexes

The full-text indexes represent a text in a compressed structure and still can answer queries

efficiently. A well known example is the inverted index which is a list of the words on a database

together with their positions in the text. This structure is very popular but has some limitations as it

needs the existence of words in the text, the set of different words should not be too large, and we
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can just search for full words, not for sub-strings. In order to improve these limitations, the full-text

indexes were developed. The problem of these indexes is the large amount of space they need. Later

appeared the self-indexes that could reproduce any portion of the text so they could replace the text.

Given a text and a pattern, full-text indexes can count the number of occurrences of the

pattern in the text and their positions. If the text is not stored separately, the operation of recovering

any substring of it will be needed.

A requirement will be that the text T ends with a special character called $ that appears

only one time on the text and is greater than any other character of text in the lexicographic order.

Some of the basic components of many full-text indexes are described below.

Tries

A trie is a tree data structure that stores a set of strings. It can search a string in time

proportional to its length. A trie for the strings S1, S2, . . . , Sn is a tree where each node represents

a distinct prefix in the set. The root node represents the empty prefix ε. A node v representing the

prefix Y is a child of a node u representing the prefix X if and only if Y = Xc for some character

c, which will be the label of the tree edge from v to u.

The character $ is added at the end of every prefix. The trie has exactly n leaves. The

trie can be built in time proportional to the sum of the lengths of all its strings. We can find all

the prefixes in the collection of strings using a trie, simply follow the trie from the root following a

string, then scan all the leaves of that subtree to find all the strings that start with the given string.

Suffix Tries and Suffix Trees

Given a text T1,n (ending with $), T defines n suffixes T1,n, T2,n, . . . , Tn,n. The suffix trie

of T is a trie build over all the suffixes of T .

The suffix trie makes fast string matching posible. Given a pattern P , every occurrence of

P in T is a substring of T , that is, the prefix of a sufix of T . This permits counting the occurrences of

P in T in time proportional to the length of P . To find all the occurrences, the subtree is traversed.

The suffix tree of a text T is a suffix trie where each unary path is converted into a single

edge. Those edges are labelled by strings obtained by concatenating the characters of the replaced

path. The leaves indicate the text position where the suffixes start.
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The suffix array

A suffix arrayA of the text T is an array of pointers to all the suffixes of T in lexicographic

order [Manber90]. Ti,j will denote the substring of T starting and ending in i and j respectively. Ti

will denote the ith character of T . A[i] points to the text suffix TA[i],n.

The suffix array plus the text can be used to search for patterns. Just like the result of

a pattern search in a suffix tree is a subtree, the result of a suffix array search is an interval. It is

possible to search for the interval of A containing the suffixes prefixed by the pattern via two binary

searches on A.

The Burrows-Wheeler Transform

Given a text T1,n and its suffix array A, the Burrows-Wheeler Transformation (BWT)

T bwt of T has size n and is defined as T bwti = TA[i]−1 except when A[i] = 1, where T bwt1 = Tn.

Another way of seeing the BWT is as follows. A cyclic shift of T1,n is any string of the

form Ti,nT1,i−1. Let M be a matrix containing all the cyclic shifts of T in lexicographical order.

Let F be the first and L be the last column of M . M is the suffix array A of T . L is the BWT.

Given strings F and L resulting from the BWT of T , the LF-mapping is a function

LF : [1, n]→ [1, n] such that LF (i) is the position in F where character Li occurs.

Let C(c) be the number of occurrences in T of characters alphabetically smaller than

c, and Occ(c, i) be the number of occurrences of character c in L1,i. Then LF (i) = C(Li) +

Occ(Li, i).

The BWT by itself does not compress T , is is just a permutation of its characters. How-

ever, this permutation is more compressible than the original T .

A.3 Similar systems

BANKS [Bhalotia02] is a system that represents a relational database with graphs where

a node is a tuple and the edges are foreign-key–primary-key links. BANKS enables keyword search

over relational databases. The user does not need to know the scheme to do the queries. The

system uses an inverted index to find the nodes where the given keywords are, and then uses graph

algorithms to find the more relevant records. BANKS creates the joins automatically.
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Kite is presented on [Sayyadian07],it is a system that enables keyword searches over

multiples databases without the need to know the databases scheme. Kite makes the joins over the

databases automatically. It uses inverted indexes to find the location of the keywords, then it ranks

the records to find the most relevant ones and finally, uses the DBMS to display the results. The

best part of this system is that it can be used to tens of databases and the queries are independent of

the schemes of the databases.

The authors of [Stockinger09] take a DBMS and attach an inverted index implemented

using compressed bitmaps. They called this structure FastBit. To compress the bitmaps they use the

WAH encoding [Wu06]. The inverted index is built over the text fields of the database using Lucine.

Here, the results show that a DBMS with a FastBit is like 50 times faster than using MySQL alone.

DBXplorer [S.02] is a system that is used with a DBMS to enable keyword searches. It

uses an inverted index to find the records of the database that contain the keywords in the query. The

system permits the search over a database and the user does not need to know the database scheme.

DBXplorer uses the inverted index to find the records and an SQL query for showing them. The

changes on the data are saved in a table of the database and a server updates the inverted index with

the new modifications. The update is done offline and the users do not see it.

On [Hristidis03], the authors made a model to incorporate to a DBMS keyword searches

over a database, even on records that have information on different tables. The results of the queries

are the k most relevant records. The model does searches using AND and OR operators over the

keywords and the scheme of the database is not needed to do the queries. This system represents

the records of the database as nodes of a graph and the edges are the relations between the tables.

Analysing these graphs, the system finds the relations of the data and performs the joins with the

most relevant answers. The keywords can appear on any field of a record to be considered as a

result.

A.4 Representing Tables as Sequences

The main idea proposed in this appendix is to represent a table in a succinct way while

supporting efficient searches on it. To achieve these goals, a new representation of a table is detailed

in what follows. Let ∆ = {1, 2, . . . , σ} be an ordered set called the alphabet. Let the table T be
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the set of records {r1, r2, . . . , rn}, where each record ri ∈ C1 ×C2 × · · · ×Cm. Here Cj is the set

of valid entries in column j, and Cj ⊂ ∆+ (strings of symbols in ∆ with length greater than zero).

The null entries should be marked with a special symbol. Thus, for instance the table can be seen

as the n×m array below

T = s1,1, s1,2, . . . , s1,m

s2,1, s2,2, . . . , s2,m

...

sn,1, sn,2, . . . , sn,m,

where each si,j (called the i, j cell) corresponds to the j-th column of the i-th record.

The content of the tables must be possible to be separated in text entities wi ∈ ∆+, e.g.

words and word-separators. For simplicity, the term word will be used to name any text entity. Let

V (S) be the set of all different words on a string S. V (S) will be called the vocabulary of S.

In this work, the following operations are presented:

• Search for all occurrences of a given string SubstringMatch (T , j, p).

Given a string p and a column j, it retrieves the set of records {ri ∈ T | p is a substring of si,j}

• Cell matching CellMatch(T , j, p). Given a string p and a column j, it retrieves the set of

records {ri ∈ T | p = si,j}.

• Join query Join(A,B, x, y). Given two columns x and y, on tables A and B respectively, it

retrieves the set {(ri, rj) ∈ A× B | si,x = sj,y}.

The first attempt, that will be refined later, is to represent a table as the concatenation of

the cells as a single string, with some special delimiters. Abusing the notation a bit, the table T is

a string concatenating all the cells. We can write T = ρ1ρ2 · · · ρn, where ρi is the concatenation of

#si,1#si,2# · · ·#si,m and # is not in the vocabulary. Every cell in a table will be a string in V (T ),

and the table will be a string in V (T )∪{#}. If we were doing this, the operation SubstringMatch

would be complicated because this representation needs extra effort to distinguish the columns.
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A column-wise representation is better fitted for this purposes. T will be represented as

m sequences, one per column, as follows. If we see T as an n × m array, the concatenation of

the entries of the column j will be the string Tj = #s1,j#s2,j# · · ·#sm,j#. A Sequence Index

on each Tj is used for 1 ≤ j ≤ m. Notice that under this approach, Tj is seen as a text over the

vocabulary V (Tj) ⊆ V (T ) ∪ {#}.

The focus will be on both searching procedures and extracting strings. The operations will

be divided on the search step and the record recovery step. For a given query, the occurrences set

is computed on the search step; the location step takes the search results and retrieves the records

identifiers (i.e, where the record is located); and finally, if required, the relevant records can be

shown in the extract step.

A.5 Algorithms

The search step, described above, is the most convoluted part of the solution. Once the

results of a query are computed in the column-wise representation, then counting the number of

results is easy. On the other side, extract consists of Access calls on the index of sequences. The

general strategy consists on transforming a relational query subgoals into set operations, mostly

union and intersection operations as follows. Let T be a string and let LT,c,sp be the set (represented

by a sorted list) of all positions on T where character c occurs shifted to the left in sp positions, i.e.,

LT,c,sp[i] = Selectc(T, i)− sp defined for all 1 ≤ i ≤ Rankc(T, |T |) (Algorithm 13).

Algorithm 13 Computing LT,c,sp.
Input: A string T representing a column of a table, a word c, and a number sp.
Output: The ordered positions on T where c occurs shifted to the left sp posi-
tions.

1: Let L be empty.
2: for i = 1 to Rankc(T, |T |) do
3: Add Selectc(T, i)− sp to L.
4: end for
5: return L

Consider the substring matching problem SubstringMatch(T, j, p). Let T be the se-

quence representing the j-th column of T , and let the string p be a sequence of words, p =

k1k2 · · · k`. First, we need to determine if all ki ∈ V (T ); in the negative case, p has no occur-
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rences on T ; on the positive case, we retrieve the corresponding sorted lists of the pattern:

PT = {LT,k1,0, LT,k2,1, . . . , LT,k`,`−1} .

Thus, the set C =
⋂
L∈PT

L, contains all occurrences of p on T . Then, we get the set

{Rank#(T, pos) | pos ∈ C} to find wanted records. This last operation is called location. The

substring matching problem is presented in Algorithm 14.

The intersection operation (Line 11) can be implemented using an ad-hoc intersection

algorithm working with sorted lists [Demaine01, Baeza-Yates10, Barbay09]. In particular, the

Baeza-Yates algorithm was used using a small vs. small (SvS) pairwise set intersection strate-

gy [Barbay09]. The reason to choose this algorithm is that, in the tested datasets, a Zipf distribution

was expected (i.e. there should be a very small list on PT ). The searching time is in the worst case

m log
(minL∈PT

|L|+maxL∈PT
|L|

minL∈PT
|L|

)
·ts+occs ·tr, where occs is the number of occurrences in the result

set; and ts, and tr are the time complexities for Select and Rank operations on T .

Algorithm 14 The search algorithm for SubstringMatch
Input: A string T representing a column of a table and the pattern p.
Output: The record number containing pattern p on the column T .

1: Let R be empty.
2: Divide p in words k1, k2, . . . , k`.
3: for i = 1 to ` do
4: if ki is not in the vocabulary of T then
5: return p not found
6: end if.
7: end for
8: for i = 1 to ` do
9: Compute LT,ki,i−1

10: end for
11: Compute LT,k1,0 ∩ LT,k2,1 ∩ · · · ∩ LT,k`,`−1 and store the result on C.
12: for all pos ∈ C do
13: Add Rank#(T, pos) to R
14: end for
15: return R

It is possible to state the cell matching problem CellMatch(T, j, p) in terms of substring

matching, simply modifying the search pattern p′ = #p# and solving with SubstringMatch.

Despite the use of an extended vocabulary to compose the query, this is a transparent modifica-

tion to the Sequence Index machinery. The same goal can be achieved simply by locating p and
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then checking all occurrence positions pos to be preceded and followed for #, by verifying that

Access(T, pos− 1) = Access(T, pos+m+ 1) = #. This can be specially useful whenever the

performance of an intersection algorithm becomes degraded with the existence of large sets.

Finally, the join query problem Join(A,B, i, j) is studied. Here, two cases are considered:

(a) The content of each cell is a single word.

(b) The content is a string of symbols larger than 1.

Consider case (a), let A and B be the sequences of the i-th and j-th columns, respectively for

tables A and B. Let V (A) and V (B) be their vocabularies. The first step consists on comput-

ing V∩ = V (A) ∩ V (B), then taking the union J of the Cartesian products CellMatch(A, i, w) ×

CellMatch(B, j, w) for each wordw ∈ V∩. The set J is the searched join. At least log
(|V (A)|+|V (B)|

|V (B)|
)

symbol comparisons were required for the intersection of vocabularies plus the necessary Select

operations to solve the CellMatch operation (which depends on the cardinality of the corresponding

sorted lists). This simple Join solution has a powerful extension: it is possible to obtain a fast filter

for the Jaccard similarity [Xiao11] without the need of a modification. However, this extension is

beyond the scope of the work.

In case (b), Join is reduced to search all cells of the i-th column in A in the j-th column

in B using CellMatch.

Finally, the extraction step is performed as follows. Let T be represented by the set

of sequences {Ti}, the extraction of a single cell on Ti corresponding to record j is reconstructed

repeatedly using Access(Ti, x) for x in the range from Select#(Ti, j)+1 to Select#(Ti, j+1)−1,

with inclusive bounds.

A.6 Experimental Results

The algorithms were tested against SQlite3 using the extention FTS 1 which allows the

user to query the database for all rows that contain one or more words. Even if the presented

method and SQlite3 have different objectives, the focus was on compression and algorithms working

on the compressed representation while SQlite3 is an ACID-compliant embedded DBMS. SQlite3

1http://www.sqlite.org/fts3.html
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was selected due to its wide usage in the community and its full text search capabilities through

FTS. Also, SQlite3+FTS provides transparent access to the working databases, and the resource

management can me measured easily.

The Sequence Index XLB was used with DiffSet and SArray bitmaps [Tellez12]. The

XLB-DiffSet can achieve local H0 entropy while XLB-SArray is a good worst case structure. Both

XLB indexes have efficient Select operations. Parameters B and t control the performance trad-

ing speed with memory. Briefly, XLB-DiffSet computes all Select answers storing the differ-

ences among values. Also, an absolute value and an offset position to the corresponding difference

is placed every B differences. Using this scheme it is possible to offer worst case guarantees.

Access is solved using the underlying inverse permutation stored by the sequence index. This

structure consists of at most |T |/t pointers for the text T . Access requires at most t Select calls

to be solved. The parameters are t = 1, 6, and12, and B = 15, 31, 63, and127. A wavelet tree

(WT) [Mäkinen08] was also used with the GGMN [González05] uncompressed bitmap index, this

combination requires O(log V (T )) time for all operations. In addition, the structures were tested

with the Sequence Index of Golynski et al. [Golynski06], implemented as described by Claude and

Navarro [Claude08]. The last structure needs O(1) time for Select and solves Rank in log V (T )

time. Access is solved in O(t) time (with the same values of t than XLB).

A.6.1 Description of the Databases

As stated before, the primary interest is on those databases containing text information

and the SubstringMatch operation is of interest. The vocabulary was made separating cells into

words. They follow the Law of Zipf, which says that the most common word is twice as frequent as

the second most common word, three times more frequent as the third most common word and so

on. However, this is not the general case since some columns may contain unique identifiers (like

those dedicated to primary keys).

The compact tables were tested on the database Book from the Freebase site2. Book is

composed of the following fields: name, id, editions, characters, genre, first edition

and interior illustrations by. It contains more than 2.4 million records and 3 million

text entities. The raw text file of the Book table is 250M long.

2http://www.freebase.com
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Figure A.2: Frequency of the Book vocabulary

Figure A.2 shows the frequency of the 100000 most common words. Notice that the

30 most common words have a big portion of the database, clearly following a Zipf tendency.

230 phrases were selected (substrings) as queries from table Book in the column genre; 104

composed by one single word, 105 having 3 words, and 21 with 5 words or more; the operation

SubstringMatch was applied. All experimentations were executed in a 16 core Intel Xeon 2.40

GHz workstation with 32GiB of RAM, running CentOS Linux, without exploiting the parallel ca-

pabilities. Independent tests were made and show that the same algorithms running on disk are just

3 times slower than running on main memory. This impressive performance is due to memory cache

of the OS, and the high amount of available RAM.

A.6.2 Performance of the Compact Tables

As anticipated in Section A.5, the cost of the searches is a function of the underlying set

operations (mostly union and intersection) and the Select, Rank, and Access time costs.

In order to get a better understanding of the costs, the procedure was splitted in three

steps: search, locate, and extract. Figure A.3 shows the time of SubstringMatch to count the re-

sults on the y-axis and the query number in the x-axis. The queries are ordered by the time on

XLB-DiffSet(12,127) XLB-SArray has the best performance; also the majority of compact repre-

sentations are faster than SQlite3. On the other hand, expensive queries for the presented model are

not necessarily expensive for SQlite3. If both indexes were run in parallel, we could always give the
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Figure A.3: Search time. Query time for queries of different complexity.

faster answer. In this figure we can see the impact that the query complexity has over the time on

the model. The fastest queries corresponds to single word queries and as the time becomes greater,

also does the number of words in the searched strings.

Figure A.4 shows the time per occurrence. We can see that locate is a quite efficient

operation, independent of the parameter t; t was fixed to 6 on the image to show its performance.

On the other side, Figure A.5(a) shows the average time per character of the extract operation, we

can see it is fast and highly sensitive to the available memory (specifically on the parameter t).

Figure A.6(a) shows the execution time sorted by query complexity (XLB-DiffSet B =

127 was selected for this task). Again, it is important to notice that the cost of searches depends

critically on the query itself; this is because the algorithms are based on set operations. All compact

representations have a similar performance, in contrast SQlite3, not necessarily has the same unit of

complexity. In this experiment, the parameter t was fixed to 12. Comparing Figure A.3 and A.6(a)

we see a big performance difference, two orders of magnitude, meaning that the searching operation

is quite fast. The total time also contains the locate and extract operations, being the extract time

dominating; the domination arises because locate is using a single Rank operation per occurrence
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while extract retrieves the entire set of records containing the occurrences. Since the performance

is output-sensitive, the time was divided by the size of the result.

Even having a compressed representation of the database, and being able to efficiently

solve both search and locate operations, the extract operation is much slower. To improve the

extraction time using a small memory footprint, the particulars of the database were used.

Caching Symbols to Take Advantage of the Zipf Distribution

The extract procedure can be quite expensive if the outcome is large (many records and/or

large ones) even considering that the “per character” operation is quite fast. This can be solved by

caching, as described below.

The underlying reason of the slow performance is the compact nature of the representa-

tion. An interesting option to accelerate extract and to kept excellent searching times is using a fast

searching Sequence Index and maintaining the entire text uncompressed giving the fastest Access

operation, i.e., O(1). Since it is important to avoid memory usage, we will do the next best thing

instead: take advantage of the distribution of the tested datasets to improve the extract times, while

maintain a moderate memory requirements. Please notice that since the Zipf distribution is expect-

ed, with high probability, any random word to be extracted is in the set of K = O(1) most frequent

terms in the frequency table. In order to enhance the extraction time, all occurrences of the K most

frequent symbols on each sequence were cached, that is, for all words c in T at position i, if c is

a common word, the symbol was stored on a new array TC [i], otherwise if c is not common, then

the special symbol ε is stored in TC [i]. Then to solve the Access(T, pos) operation, first lookup

TC . If TC [pos] = ε then solve it as the non cached Access(T, pos) operation, if TC [pos] 6= ε then

solve the operation returning TC [pos]. This caching scheme adds |TC | log(K + 1) bits to the table

representation. For the experiments, K = 15 was fixed to be able to use 4 bits per symbol in the

cache array.

Figure A.5(b) shows the average extraction time per character using the distribution aware

caching approach. For each curve, each point represents a different value of the parameter t =

1, 6, 12, appearing in this order from right to left in figures. As anticipated, the parameter t can be

used to trade time and memory, along the B parameter of XLB-DiffSet. Also, we can see the final

improvement achieved using this caching scheme in Figure A.6(b). As we can see, the majority of
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the caching methods are faster than non caching ones, Figure A.6(b) and A.6(a), respectively.

A.7 Summary

It was presented a model that can compress a database and perform both keyword and

phrase queries without the need of decompression. The presented model accepts any Sequence

Index, and can be configured to either occupy less space or answer the queries faster. Compared

to SQlite3 using FTS, the proposed approach needs less space while improving the searching and

locating time.

With some additions, the model could answer numeric queries, similarity joins, and oth-

ers. Also, it is based on Sequence Indexes, but it can be easily extended to other compact and

compressed structures like full text self indexes. They can be used to reach text from databases not

containing natural languages (e.g., oriental languages, agglutinant languages, DNA, etc.) which

can open a new set of interesting applications.

Since the approach is based on Sequence Indexes, it share the limitations they have, name-

ly:

• Most Sequence Indexes are static, however there exists a few theoretical proposals (e.g.

[Navarro13] ) handling dynamicity.

• Sequence Indexes are designed to work on main memory, there are not good implementations

for disk.

Finally, notice that the performance of extract needs to be improved, since for small com-

pression ratios this operation becomes a bottleneck on applications with large result sizes. However,

applications performing complex searches with small number of records in the outcome can take

advantage of this technique.
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Figure A.5: Average time to extract a single character
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’02, págs. 233–242. Society for Industrial and Applied Mathematics,

Philadelphia, PA, USA, 2002. ISBN 0-89871-513-X.

URL http://dl.acm.org/citation.cfm?id=545381.

545411
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